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PREFACE. 


This  work  containH  all  tlie  propositionB  which  are  nsually 
eluded  in  elementiiry  treatises  on  algebra,  and  a  large  number 
r  exaraplea  for  exercise. 

My  chief  object  baa  been  to  render  tbe  work  eaaUy  intelligible, 
radenta  ahould  be  encouraged  to  examiae  carefully  the  language 
f  the  book  they  are  using,  so  that  they  may  ascertain  its  meaning 
r  be  able  to  point  out  exactly  where  their  diffiooltiea  arise.  The 
'  language,  therefore,  ought  to  bo  simple  and  precise ;  and  it  is 
essential  that  apparent  conciseness  should  not  be  gained  at  the 
expense  of  clearness. 

In  attempting,  however,  to  render  the  work  easily  intelligible, 
I  trast  I  have  neither  impaired  the  accuracy  of  the  demonstrations 
nor  contracted  the  limita  of  the  subject ;  on  the  contrary,  I  think 
it  will  he  found  that  in  both  these  respects  I  have  advanced 
beyond  the  line  traced  out  by  previous  elementary  writers. 

The  present  treatise  is  divided  into  a  large  number  of  chapters, 
each  chapter  being,  as   far  as  possible,  complete  in  itself.      Thus 
tlio  student  is  not  perplexed  liy  attempting  to  master  too  much    . 
at  once  ;  and  if  he   should  not  succeed  in   fully   comprehending    i 
any  chapter,  he  will  not  be  precluded  from  going  on  to  the  next, 
reserving  the  difficulties  for  future  consideration  ;  the  latter  point    | 
is  of  especial  importance  to  those  students  who  ate  VixXiwA  *Ca.« ; 
:itd  of  a  teacher. 
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teachers  favourable  opinions  of  the  work  generally  and  also  of  those 
parts  which  are  peculiar  to  it. 

The  present  edition  has  been  carefully  revised,  and  two  new 
chapters  have  been  added.  Three  hundred  miscellaneous  examples 
have  also  been  supplied ;  these  are  arranged  in  sets,  each  set  con- 
taining ten  examples ;  the  first  hundred  relate  to  the  first  twenty 
chapters  of  the  book,  the  second  hundred  extend  to  the  end  of  the 
fortieth  chapter,  and  the  last  hundred  relate  to  the  whole  book. 

I  have  to  return  my  thanks  to  many  able  mathematicians  who 
have  favoured  me  with  suggestions  which  have  been  of  service  to 
me ;  the  improvements  which  have  been  effected  in  the  work  will, 
I  trust,  render  it  still  more  useful  in  education,  and  still  more 
worthy  of  the  approbation  which  it  has  received. 

I  have  drawn  up  a  treatise  on  the  Theory  of  Eqtiations  to  form 
a  sequel  to  the  Algebra;  and  the  student  is  referred  to  that 
treatise  as  a  suitable  continuation  of  the  present  work. 


I.  TODHUNTER. 


St  John's  College, 
October,  1870. 


CONTENTS. 


fs  and  EiplaDati^ina  o(  Sigan        ....  1 
Change  of  the  order  oE  TermR.     Rednotion  of  Like  Terms. 

Addition,  Subtraction,  Ubs  of  Brocbota          ...  7 

MnltiplicatioD 14 

Division 23 

Nagatiie  Qnantities 33 

Oreatest  Commoa  Measure iS 

Least  Common  MnltiplG 51 

Fractions 57 

Eiinations  of  tbeTiiBt  Degree 70 

Problema  which  lead  to  Simple  Equationa  with  oub  Un- 

Inoim  Quantity 80 

BimultiuieoaB  Bqnatioos  oE  the  First  Degree  with  two  Un- 

koonn  Qnantities 88 

I  JfTT,     Simultaneous  Equations  of  the  First  Degree  with  more  than 

two  Unluiown  QiiantitieB 94 

Fl-oblems  which  lead  to  Simple  Equations  with  more  than 

one  Unknown  Quantitj 98 

^XlV.     Discussion  of  some  Problems  which  lead  to  Simple  Equa- 
tiona        lOU 

Anomalona   forma  which  occur  in  the  eolation  of  Simple 

Equations ■  "7 

XVI.     Involution l^'J 

XVU.    Evolution 133 

XVIIL    Theory  ol  Indicea     .        ■ 14SI 

XIX.     Surds 157 

XX..     Quadratic  Equationa If^O 

XXI.    Equations  which  ma;  be  solved  lilce  Quadiutiiis   .        ■         .  175 

XXII.     Theory  of  Qimdratlc  Equationa  and  Quadmtio  Eipreasions  181) 

Simultaneous  Equations  involving  Qundmtks              .         ■  107 

Problema  which  lead  to  Quadratic  Equfitiona    .         .         .  I"*.^^ 


X  CONTENTS. 

PAGB 

XXY.    Imaginary  Expressions .  213 

XXVI.    Batio 222 

XXVIL     Proportion 228 

XXVm.    Variation 238 

XXIX.    Scales  of  Notation 244 

XXX.    Arithmetioal  Progression 257 

XXXI.    Geometrioal  Progression 268 

XXXII.    Harmonical  Progression 277 

XXXIII.    Mathematioal  Induction 281 

XXXrV.    Permutations  and  Combinations 286 

XXXV.  Binomial  Theorem.    Positive  Integral  Exponent                 .  298 

XXXVI.  Binomial  Theorem.    Any  Exponent         ....      308 

XXXVII.    Multinomial  Theorem 324 

XXXVIII.    Logarithms 331 

XXXIX.    Exponential  and  Logarithmic  Series 335 

XL.  Convergence  and  Divergence  of  Series      ....      343 

XLL    Interest 352 

XLU.    Equation  of  Payments 356 

XLin.    Annuities 362 

XLIV.    Continued  Fractions 368 

XLV.  Beduction  of  a  Quadratic  Surd  to  a  continued  Fraction        .  375 

XL VI.  Indeterminate  Equations  of  the  First  Degree    .        .        .      387 

XLVII.  Indeterminate  Equations  of  a  Degree  higher  than  the  first  .  396 

XL VIII.  Partial  Fractions  and  Indeterminate  Coefficients      .        .      400 

XTilX.    Becurring  Series 405 

L.    Summation  of  Series 408 

LI.    Inequalities 419 

LII.    Theory  of  Numbers 432 

Lni.    ProbabiHty 447 

LIV.    Miscellaneous  Equations 482 

LV.    Miscellaneous  Problems 495 

LVI.  Convergence  and  Divergence  of  Series       ....      504 

LVII.    Continued  Fractions 515 

LVUI.    Miscellaneous  Theorems 531 

Miscellaneous  Examples 545 

ANSWERS 573 


L      DEFINITIONS  AND   EXPLANATIONS  OP   alGSS. 

1.  The  method  of  reaaoning  about  numbers,  by  means  of 
latteis  whicb  axe  employed  to  represeat  the  numbers,  and  signa 
'wbich.  are  employed  to  represent  their  relations,  is  called  Algibra. 

2.  Iietters  of  the  alphabet  are  used  to  represent  numbers, 
which  may  be  either  known,  numbers,  or  numbers  which  have  to 
be  found  and  which  are  therefore  called  unknomn  numbers.  It  ia 
usual  to  represent  hnoion  numbers  by  the  iirst  letters  of  the 
alphabet,  as  a,  h,  c,  and  unknown  numbera  by  the  last  letters, 
s»  X,  y,  a ;  this  is  not  however  a  necessary  rule,  uud  so  need  not 
be  strictly  obeyed. 

Numbers  may  be  either  whole  or  fi-actional.  Tlie  word  quan- 
litt/  ia  frequently  used  as  synonymous  with  nwnher.  The  woiil 
integer  is  often  used  instead  of  whole  number, 

3.  The  sign  +  signifies  that  the  number  to  which  it  is  prefixed 
is  to  be  added.  Thus  u  +  b  signifies  that  the  number  represented 
by  6  is  to  be  added  to  the  number  represented  by  a.  Ha  reprs- 
Eent  9,  and  b  represent  3,  then  a  +  b  represents  12.  The  sign  +  is 
called  the  plus  sign,  and  a  +  6  is  road  thus  "  a  plus  b." 

Similarly  a+b  +  e  signifies  that  we  are  to  add  6  to  o,  and  then 
add  e  to  the  result. 

4.  The  sign  —  signifies  that  the  number  to  which  it  is  prefixed 
is  to  be  aublracted.  Thus  a  —  b  signifies  that  the  number  repi-e- 
aent«d  by  6  is  to  be  subtracted  from  the  number  represented  by  a. 
If  a  represent  9,  and  b  represent  3,  then  a~b  represents  6.  The 
sign  —  ia  called  the  minva  sign,  and  a  ~b  is  read  thus  "amimis  Vi. 
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Similarly  a^b^c  signifies  that  we  are  to  subtract  b  tcom  a^ 
and  then  subtract  c  from  the  result ;  a  +  b  —  c  signifies  that  we  are 
to  add  &  to  Oy  and  then  subtract  c  from  the  result ;  a  —  b-k-e  signi- 
fies that  we  are  to  subtract  b  from  a  and  then  add  c  to  the  riesnlt. 

5.  The  sign  x  signifies  that  the  numbers  between  which  it 
stands  are  to  be  mtUtiplied together.  Thus  axb  signifies  that  the 
number  represented  by  a  is  to  be  multiplied  by  the  number  lepre* 
sented  by  6.  If  a  represent  9,  and  b  represent  3,  then  axb  repre- 
sents 27.  The  sign  x  is  called  the  sign  of  mtdtiplication,  and  axb 
is  read  thus  "  a  into  b."  Similarly  a  xbxc  denotes  the  product  of 
the  numb^:^  represented  by  a,  b  and  c. 

It  should  be  obserred  that  the  sign  of  multiplication  is  often 
omitted  for  the  sake  of  brevity ;  thus  ab  is  used  instead  of  a  x  6, 
and  has  the  same  meaning ;  so  abc  is  used  for  a  x  5  x  c.  Sometimes 
a  point  is  used  instead  of  the  sign  x  ;  thus  a . &  is  used  for  axb 
or  ab.  But  the  point  is  here  superfluous,  because,  as  we  have 
said,  ab  is  used  instead  of  a  x  6.  Nor  is  the  point,  nor  the  sign  x, 
necessary  between  a  number  expressed  in  the  ordinary  way  by  a 
figure  and  a  number  represented  by  a  letter ;  so  that,  for  example^ 
3a  is  used  instead  of  3  x  a,  and  has  the  same  meaning. 

The  sign  of  multiplication  must  not  be  omitted  when  numbers 
are  expressed  by  figures  in  the  ordinary  way.  Thus  45  cannot  be 
used  to  express  the  product  of  4  and  5,  because  a  different  mean- 
ing has  already  been  appropriated  to  45,  nsmeij  /ort^z-five.  We 
must  therefore  express  the  product  of  4  and  5  thus  4x5,  or  thus 
4.5.  To  prevent  any  confusion  between  the  point  thus  used  as  a 
sign  of  multiplication  and  the  point  as  used  in  the  notation  for 
decimal  fractions,  it  is  advisable  to  write  the  latter  higher  up; 
thus  4*5  may  be  kept  to  denote  4  +  •^. 

6.  The  sign  •?-  signifies  that  the  munber  which  precedes  it 
is  to  be  divided  by  the  number  which  follows  it.  Thus  a-r-b  sig- 
nifies that  the  number  represented  by  a  is  to  be  divided  by  the 
number  represented  by  b.  If  a  represent  9,  and  b  represent  3, 
then  a-i-b  represents  3.  The  sign  -f-  is  called  the  sign  of  division, 
and  a-T-b  ia  read  thus  "  a  5y  b."     There  is  also   another  way  of 
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denoting  that  one  mimber  ia  to  be  divided  by  another ;  the  divi- 
dend ia  placed  over  the  divisor  with  »  line  between  them.  Thus  = 
is  used  instead  of  a  -^  6  and  has  the  same  meaning, 

7.  The  sign  =  signifies  that  the  numbers  between  which  it  is 
placed  are  equal.  Thus  a  =  h  signifios  that  the  uumber  repre- 
sented by  a  ia  equal  to  the  number  represented  by  b,  that  ia,  a  and 
6  represent  the  same  number.  The  sign  =  is  called  the  sign  of 
eguaiiti/,  and  a=  b  is  read  tlius  " a  equals  b "  or  "aw  equal  to  h." 

8.  The  difference  of  two  numbers  is  sometimes  denoted  by 
the  sign  —  ;  thus  a~b  denotes  the  difference  of  the  numbers 
denoted  by  a  and  6,  and  is  equal  to  a~b  or  to  6  —  a,  according 
as  a  ia  greater  than  (  or  less  than  b. 

9.  The  sign  >  denotes  greater  t/taii,  and  the  sign  <  denotes  less 
than;  thus  o  =■  6  denotes  that  the  number  represeutod  by  a  is 
gre&ter  than  the  number  represented  by  b,  and  6  <  o  denotes  that 
the  number  represented  by  5  is  less  than  the  number  represented 
by  a.  Thus  in  both  signs  the  opening  of  the  angle  is  turned 
towards  the  greater  number. 

10.  The  sign  .'.  denotes  t/ien  or  there/ore:  the  sign  ■.■  denotes 
rince  or  because. 

11.  When  several  numbers  are  to  be  taken  collectively  tliey 
are  enclosed  by  brackets.  Thus  (a-b  +  c)  x{d  +  e)  signifies  that 
the  number  represented  bya  —  fe  +  ciato  be  multiplied  by  the 
number  represented  by  d  +  e.  This  may  also  be  written  thus 
{a-6  +  c)(d+e}.  The  use  of  the  brackets  win  be  seen  by  com ■ 
paring  what  we  have  just  given  with  (a  —  b  +  e)  d  +  e  ;  the  latter 
denotes  that  the  number  represented  by  a  —  b  +  o  is  to  be  mul- 
tiplied by  d.  and  then  e  is  to  be  added  to  the  product. 

Sometimes  instead  of  using  brackets  a  line  called  a  vinculum 
IB  drawn  over  the  numbers  which  are  to  be  taken  collectiTely, 
Thus    a-b  +  ex  dTe     is    laed    with     the    same    meaning     aa 
.     (a-a  +  c)x(d  +  e). 

13.     The  letters  of  the  alphubet,  and  the  signs  or  matta  -wViiJo. 
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we  liave  already  introduced  and  explained,  together  with  those 
which  maj  occur  hereafter,  are  called  algebraical  symbols,  since 
thej  are  used  to  represent  the  things  about  which  we  may  be 
reasoning.  Any  collection  of  algebraical  symbols  is  called  an 
algebraical  expression,  or  briefly,  an  expressiony  or  a  fonrnda.  An 
algebraical  expression  is  sometimes  called  an  algebraical  qtiantiiy, 
or  briefly,  a  quantity, 

13.  Those  parts  of  an  expres^on  whidi  are  connected  by  the 
signs  +  or  —  are  called  its  terms.  When  an  expression  consists  of 
two  terms  it  is  called  a  binomial  expression ;  when  it  consists  of 
three  terms  it  is  called  a  trinomial  expression;  any  expression 
consisting  of  several  terms  may  be  called  a  multinomial  expression 
or  a  polynomial  expression.  When  an  expression  does  not  contain 
parts  connected  by  the  sign  +  or  the  sign  —  it  may  be  called  a 
simple  expression,  or  it  may  be  said  to  contain  only  one  term. 

Thus  al)c  is  a  simple  expression;  abc  +  a?  is  a  binomial  sxpres- 
sion,  of  which  a5c  is  one  term,  and  x  is  the  other ;  ab  +  ae—hc  ia 
a  trinomial  expression,  of  which  ab,  ac,  and  be  are  the  terms. 

14.  When  one  nimiber  consists  of  the  product  of  two  or  more 
numbers,  each  of  the  latter  is  called  a  /actor  of  the  product.  Thus 
a,  b  and  c  are /actors  of  the  product  abc, 

15.  A  product  may  consist  of  one  factor  which  is  a  number 
represented  arithmetically,  and  of  another  factor  which  is  a  num- 
ber represented  algebraically,  that  is,  by  a  letter  or  letters ;  in  this 
case  the  former  factor  is  said  to  be  the  coefficient  of  the  latter. 
Thus  in  the  product  7abc  the  factor  7  is  called  the  coefficient  of 
the  factor  abc.  Where  there  is  no  arithmetical  factor,  we  may 
supply  unify  ;  thus  we  may  say  that,  in  the  product  abc,  the  co- 
efficient is  unity. 

And  when  a  product  is  represented  entirely  algebraically, 
any  one  factor  may  be  called  the  coefficient  of  the  product  of  the 
remaining  factors.  Thus,  in  the  product  abc,  we  may  call  a  the 
coefficient  of  be,  or  b  the  coefficient  of  ac,  or  c  the  coefficient  of  ah. 
If  it  be  necessary  to  distinguish  this  use  of  the  word  coefficient 
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from  the  former,  we  may  call  the  latter  coefficiente  literal  coef- 
JtdetUa,  and  the  foi-mer  coefficiente  mimcrical  coefficlenls. 

16.  If  a  munber  be  multiplied  by  itself  any  nmnber  of  timed, 
the  product  is  caJled  a  power  of  that  number.  Thus  n  x  a  is  called 
the  aeeond  power  of  a;  also  axa  xa  is  called  the  third  pouxr  of 
a ;  and  axa  x  a  xa  is  called  the  JburCk  power  of  a ;  and  so  on. 
The  number  a  itself  ia  often  called  tliej?rs<  power  of  o. 

17.  Any  power  of  a  quantity  ia  usually  expressed  by  placing 
abore  the  quantity  the  niimber  which  represents  how  often  it  is 
repeated  in  the  product.  Thus  a'  is  used  to  express  o  x  a ;  also 
a'  ia  used  to  expreaa  a  x  n  x  o ;  and  a*  is  used  to  express  n  x  a  x  a  xa ; 
and  HO  on.  And  o'  may  be  used  to  denote  the  first  power  of  a. 
or  a  itself;  that  is,  a'  has  the  same  meaning  as  a.. 

Kumbera  placed  above  a  quantity  to  express  the  powers  of 
that  quantity  are  called  indices  of  the  powers,  or  exponents  of  l/ia 
potoera  ;  or  more  briefly  indices  or  exponents. 

18.  Hence  we  may  sum  up  the  two  preceding  Articles  thus : 
the  product  of  n  factors  each  equal  to  a  is  expressed  by  a",  and 
n  ia  called  the  index  or  exponent  of  a",  where  n  may  denote  any 
whole  number. 

19.  The  second  power  of  a  or  n'  ia  often  called  the  square 
of  a,  and  the  thii-d  power  of  a  or  a,'  ia  often  called  the  cube 
of  a.  The  symbol  «'  ia  read  thus  "  a  to  the  /mirth  power"  or 
briefly  "a  to  ihe/ourth;"  and  a'  is  read  thus  "a  to  tJie  n""." 

20.  The  gqtiare  root  of  any  assigned  number  is  that  number 
which  has  the  assigned  number  for  its  square  or  secor%d  power. 
The  cuts  root  of  any  assigned  number  ia  that  number  which  haa 
the  assigned  number  for  ite  cube  or  third  power.  The  fourth  root 
of  any  aaaigned  number  is  that  number  which  Las  tho  assigned 
number  for  its  fourth  power.     And  so  on. 

21.  Tho  aquare  root  of  a  nmnber  a  is  denoted  thus  l/a,  or 
amply  tliua  ^/o.  Tho  cube  root  of  a  is  denoted  thus  i/a.  Tho 
fovrth  root  of  a  13  denoted  thus  ^a.    And  so  on. 


1 


6  EXAMPLES.      I. 

The  sign  J  is  said  to  be  a  corruption  of  the  initial  letter  of 
the  word  radix.     This  sign  is  sometimeft^  called  the  rttdixnl  sign. 

22.  Terms  are  said  to  be  like  or  simUa/r  when  they  do  not 
differ  at  all,  or  differ  only  in  their  numerical  coefficients ;  otherwise 
they  are  said  to  be  unlike.  Thus  4a,  6a&,  9  a'  and  Sa'bc  are 
respectively  similar  to  15a,  3ab,  12a*  and  15a*6c.  And  ab,  a'b^ 
ah'  and  abc  are  all  unlike. 

23.  Each  of  the  letters  which  occur  in  an  algebraical  product 
is  called  a  dimension  of  the  product,  and  the  number  of  the 
letters  is  the  degree  of  the  product.  Thus  a'b*c  or  axaxbxbxbxc 
is  said  to  be  of  six  dimensions  or  of  the  sixth  degree.  A  numerical 
coefficient  is  not  counted ;  thus  9a'6*  and  a'fi*  are  of  the  same 
dimensions,  namely  of  seven  dimensions.  Thus  the  degree  of  a 
term  or  the  number  of  dimensions  of  a  term  is  the  sum  of  the 
exponents^  provided  we  remember  that  if  no  exponent  is  expressed 
the  exponent  1  must  be  understood  as  indicated  in  Art.  17. 

24.  An  algebraical  expression  is  said  to  be  homogeneous  when 
all  its  terms  are  of  the  same  dimensions.  Thus  7a'  +  3a*6  +  4a5c 
is  homogeneous,  for  each  term  is  of  three  dimensions. 

The  following  examples  will  serve  for  an  exercise  in  the 
preceding  definitions. 

EXAMPLES. 

If  a  =  l,  6  =  3,  <5  =  4,  d=6f  e  =  2  and/ =  0,  find  the  numerical 
values  of  the  following  twelve  algebraical  expressions  : 

1.     a  +  26  +  4(?.  2.    36  +  6c^-2e. 

3.     ah  +  2bc  +  3ed,  4.    ac  +  4cd—2eb, 

5.     ahc-h4:bd-^ec-/d.  6.    a*  +  b'  +  c*  +/\ 

^      cd     ibe     cd  «      *     .  «     «      /. 

7.    -r  +  -o *TJ-  8.    c*-4c'  +  3c-6. 

6       3a      24 

9.     ^l±t.  10.       ^'-'^ 


2c- 3a'  *    d*  +  dc  +  c*' 

11.    V(276)-^(2c)  +  J(2«).        12.    V(36c)+y(M-V(2«')- 


13.  Find   the  -value  of  (9- y)  (ar  +  1)  +  (:c  +  5)  (y +  7)- 112, 
when  x=3  and  ^-=5. 

1 4.  Find  the  value  of  x  J {2?  -  8y)  +  y  ^{x*  +  8y),  wheE  a;  =  6 
and  y  =  3. 

15.  Find  the  value  of  a  ^/('''' "  ^'*)  +  *  \/(*''  +  3a),  when  a;  =  5 
anda=8. 

1 S.     Find  the  value  of  a  +  S  J{x  +  y)"[a-h)  U{x - y),   when 
0  =  10,  J  =  8,  a:=12,  aiidy  =  4. 

17.     Ifa=16,  S  =  10,  a;=5andy=I,  find  the  value  of 
{b~x)Ua*b)  +  J{{a-b)ix^T()]; 
{a-y){J{2hx)^^\^J{{a-x)(b  +  y)). 
If  0  =  2,  6  =  3,  iB=6  and  y  =  5,  find  the  value  of 

i'Ko  +  S)'!/l  +  Vl(»  +  *)  (y  -  2«)1  +  «&  -  ')■  4 


and  of 

18. 


n.     CHANGE  OF  THE  ORDElt  OF   TERMS.     HEDUCTION  OF  LIKK 
TERMS,      ADDITION,   SUBTaACTION,    USE   OF   BEACKETS. 

25,  When  the  terms  of  an  expression  are  connected  by  the 
wgn  +  it  is  indifferent  in  what  order  they  are  written ;  thoa 
0  +  6  and  6  + «  give  the  same  result,  namely  the  sum  of  the 
numbers  which  are  denoted  by  a  and  h.  We  may  express  this 
taet  algebraically  thus : 

Similarly 

26,  When  an  espresaion  cousiBta  of  some  terms  preceded 
by  the  wgn  4-  and  some  terms  pi^ecedcd  by  the  sign  — ,  we  may 
write  the  former  terms  first  in  any  order  we  please,  and  the 
latter  terms  alter  them  in  any  order  we  please.  Hus  appears 
&om  the  same  conaiderationa  as  before.     Thus,  for  example. 


4-fc— 6-«=a  +  J— «-c  =  6  +  o— 


=  6  +  0-«-o. 


8  CHANGE  OF  THE  OBDEB  OF  TEBMS. 

27.  In  some  cases  it  is  obvious  that  we  may  vaiy  the  order 
of  terms  still  further,  bj  mixing  up  the  terms  preceded  by  the 
sign  -  with  those  preceded  by  the  sign  +.  Thus,  for  ezamj^ 
if  a  represent  10,  6  represent  6,  and  e  represent  5,  then 

a+5  — c  =  a-c-f6  =  6  — c  +  a. 

If  however  a  represent  2,  b  represent  6,  and  e  represent  5, 
then  the  expression  a  —  c  +  b  presents  a  difficulty  because  we  are 
thus  apparently  required  to  take  a  greater  number  from  a  less, 
namely  5  from  2.  It  will  be  convenient  to  agree  that  such  an  ex- 
pression as  a  -  c  +  5  when  c  is  greater  than  a  shall  be  understood  to 
mean  the  same  thing  cu  a  +  b  —  e.  At  present  we  shall  never  use 
such  an  expression  except  when  e  is  less  than  a  +  5,  so  that  a  +  &  —  e 
presents  no  difficulty.  Similarly  we  shall  consider  —  5  +  a  to  mean 
the  same  thing  as  a— 5.  We  shall  recur  to  this  point  hereafter  in 
Chapter  Y. 

28.  Tims  the  numerical  value  of  an  expression  remains  the 
same  whatever  may  be  the  order  of  the  terms  which  compose  it. 
This,  as  we  have  seen,  follows,  partly  from  our  notions  of  addition 
and  subtraction,  and  partly  from  an  agreement  as  to  the  meaning 
we  ascribe  to  an  expression  when  our  ordinary  arithmetical 
notions  are  not  strictly  applicable.  Such  an  agreement  is  called 
in  Algebra  a  conventionf  and  conventional  is  the  corresponding 
adjective. 

29.  We  shall  frequently,  as  in  Article  26,  have  to  distinguish 
the  terms  of  an  expression  which  are  preceded  by  the  sign  +  from 
the  terms  which  are  preceded  by  the  sign  — ,  and  thus  the  follow- 
ing definition  is  adopted :  The  terms  in  an  expression  which  are 
preceded  by  no  sign  or  which  are  preceded  by  the  sign  +  are 
called  positive  terms ;  the  terms  which  are  preceded  by  the  sign 
-  are  called  negative  terms.  This  definition  is  introduced  merely 
for  the  sake  of  brevity,  and  no  meaning  is  to  be  given  to  the 
words  positive  and  negative  beyond  what  is  expressed  in  the 
definition.  The  student  will  notice  that  terms  preceded  by  no  sign 
ore  treated  aa  if  they  were  preceded  by  the  sign  + . 
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30,  Sometimes  an  expression  includes  several  like  tenna ;  in 
this  caae  the  expression  admita  ot  Himplification.  For  example, 
consider  the  expreBsioii  4n'6  — 3a'<!+ 9«c'- 2o'6  +  7o'e  — 66';  this 
may  be  written  ia'b  —  Za'b  +  7a'c  -  da'c  +  Sae'  —  CS*  (Art.  28), 
Now  ia*b^2a'b  in  the  same  thing  bb  2a'b,  and  7a'c  —  3a'c  is 
the  Bfime  thing  as  ia'c.  Thiis  the  expression  may  be  put  in  the 
simpler  form  2a'b  +  ia'c  +  9ac' —  &b'. 


ADDITION. 

31.  The  addition  of  algebraical  expresaiong  it  performed  by 
vn-iting  the  temu  in  succes^on  each  preceded  by  its  proper  tign. 

For  BupfKwe  we  havo  to  add  c  — rf  +  e  to  a-b;  this  ia  tha 
same  thing  as  adding  cA-e-d  to  a-b  (Art.  28).  Now  if  we 
add  e  +  e  to  a  —  b  we  obtain  a—b-vc  +  e;  we  hare  however  thus 
added  d  too  much,  and  must  consequently  subtract  d.  Hence 
we  obtain  a  —  b  +  c  +  e  —  d,  which  is  the  same  as  o  —  6  +  c  —  d  +  e; 
thus  the  result  agrees  with  the  rule  above  given.  The  result  is 
called  the  sum. 


r  result  thus  ; 
+  (c-rf  +  e)=a 


-dA-e. 


When  the  terms  of  the  expressions  which  are  to  be 
re  all  unlike,  the  Hum  obtained  by  the  rule  does  not 
{(limit  of  simplification.  But  when  like  terms  occur  in  the  ex- 
pressions, we  may  simplify  as  in  Art,  30.  Hence  we  have  the 
following  rules  : 

When  like  terms  luive  the  same  tign  their  mm  is  found  hy 
taking  the  sum  of  the  coe0kierU$  i«(A  that  eign  and  annexing  Ui« 
letters. 

the  sum  is  9a -106. 
la,   and  the  S&'and  75 


Example ;   add   5a  —  36  and    ia  -  ~l 
Far  the  da  and  the  ia  together  make 
r  make  lOb. 


-9bde  and  lla'c- 


10  SUBTRACTION. 

When  like  terme  occur  unih  different  signs  their  sum  is  fownd 
hy  taking  tfie  difference  of  the  stim  of  the  positive  and  the  sum  of 
the  negative  coefficients  with  the  sign  of  the  greater  sum  and  an-^ 
nexing  the  common  letters  as  before. 

Example ;  add  7a  —  96  and  56  -  ia.     The  sum  is  3a  —  46. 

Again;  add  together  3a*  +  46c-«*+ 10,  5a*+ 66c4-2e*-15 
and  4a*-96c-10e*  +  21.     The  sum  is  12a*+ 6c-9«*+16, 


SUBTRACTION. 

33.  Suppose  we  have  to  take  6  +  c  from  a.     Then  as  each  of 

the  numbers  6  and  c  is  to  be  taken  from  a  the  result  is  denoted  bj 

a  —  6  -  c.     That  is 

a-(6  +  c)  =  a  —  6  —  c 

"We  enclose  the  term  6  +  c  in  brackets,  because  both  the  num- 
bers 6  and  c  are  to  be  taken  from  a. 

Similarly     a  +  rf  — (6  +  c+ e)  =  a  +  <;?  — 6  — c  —  e. 

Next  suppose  we  have  to  take  6  — c  from  a.  If  we  take 
6  from  a  we  obtain  a  —  h;  but  we  have  thus  taken  too  much 
from  a,  for  we  are  required  to  take,  not  6  but^  6  diminished  by  c. 
Hence  we  must  increase  the  result  by  c ;  thus 

a  —  (6  —  c)  =  a  ~  6  +  c. 

Similarly,  suppose  we  have  to  take  h  —  c  —  d-^e  from  a.  This 
is  the  same  thing  as  taking  h  +  e  —  c  —  d  from  a.  Take  away  b  -he 
from  a  and  the  result  is  a  —  b  —  e;  then  add  e  +  d,  because  we 
were  to  take  away,  not  b  +  e  but,  b  +  e  diminished  by  c  +  c? ;  thus 

a—(b-c  —  d  +  e)  =  a  —  b  —  e  +  G  +  d 

=  a'-b  +  c  +  d  —  e. 

34.  From  considering  these  cases  we  arrive  at  the  following 
rule  for  subtraction :  Change  the  sign  of  every  term  in  the  expres- 
sion to  be  sithtracted,  and  then  add  it  to  the  other  expression.  Here 
as  before,  we  suppose  for  shortness,  that  where  there  is  no  sign 
before  a  term,  +  is  to  be  understood. 
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example ;  take  a  —  b  from  da  +  h. 

3a  +  h-{a-b)  =  3a  +  b-a  +  b^2a  +  2k 
Again;  take  5a'  +  4a6-6a^  from  lla' +  Sab  -  ixy. 
Sab  —  iscT/  -  (5a"  +  4a6  —  Gxy) 

^na'  +  3ab-4^-  5a'  -  iab  +  6^^  =  6a'  -  at 


BRACKETS. 


35.  On  account  of  the  fi.-eqyent  occurrence  of  brackets  in 
algebraical  iuvestigationa,  it  is  adyisable  to  call  tke  attention 
of  the  student  explicitly  to  the  laws  respecting  tlieir  uaa  These 
laws  have  already  been  established,  and  we  have  only  to  give 
them  a  yerb^  enunciation. 

When  an  expression  imtliui.  brackets  is  jirecedecl  by  tlie  sign  -i- 
the  brackets  may  he  removeii. 

Thus  a-h+{c-d-\-e)  =  a^b^a~d  +  e,  (Art.  31). 

AtvI  mniseqtiently  any  number  of  terms  in  an  expression  may  ho 
enelosed  by  brackets,  and  the  siijn  ■+■  placed  be/ore  (As  whole. 

,TbaB  a  —  b->-e~(l  +  e  may  be  written  in  the  following  ways  : 
(-d  +  e),    a-d  +  ic  +  e-h),    a  +  (-d  +  c  +  e  -  b), 


^™« 


When  an  expression  within  brackets  is  preceded  hy  Hie  sign  — 
lh«  hrackets  may  be  removed  if  the  sign  of  every  term  within  t/ie 
brackets  be  chaizged,  namely  +  to  —  and  —  to  +. 

Thua  a-{b-c-d-^e)  =  a-h  +  c  +  d-e,  (Ai-t.  34). 

And  consequently  any  number  of  terms  in  an  expression  may 
he  enclosed  by  brackets  and  tlie  sign  —  placed  he/ore  the  whole, 
provided  tlie  sign  of  every  term  within  the  brackets  be  changed. 

Thus  a  —  b-i-c  +  d  —  e  may  he  written  in  the  following  ways  : 
a-b  +  c-{-d+e),    a-(b-c-d+e),    a  +  <!-{b-d+e). 


12  BRACKETS. 

36,  Expressions  may  occur  with  more  than  one  pair  of 
brackets;  these  may  be  removed  in  succession  by  the  preceding 
rules  beginning  with  the  inside  pair.     Thus,  for  example, 

a  +  { 6  +  (c  -  <i) }  =  •  +  (6  +  c  -  </ }  =  a  +  6  +  c  -  <£, 

a-\'{b-  (c-</)}  =  a+{6-c  + </}=»  + 6 -^j  +  c?, 

Similarly, 

a-p«{c-((f-e)}]=a-[6-{c-rf  +  e}] 

=  a-[6-c  +  c?-e]  =a-J  +  c-c?  +  e. 

It  will  be  seen  in  these  examples  that,  to  prevent  confusion 
letween  various  pairs  of  brackets,  we  use  brackets  of  different 
sluipes;  we  might  distinguish  by  using  brackets  of  the  same  shape 
but  of  different  sizes. 

A  vinculum  is  equivalent  to  a  bracket;  see  Art.  11.  Thus, 
for  example, 

a-[6-{c-((£-7=7)}]  =  a-[6-{c-((f-«+/)}] 

In  like  manner  more  than  one  pair  of  brackets  may  be  intro- 
duced.    Thus,  for  example, 

a-6+c-cf  +  e  =  a-{6  —  c  +  c?-e}  =  a-{6-(c-(f  +  e)}. 

37.  The  beginner  is  recommended  always  to  remove  brackets 
in  the  order  shewn  in  the  preceding  Article ;  namely,  by  removing 
first  the  innermost  pair,  next  the  innermost  pair  of  all  which  re- 
main, and  so  on.  "We  may  however  vary  the  order ;  but  if  we 
remove  a  pair  of  brackets  including  another  bracketed  expression 
within  it,  we  must  make  no  change  in  the  sign  of  the  included  ex- 
pression. In  fact  such  an  included  expression  counts  as  a  single 
term.     Thus,  for  example, 


ETAMPLES.      n. 
4- (ff  -  rf)}  =  a  +  6  +  (c  -  d)  -  o  +  ft  +  c  -  rf, 
-(c-d)]=a  +  b-(c-d)^a  +  b-e  +  <i, 
-{b  +  {e-d)\  =  a-b-(c-d)  =  a~b''e  +  tJ. 
a-{b-{c~a)\^a-b+{c-d)=a'b  +  c-d. 
A\m,,  a-[b-{c-{d-s}]]  =  a-b+{<^-{d-c)) 

=  a-b  +  c-{d~e)  =  a,-b  +  c-d  +  e. 
And  in  like  manner,  a  —  [b^[e—(d--e~J'')]] 


1 1.     Add  together  4a - 56  +  Se  -2d,  a  +  b-ic  +  5d, 
3a- 75  + 60  +  4*1  and  a-\-ib-c-7d. 
Add  together  k'  +  Sjc'- 3a;+ 1,  2ai' -  3x' +  ix -  2, 

Sx'  +  i3^+5  and  ix'-3x' ~Sx+0. 
Add  together 
I'-Sscy  +  j/'+K  +  y-l,  2a:'  +  ixi/-Si/*  ~  ■2x-2i/ +  S, 
—  5xy  —  iy'+Zx  +  iy-2  and  ftc'  +  ] Oa^  +  5i/'  +  a;  +  y. 
Add  together  x' -2ax' +  a'x,   a:"  +  3aa'  and   'i3?~-(Ke'. 
Add  together  4ii5— ic',  Sa^— 2a6  and  3ax  +  2bx, 
From  flo-36  +  4c-7rf  take  2a-2S  +  3e-i^. 
Froni  a!'  +  4a:'-2a:'+7ie-l  tata  a;*  +  2a^  -  2a;' +  Ga:  -  1. 
Subtrfict  a'  — (KB  +  a;*  from  3o'  — 2aa:  +  **, 
Subtract  a-b-2{a-d)  from  2{a-b)-c  +  d. 
Subtract  {a-b)x-{b~c}j/  from  (a  +  i)  a!  + {6  +  c)  y. 
Remove  the  brackets  from  a  —  {b—{c—d)]. 
Beniore  the  brackets  fi.-om  a-{{b-o)-d]. 
EemoTe  the  brackets  from  a  +  2b  -  Ga -  [Zb ~  {6a ~  6b)\ 
Bemove  the  brackets  from  7a- {3a-[4a-(5a-2(i')'\^. 
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15.  Also  from  3a-[a  +  6-{a  +  6  +  c-(a  +  6+c  +  d)}]. 

16.  Also  from  2aj-[3y-{4aj-(5y-6a;)}]. 

17.  Also  from  a-[26  +  {3c-3a-(a  +  6)}-f  2a-(6  +  3c)]. 

18.  Also  from  a-[56-{a-(3(j-36)  +  2c-(a-26-c)}l. 

19.  If  a=2,  6  =  3,  a;=6  and  y=6,  find  the  value  of 

a  +  2a;-  {6  +  y  -  [a-  05-  (6 -  2y)]}. 

20.  Simplify 

4a:'-2iB»  +  a;+l-(3a;"-a'-a?-7)-(i«"-4rB*  +  2a;  +  8). 


ni.    MULTIPLICATION. 

38.  We  have  already  stated  that  the  product  of  the  numbers 
denoted  by  any  letters  may  be  denoted  by  writing  those  letters  in 
succession  without  any  sign  between  them ;  thus  ahcd  denotes  the 
jyroditct  of  the  numbers  denoted  by  a,  b,  c  and  d.  We  suppose  the 
student  to  know  from  Arithmetic,  that  the  product  of  any  num- 
ber of  factors  is  the  same  in  whatever  order  the  factors  may  be 
taken ;  thus  abc  =  ctcb  =  bca,  and  so  on. 

39.  Suppose  we  have  to  form  the  product  of  4a,  66,  and  3c ; 
this  product  may  be  written  at  ftdl  thus  :  4  x  a  x  5  x  5  x  3  x  c,  or 
4  X  5  X  3  X  abCf  that  is  60a5c.  And  thus  we  may  deduce  the 
following  rule  for  the  multiplication  of  simple  terms:  rrndtiply 
together  the  numerical  coefficients  and  put  the  letters  after  the 
product. 

40.  The  notation  adopted  to  represent  the  powers  of  a  num* 
ber,  (Art.  17),  will  enable  us  to  prove  the  following  rule:  ike 
powers  of  a  number  are  multiplied  by  adding  the  easponents,  for 
a^xa'  =  axaxaxaxa^a'  =-a'"^* ;  and  similarly  any  other  case 
may  be  established.         * 

Thus  if  m  and  n  are  any  whole  numbers,  a*  xa*  =  a*"^*. 
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41.  "We  may  if  ■we  please  indicate  the  product  of  tlie  same 
powers  of  different  letters  by  writing  the  letters  within  brackets, 
and  placing  the  index  over  the  whole.  Thus  a'  x  b'=  (afil'j  this 
is  obWous  since  (ah)'  —  abxab^a-xaxb-xb.      Similarly, 

<»'x6*xc'=(a6c)'. 
Thus  a' X  b' =  (ab)"  ;    o"  x  6*  x  c"  =  (aSc)";  and  so  on  for  any 
number  of  factors. 

42.  Suppose  it  required  to  multiply  a  +  b  by  c.  The  pro- 
duct of  a  and  e  is  denoted  by  ac,  and  the  product  of  b  and  c 
is  denoted  by  be  ;  hence  the  product  of  o  +  &  and  e  is  denoted  by 
ac  +  be.  For  it  foUowa,  as  in  Arithmetic,  from  our  notion  of 
multiplication,  that  to  multiply  any  quantity  by  a  number  we 
have  only  to  miiltiply  all  the  parts  of  that  quantity  by  the  number 
and  add  the  results.      Thus 

(a  +  b)c  =  aa  +  be. 

43.  Suppose  it  required  to  multiply  a-b  by  e.  Here  tha 
product  of  a  and  c  muat  be  dimininked  by  the  pi'odiict  of  6 
and  c.     Thus 

{a-b)c  =  ae-lc. 

44.  Suppose  it  required  to  multiply  a  +  6  by  e  +  d.  It 
follows,  as  in  Arithmetic,  fi-om  our  notions  of  midtiplication, 
that  if  a  quantity  is  to  be  multiplied  by  any  number,  we  may 
separate  the  multiplier  into  parts  tlie  stun  of  which  is  equal  to 
the  multiplier,  and  take  the  product  of  the  quantity  by  each  part, 
and  add  these  partial  products  to  foiin  the  complete  product. 

Thus  (a  +  6)  (c  +  rf)  =  (a  +  6)  c  +  («  +  i>)  d ; 

also  (a  +  6)  c  =  oo  +  6e,  and  {a+b)d  =  ad  +  bd; 

thus  (a  +  b)  {o  +  d)  =  ac  +  bc  +  ad  -i-  hd. 

45.  Suppose  it  required  to  multiply  a-b  by  c  +  rf.  Here 
the  product  of  a  and  c  +  rf  must  be  diminished  by  the  pi-oduct  of 
ftand  e-i-d.     Thus 


(a-b){o^d)^a(e  +  d)-b{c  +  d) 
=  ac  +  ad-{bc  +  bd)^ 
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46.  Suppose  it  required  to  multiply  a  +  5  by  e-d.  Here 
the  product  of  a  +  6  and  c  must  be  diminished  by  the  product 
of  a  +  6  and  d     Thus 

(a  +  6)  (<5-  c?)  =  (a  +  6)  c-  (a+  6)  J 

=  ac  +  6c  -  ((w;?+  6flf)  =ac-^bo-  ad^  hd. 

47.  Suppose  it  required  to  multiply  a  — 6  by  c  —  d.  Here 
the  product  of  a  — 6  and  c  must  be  diminished  by  the  product 
of  a  -  6  and  d.     Thus 

=  oc  —  6c  —  (ad—  hd)  =  ac  ^  he  —  cui -^  hd. 

48.  From  considering  the  above  cases  we  arrive  at  the  fol- 
lowing rule  for  multiplying  two  binomial  expressions  :  Multiply 
each  term  of  the  mvltiplicand  hy  each  term  of  the  mtdtiplier ;  if  the 
terms  have  the  sam^e  sign,  prefix  the  sign  +  to  their  product,  if  they 
have  different  signs  prefix  the  sign  - ;  then  collect  these  partial 
products  to  form  the  complete  product. 

The  rules  with  respect  to  the  sign  of  each  partial  product  are 
often  enunciated  thus  for  shortness  :  like  signs  produce  + ,  and 
unlike  signs  produce  - . 

49.  It  appears  from  the  preceding  Articles,  that  correspond- 
ing to  the  terms  —  h  and  c  which  occur  in  two  binomial  factors, 
there  is  a  term  —  6c  in  the  product  of  the  factors.  Hence  it  is 
often  stated  as  an  independent  truth  that  -  6  x  c  =  -  6c. 

Similarly,  we  observe,  that  corresponding  to  the  terms  —  6  and 
—  c  which  occur  in  two  binomial  factors,  there  is  a  term  6c  in  the 
product  of  the  factors ;  hence  it  is  offcen  stated  as  an  independent 
truth,  that  -  6  x  -  c  =  6c.  These  statements  will  be  examined*  and 
explained  in  Chapter  V. 

50.  The  rule  given  in  Article  48  will  hold  for  the  multipli- 
cation of  any  expressions.  This  will  appear  from  considering 
a  few   examples.     Suppose,    for   instance,  we  have  to  multiply 
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ict'  ~  Sab  +  66'  by  2a'  -  3ab  +  ib'.  The  required  prodact  here  is 
2a'  (4a'  -  5ab  +  66')  -  Sab  (4a'  -5ab  +  66')  +  46'  {ia'  -5ab  +  66") ; 
thus  we  obtain 

{8a'  -  10a"6  +  Ua'b')  -  (13o°6  -  15a'6'  +  ISofi") 

+  (16a'6'-20fl6'  +  246*), 
tiiat  i% 

8a*  -  lOa'6  -(-  12a^b'~12a'b  +  15o'5*  -  18a6'  +  IGa'b'  ~  20ab'  +  2ib\ 
This  result  agrees  with  the  rule.     If  we  simplify  the  i-esult  by 
collecting  the  like  terms  we  obtain 

8«*  -  22a"6  +  43a'6'  -  38a6'  +  ■:;46'. 
The  whole  operation  may  be  couveuieutly  arranged  thus  : 
ia'-5ab+Bb' 
2a'-3«6  +  46' 


8a'-10o'6  +  12a*6' 

-12o'6  +  15aV-l;?i(6' 

+  16a'&'-20aft'+21i' 
Ba*  -  •22a'b  +  43a'6'  -  3S«6"  +  'lib' 

61.  The  student  sJiould  carefully  notice  the  aiTangement  of 
the  above  operation.  The  expressions  which  we  wiah  to  multiply 
are  here  said  to  be  arranged  according  to  deaeending  powers  of  a  ; 
for  in  the  expression  4a'—  5a6  +  66*  the  term  which  contains  the 
highett  potoer  of  a  is  4a',  and  this  is  placed  first ;  next  we  place 
—  5a6  which  contains  a,  and  last  we  place  the  term  +  66',  which 
doe*  not  contain  a  at  all.  Similarly  the  other  factor  3a'  —  3a6  +  46' 
is  armnged.  The  partial  pi-oducta  which  arise  are  bo  arranged 
tiiat  like  terms  occur  in  the  same  colunm,  and  tlius  we  collect 
them  more  easily. 

Tlie  factors  might  also  have  been  arranged  thus  66'  —  5ab  +  4o* 
and  46'  —  3a6  +  2a' ;  they  are  tlien  said  to  be  arranged  according 
to  tttcendmg  powers  of  a.  It  is  of  no  consequence  which  order 
wo  adopt,  bat  we  should  take  the  tame  oi-dcr  for  the  multiplicand 
tai  tlie  multiptiei". 
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62.     Again ;  multiply  2aj*  +  3*.+  4  by  2a8*  -  3a:  +  4.     The  ope- 
ration  may  be  arranged  thus  : 

So*  +  3a;  +  4 
2a;*- 3a; +  4 


4x*- 

• 

f  6a;"  +  8a;* 
-6a;»-9a;*-12a; 
+  8a;*  +  12a;  + 

16 

4a;* 

+  7a;*            + 

16 

Thus  the  product  is  4a;^ 

^  +  7a;*  +  16. 

63.     The  following 

three  examples  deserve 

special  nc 

)tic 

a  +6 

a  —b 
a  —b 

a  +5 
a  -6 

a'  +  ab 
+  a6    +6* 

a' -ah 
-ab    +&* 

a*+a6 

.5* 

a'  +  2a6  +  6* 

a*  -  2ab  +  fi* 

a* 

-6* 

The  first  example  gives  the  value  of  (a  +  5)  (a  +  6),  that  is,  of 
(a  +  5)* ;  we  thus  find 

(a  +  6)*  =  a*+2a6  +  5*. 

Thus  the  squa/re  of  tlie  sum  of  two  numbers  is  equal  to  the 
sum  of  iJie  squares  of  the  two  numbers  increased  by  tvoice  their . 
product. 

Again  we  have 

(a-6)*  =  a*-2a^  +  6*. 

Thus  the  squa/re  of  tlie  difference  of  two  numhers  is  equal  to  the 
sum  of  the  squares  of  the  two  numhers  diminished  by  twice  their 
product. 

Also  we  have 

(a  +  6)(a-5)  =  a*-5*. 

Thus  the  product  of  the  sum  and  the  difference  of  two  numbers 
ie  equal  to  the  difference  of  their  squares. 
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M.  We  may  here  indicate  the  meaning  of  the  sign  *  which 
)H  Bometimes  used,  and  which  is  called  the  double  sign. 

Since  {a  +  b)'  =  a'  +  '2,ah  +  b', 

i>nd  {a-hy^a'-2ab  +  h', 

we  may  wiite  (a  *  6)'  =  o'  *  Sab  +  b'. 

Thus  -t  iudicatea  that  ire  may  take  either  the  sign  +  or  the 
sign  — ;  a±6  is  read  thus,  "a plus  or  mijius  b," 

55.  The  results  giren  in  Art.  S3  furnish  a  simple  example  of 
the  use  of  Algebra ;  we  may  say  that  Algebra  enables  us  to  prove 
general  iheoreiTU  respecting  numbers,  and  ^so  to  express  those 
theorems  briefly.  For  example,  the  remilt  (a  +  6)  (a  -  6)  =  a'  -  6'  is 
proved  to  be  true,  and  is  stated  thus  by  tg^nbols  more  compactly 
than  by  words. 

There  are  other  results  in  multiplication  which  are  of  leas 
importance  than  the  three  formulte  given  in  Art.  53,  but  which 
are  deserring  of  attention.  We  place  them  here  in  order  that  the 
student  may  be  ahle  to  refer  to  them  when  they  are  wanted ;  they 
can  be  easily  verified  by  actual  multiplication. 
^^_  {a  +  b){a'~iib  +  l')  =  a'  +  b', 

^^B  (a  -  b)  (a<  +  ab-\-b^=a'-  b', 

^^^K  (a  +  6)'  ={a+h)  (a'  +  2o6  +  6=)  =  a'+  3u'i  +  5ab'  +  b", 
^^^P  {a^b)'''(a-b){a'-2ab  +  b')^a'~3a'i>  +  3ab' 
^B  (6  +  «){c  +  a)(a  +  S)  =  a'(6  +  c)  +  6'(c-.a)  +  c'(a 
^^  (b-c)(c~a){a-b)  =  a'{c^b}  +  b'{a~o)  +  c'{b 
^  (a  +  6  +  c)(6c+co-l-a6)  =  o'(6  +  c)+6"(c  +  a)  +  c"(a4 
(a  +  6  +  c)  (o'  +  6'  +  c"  -  Jc  -  ca  -  o5}  =  a'  +  6'  +  c*  ■ 
(5  +  c-a){c+a-6)(a  +  6-c)=a'(6  +  c)  +  6'(c  +  a}  +  c 


+  b)+  2aba, 

-a), 

b)  +  3a5e, 

■  3aic, 


'fi^-i  +  c)'=a'  +  3a' (6  +  c)  +  3a  (b  +  c)"  +  (b  +  c)° 

=  »■  +  3a'  {6  +  c)  +  3o  (6'  +  26c  +  c")  +  i'  +  3b'c  +  36c'  +  c" 
=  a»4.6'  +  c'+3a'(6  +  c)+35'{a  +  c)4  3c' (a  +  b^  ^  Wbe, 


20  MULTIPLICATION. 

56.  By  using  the  formuUB  given  in  Art  53,  the  proceBS  of 
multiplication  may  be  often  simplified.  Thus  suppose  we  have  to 
multiply  a-¥h  +  c-¥d  by  a  +  6  —  c-(2.  This  is  the  same  thing  as 
multiplying  (a  +  6)  +  (c  +  d)  by  (a  +  6)  —  (c  +  d).  Then  by  the  third 
formula  we  have 

{{a  +  6)  +  (c  +  c?)}{(a +  6)- ((?  +  (?)}  =  (a  +  6)*-((j  +  c;)*. 

JS^ext  we  can  express  (a  +  6)'  and  (c  +  c^)'  by  means  of  the  first 
formula ;  thus  finally 

57.  From  an  examination  of  the  examples  here  given,  and 
those  which  are  left  to  be  worked,  the  student  will  recognise  the 
truth  of  the  following  laws  with  respect  to  the  result  of  multi- 
plying algebraical  expressions. 

The  number  of  terms  in  the  product  of  two  algebraical  ex- 
pressions is  never  greater  thaa  the  product  of  the  numbers  of  tlie 
terms  in  the  two  expressions,  but  may  be  less^  owing  to  the 
simplification  produced  by  collecting  like  terms. 

When  the  multiplicand  and  multiplier  are  both  arranged  in  the 
same  way  according  to  the  powers  of  some  common  letter,  the  first 
and  last  terms  of  the  product  are  unlike  any  other  terms.  For  in- 
stance, in  the  example  of  Art.  50,  the  multiplicand  and  multiplier 
are  arranged  according  to  powers  of  a;  the  first  term  of  the 
product  is  8a^  and  the  Idst  term  is  246^  and  there  are  no  other 
terms  which  are  lUee  these;  in  fact,  the  other  terms  contain  a 
raised  to  some  power  less  thaa  the  fourth  power,  and  thus  they 
differ  from  8a*;  and  they  all  contain  a  to  sovne  power,  and  thus 
they  differ  from  246*. 

When  the  multiplicand  and  multiplier  are  both  homogeneous 
the  product  is  homogeneov^s,  and  the  number  of  the  dimensions  of 
the  product  is  the  sumi  of  the  numbers  which  express  the  dimen- 
sions of  the  multiplicand  and  multiplier.  Thus  in  the  example  of 
Art.  50,  the  multiplicand  is  homogeneous  and  of  two  dimensions, 
and  the  multiplier  is  homogeneous  and  of  two  dimensions;  the 
product  is  homogeneous  and  of  four  dimensions.  In  the  example 
of  Art.  56  the  multiplicand  and  the  multiplier  are  both  homo- 
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geneoua  and  of  one  dimension ;  the  product  is  homogeneous  and  of 
two  dimeiisiona.  The  law  hei'e  stated  and  exemplified  ia  of  great 
importance  aa  it  serves  to  test  the  accuracy  of  algebraical  work ; 
and  accordingly  the  student  ia  recommended  to  pay  gi'eat  attention 
to  the  dimeBsions  of  the  tei-ma  in  the  residta  which  he  obtains. 

There  ia  another  law  which  ia  often  useful  in  testing  the 
accuracy  of  algebraical  work,  which  we  may  call  the  law  of 
tymmelry.     Suppose  we  require  the  product 

Here  a,  6,  and  c  occur  symTnetricaUy.  If  we  put  a  instead  of  c, 
and  c  instead  of  a,  we  shall  only  change  the  order  of  the  factora  ; 
and  this  will  produce  no  change  in  the  result.  Similarly  a  and  b 
may  be  interchanged,  or  b  and  c  may  be  interchanged,  without 
changing  the  value  of  the  result.  We  may  expect  then  that 
the  result  will  be  symmetrical  with  respect  to  a,  h,  and  c ;  and 
we  shall  find  this  to  be  the  case.     TJie  result  is 

a?  ■i-Zx'  {a+h  +  c)  +x{a*  *b'  +  (f  -¥Z{ab  +  lc+ca)\ 
+  o'  (ft  +  c)  +  b'  {c  +  a)  +  c'  {«  +  6)  4-  2abc. 
It  will  be  aeon  that  this  expression  is  symmetrical  with  respect  to 
a,  6,  and  c.  Take,  for  example,  the  coefficient  of  a? ;  this  is 
2  (»  +  6  +  e),  that  ia,  2a  +  26  +  2c  :  if  then  a  student  had  obtained 
an  unsymmietrical  result,  suppose  2a  +  26  +  c,  it  would  be  obvious 
to  a  person  acquainted  with  the  subject  that  there  must  be  an 
error  in  the  work. 

The  law  of  symmetry  ia  one  with  which  the  student  will 
gradually  become  familiar ;  for  the  iiirther  he  proceeds  in  Algebra, 
the  more  frequently  will  the  law  be  of  service. 

EXAMPLES  OF  MULTIPLICATION. 
Ll.      Multiply  2p  —  q  by  2q  +  p, 

Multiply  a'  +  Zab  +  W  hy  la -5b. 
Multiply  a'  -  fl6  +  b'  by  a*  +  (ib  -  b'. 
Multiply  a*~ab+2b*  by  o*  +  a&-26'. 
Multiply  a*  +  2oaj  +  w'  by  a'+2aa:— «'. 
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6.  Multiply  a'-^iax  +  ia^  by  a^-4ax  +  isf. 

7.  Multiply  €f  —  2ax-^hX'-Qi?  by  6  +  as. 

8.  Multiply  IM  +  ISoa  -  14a"  by  40:"  -  2a«  -  a*, 

9.  Multiply  2a^  +  4«'+8aj+ 16  by  3a?-6. 
.0.  Multiply  2»' -  8a:y  +  9y*  by  2aj  -  3y. 

1.  Multiply  4«'-  3ay-y*  by  3a:-2y. 

.2.  Multiply  »•  —  x^y  +  aiy* — y*  by  a;  +  y. 

3.  Multiply  X  +  2y  T-3«  by  a;  -  2y  +  3«. 

.4.  Multiply  2a;' +  3a:y  +  4y*  by  3a:*-4a:y  +  y*. 

.5.  Multiply  ic*  +  a?y  +  y*bya:"  +  a»+«*. 

.6.  Multiply  a"  +  6"  +  (?"  +  ftc  +  ca-a6  by  a  +  6-c. 

.7.  Multiply  »*-a;y  +  y*  +  «  +  y+l  by  aj  +  y-1. 

8.  Multiplyaj"  +  4a;*  +  5«-24byiB"-4«  +  ll. 

.9.  Multiplyaj"-4«'  +  lla:-24bya*  +  4aj  +  5. 

20.  Multiply  aj»- 2»*  +  3aj-.4  by  4aj"+  3a*  +  2a;+ 1. 

21.  Multiplya;*  +  2»"  +  a:"-4a;-llbya»-2aj  +  3. 

22.  Multiply  a»-5a;*  +  13a:'-»'-«+ 2  by  flB'-2aj-2. 

23.  Multiply  a*-2a»  +  3a'-2a+  1  by  a*+ 2a'  +  3a'+2a  +  l. 

24.  Multiply  together  «-«,«  +  «,  and  a*  +  a?. 

25.  Multiply  together  a;- 3,  a;-l,  a;+l,  and  a?  +  3. 

26.  Multiply  together  a?-  as+l,  a*  +  a;  +  l,  and  as*  -  a;*  +  1. 
2  7.  Multiply  a;*  -  a«"  +  5a:'  -  ca5  +  c:?  by  as*  +  ao*  -  6»*  +  c*  -  cf. 

28.  Shew  that  (a;  +  a)*  =  a;*+  4a?a  +  6»*a*  +  4a»'  +  a*. 

29.  Shew  that  «  (aj+  1)  (a;  +  2)  (a;+  3)+  1  =  (»•  +  3aj+  1)'. 

30.  Multiply  together  a  +  a?,  6  +  as,  and  c  +  as. 

31.  Multiply  together  as  —  a^  as- 6,  a;  —  c,  and  x  —  d, 

32.  Multiply  together  a  +  6-c,  a  +  c-6,  6  +  o  —  a,  and  a-^-h-^^c, 

33.  Simplify  (a  +  6)(6  +  c)-(c  +  (i)(rf  +  a)-(a  +  c)(6-£f). 

34.  Simplify  (a  +  6  +  c  +  rf)'  +  (a-6-c  +  c;)'  +  (a-6  +  c-rf)' 
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35.  Preyetliat(aj  +  y  +  a)'-(a;'  +  y  +  a^=3(y+s)(z+a!)(a!  +  3/). 

36.  Simplify  («  + 6 +  c)'-a(6  +  c-a)- ft  {([  +  c-6)-c{o+6-c). 

37.  Simplify  (a!-y)'+(x+y)'+3{a;-2,)'(a;+y)+3(^+y)'(K-y). 

38.  Simplify  {o'+6'+c')'-(a+6+(!)(a+6-c)(a+c-6)(6+c-a). 

39.  Sim^]i!y  {a'+b'+cy+  {a+b+c){a+b-e){a+c-b)(b+e-a). 

40.  Prove  that  a:'  +  j/*  +  (a;  +  j()'  =  2  (x*  +  icy  +  y')' 

+  Sx'i/  {x  +  y)'  {x'  +  xy  +  y"). 

41 .  Pi-ore  Uiat  ixy  (at"  +  y*)  =  {a:*  +  iKy  +  y')'  -{x'-!xy-\-  y'}'. 
43.     Prove  that  ixyi^  -y')  =  (x^+ xy  —  y')' ~{af—x}/ -y')'. 

43.  Multiply  together  (a;'- 3a;  +  2)' and  a;'+ 6w+ 1. 

44,  Multiply  a;'  +  a'  -  aa;  («"  +  a")  by  ic*  +  o?  -  oa;  {^  +  o). 

45,  Multiply  {a  +  b)'  by  (a  -  5)'. 

46.  If  a  =  a  +  6  +  c,  prove  that 
;)(,-2o)<-.(,-2.)(.-2<,)  +  .(.. 


=  (- 


IV.     DIVISION. 


.)(.. 


-26)(«-2c)  +  8<ry,e. 


^^^  58.  Diviaion,  as  in  Arithmetic,  is  the  inverse  of  Midtipli- 
cation.  In  Multiplication  we  determine  the  product  arising  from 
two  given  factors ;  in  Division  we  have  the  product  and  one  of 
the  factors  given,  and  our  object  is  to  determine  the  other  factor. 
The  factor  to  be  det«rmined  is  called  the  quotient. 

59.  Since  the  product  of  the  numbers  denoted  by  a  and  b 
is  denoted  by  ab,  the  quotient  of  06  divided  by  d  is  6  ;  thus 
ai-r-a=6;  and  also  ab-~b  =  a.  Similarly,  we  have  abc-i-a  —  bc, 
fAe-i-b  —  ae,  aic-!-c  =  ab ;  and  also  abc-i-bc  —  a,  abc-r-ac  =  b, 
abc-i-ab  =c.     These  results  may  also  ho  written  thua  ; 


^bc. 


-06: 
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60.  Suppose  we  require  the  quotient  of  QOahe  divided  by  3c. 
Since  60ahc  =  20db  x  3c  we  have  60a5c4-3c  =  20a5.  Similarly, 
60a5c-5-4a=  156c;  60a6c-T-5a6=  12c;  and  so  on.  Thus  we  may 
deduce  the  following  rule  for  dividing  one  simple  term  by  another  : 
1/  the  nv/merical  coefficient  and  the  literal  product  of  the  divisor 
he  found  in  the  dividend^  the  other  part  of  tJie  dividend  is 
the  qicolient, 

61.  If   the   numerical  coefficient  and  the  literal  product  of 

the  divisor  be  not  found  in  the  dividend,  we  can  only  indicate  the 

division  by  the  notation  we  have  appropriated  for  that  purpose. 

Thus  if  5a  is  to  be  divided  by  2c,  the  quotient  can  only  be  indi- 

5a 
cated  by  5a-r-2c,  or  by  -^,     In  some   cases  we  may  however 

simplify  the  expression  for  the  quotient  by  a  principle  already 
used  in  arithmetic.     Thus  if  15a*6  is  to  be  divided  by  65c,  the 

quotient  is  denoted  by  ^.      .    Here  the  dividend  =  36  x  6a',  and 

the  divisor  =  36  x  2c ;  thus  in  the  same  way  as  in  Arithmetic  we 

may  remove  the  &ctor  36,  which  occurs  in  both  dividend  and 

5a' 
divisor,  and  denote  the  quotient  by  —  . 

62.  One  potver  of  any  number  is  divided  hy  cmoiher  power 
of  tlie  same  ntmiber  by  svhtracting  the  index  of  the  latter  power 
from  the  index  of  ike  formjer. 

Thus  a*-T-a*  =  a  x  a  x  a  x  a  x  a-r-a  x  a==axaxa  =  a^'^ a" 
Similarly  any  other  case  may  be  established.  « 

Hence  if  m  and  n  be  any  whole  numbers,    and  m  greater 

than  n,  we  have  dT-i-if  ©r  —  =  a"*^. 

a 


a' 


63.     Again,  suppose  we  have  such  an  expression  as  -^ .     We 


a 


a"  X  1 

may  write  it  thus  -i 1 :  then,  as  in  Art.  61,  we  may  remove 

•'  a  xa 


1  factor  a'.     Thiis  i 
other  case  may  be  eetabliahed, 

Hoace  if  m  and  n  be  any  v 
ire  have  a™~a   or  —  =  -— -  . 


S5 

nilarly  any 


I        -writt* 


• ;  this  may  be 
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e  term,  and  the 


luppose  Buch  an  expression  as  77  to  occi 

•»rito  Ihu.  (I)  .    For  g)'  ma™  ?  X  ? ,  and  I , 

know   from  Arithmetic,  and  as  will  be  shewn  i 
Similai-ly  any  other  case  may  be  established. 

Hence  if  n  Ije  any  whole  number  y;,  =  (  t  )  - 

G5.  Wlien  the  dividend  eontaina  more  than  0. 
divisor  conlaing  only  one  term,  loe  rtvusl  divide  each  term  of  tlie 
dividend  hy  the  diviior,  and  then  colleet  the  partial  gaoiienis  to  ob- 
tom  the  complete  gvotient. 

~c;  for(n-c)6=aft-c6. 

+  d ;  for  (b  -  c  +  d)ab  -  ab'  —  abe  +  aid. 

I  the  first  example  we  see  tbat  corresponding  to  the  tenn  06 
in  Uie  dividend  and  to  the  divisor  b  there  is  the  term  a  in  the 
qaotient  j  and  corrosponding  to  the  term.  —  c6  in  the  dividend 
'ajtd  to  the  divisor  b  there  is  the  term  —  c  in  the  quotient. 

We  have  already  stated  ii 
oitted  for  the  present,  s 
Jx-, 


a.  Art.  49,  that  the  iollowing  resnlta 
iubject  to  future  esplanation  ; 


milarly,  tie  following  results  may  be  admitted  ; 
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Thus  in  Diyiaioii  aa  in  Multiplication^  the  $iffn  of  the  qaotient 
is  deduced  from  the  signs  of  the  dividend  and  divisor  bj  the  roloy 
like  signs  produce  + ,  and  unlike  signs  produce  -  • 

66.  When  the  divisor  as  well  as  the  dividend  contains  more 
than  one  term,  we  must  perform  the  operation  of  jdgebraical 
dimion  in  the  same  way  as  the  operation  called  Long  Division  in 
Arithmetic.     The  following  rule  may  be  given : 

Arrange  both  dividend  and  divisor  according  to  (he  powers  of 
some  common  letter,  either  both  according  to  ascending  powers,  or 
both  according  to  descending  powers.  Find  how  often  tlie  first  term 
of  the  divisor  is  contained  in  the  first  term  of  the  dividend,  and 
ivrite  down  this  result  for  the  first  term  of  the  quotient ;  muUipLy 
the  whole  divisor  by  this  term,  amd  subtract  the  prodtust  from  the 
dividend.  Bring  down  as  many  terme  of  the  dividend  as  the  ease 
may  require^  and  repeat  the  operation  till  all  tlie  terms  are  brought 
down. 

Example.     Divide  a*--2a6  +  6"  by  a -6. 

The  operation  may  be  arranged  thus : 

a-b)a*- 2ab  +  b*  {a-b 
a' —  ah 


-ab-^-b' 


The  reason  for  the  rule  is,  that  the  whole  dividend  may  be 
divided  into  as  many  parts  as  may  be  convenient,  and  the  com- 
plete quotient  is  foimd  by  taking  the  sum  of  all  the  partial  quo- 
tients. Thus,  in  the  example,  a'  —  2a6  +  6"  is  really  divided  by  the 
process  into  two  parts,  namely,  a*  — ah  and  —  a5  +  &',  and  each  of 
these  parts  is  divided  by  a  — 6;  thus  we  obtain  the  complete^ 
quotient  a  -  6. 

67.     It  may  happen,  as  in  Arithmetic,  that  the  division  can- 
not  be  exactly  performed.     Thus,    for    example,    if   we   divide  ^ 
a* - 2ah  -f  26'  by  a-b^  we  shall   obtain   as  before   a  —  b  in   the 


ON.  tr 

qiiotient,  and  there  will  Iken  be  a  remainder  b'.     This  result  ia 

maimer  similar  to  that  used  in  Arithmetic;  we  say 

-aab  +  2b'  I         5'        ^,    ,  .     ,,  .  ,  ,  ,.     , 

~  J  ;  that  la,  there  la  a  complete  qiiotimit 


a-b 


^^TTb' 


a  —  i  and  Ajractumal  pari  - — j 
brajcal  fractions  we  shall  return  in 

68.     The  following  examples  a 


.     To  the  consideration  of  alga- 
Chapter  VIII. 

re  important : 

x  —  a)x*-a*  [x'  +  k'o  +  xa'  +  a* 

a?a-a> 


student  may  also  easily  verify  the  following  statements : 
a:"— a*  x'~a* 


-a^a  + 


Each  of  these  examples  of  division  fumialies  an  example  of 
mnltiplication,  as  the  product  of  the  divisor  and  quotient  must  be 
equal  to  the  dividend.  Thus  w-e  have  the  following  results  which 
are  worthy  of  notice  : 


t-  o)  (le* — tfa  +  !Ca'  —  a'), 
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69.  It  will  be  useful  for  the  student  to  notice  tiie  following' 
facts: 

os^  — a"  is  always  divisible  by  a;— a  whether  the  index  n  be  an 
odd  or  even  whole  number. 

of  -  a*  is  divisible  by  a;  +  a  if  the  index  n  be  an  even  whole 
number. 

«■  +  »*  is  divisible  by  x-^a  if  the  index  n  be  an  odd  whole 
number. 

It  will  be  easy  for  the  student  to  verify  these  statements  in 
any  particular  case,  and  hereafter  we  shall  give  a  general  proof  of 
them.     See  Chapter  xxxiii. 

70.  By  means  of  the  results  which  have  been  obtained  in 
the  preceding  Articles  we  may  often  resolve  algebraical  expres- 
sions into  footers.     Thus  whatever  A  and  B  denote  we  have 

A'-B'  =  {A+B){A-B), 

and  tlie  student  will  frequently  have  occasion  to  use  this  general 
result  with  various  forms  of  A  and  B,  For  example,  suppose 
A  =  a*,  and  B  =  Vy  so  that  A*  =  a*,  and  -ff* «  6* ;  then  we  have 

and  as  a'-6*  =  (a  +  5)(a-6), 

we  obtain  a*  -  6*  =  (a"  +  6*)  (a  +  6)  (a  -  6). 

Again,  suppose  A  =  a",  and  B  =  b%  so  that  A*  =  a",  and  B^^l^; 
then  we  have 

and,  as  in  Ai-t.  68, 

a'  +  6'  =  (a  +  6)(a*-a6  +  6«), 

so  that 
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Again,  suppose  -4  =  a*  and  3  =  b\  so  that  -4"  =  a*,  and  jB*  =  6* ; 
then  we  have 

=  (a*  +  6*)  (a'  + 6")  (a+ 6)(a-6). 
Again^  take  the  general  result 

and  suppose  A  =  a*,  and  -B  =  6' ;  thus  we  obtain 

and  hy  comparing  this  with  the  result  just  proved, 

a«-6«  =  (a  +  6)(a-6){a"  +  a6+  h')  (a' -  ab  +  b% 

we  infer  that 

{a'-hah-h  b")  (a'-ab  +  6*) -  a*  +  a V  +  6*. 
This  can  be  easily  verified  by  the  method  of  Art.  56. 
For  (a'+ab  +  b")  {a'-ah-hb^  =  (a'-^b'  +  ab)  {a'+  b'^-ab) 

=  a*  +  2a'b'  +  6*  -  a'b' 
=  a*  +  a  V  +  6*. 

-    We  may  also  in  some  cases  obtain  useful  arithmetical  applica- 
tions of  our  formulse.     For  example, 

(127)«-  (123)'-(127  +  123)  (127-123) 

=  250x4-1000; 

thus  the  value  of  (127)'-  (123)'  is  obtained  more  easily  than  it 
would  be  by  squaring  127  and  123,  and  subtracting  the^  second 
result  from  the  first. 

The  following  additional  examples  are  deserving  of  notice  : 

(a*  +  a5  72  +6«)  (a'-a5  ^2  +  b')  =  (a'  +  6')'-(a6  ^2)' 

=  a*  +  2aV  +  6*-2aV 
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=  a*  +  2a*ft«  +  6*  -  3a*6* 

a*  +  5« «  (a*  +  6«)  (a*  -  a'6«  +  5*) 

=  (a«  +  60(a'  +  a^V3  +  6«)(a'-a5V3  +  5*). 

71.     The  following  are  additional  examples  of  Division. 
Divide  8a*  -  22a"5  +  43a«6«  -  38a6'  +  245*  by  2a*  -  3a6  +  46". 

2a*  -  3a5  +  46^  8»^  -  22a"6  +  43aV  -  38a6"  +  246*  (^4a'-5a6  +  66* 

8a*-12a'6+16a'6* 


-10a»6  +  27a*6*-38a6" 
-10a»6  +  15aV-20a6» 


12aV-18a6»+246* 
12aV-18a6'  +  246* 

The  quotient  is  4a*  -  6a6  +  66*. 

Divide  a:^-(a  +  6  +  c)  rc*  +  (a6  +  6(j  +  ac)aj-a6c  by  a;- a. 
x-a\  a5'-(a  +  6  +  c)rc*  +  (a6  +  6c  +  ac)a;-a6c  (  a^- (6  +  c)a;  +  6c 

-  (6  +  c)  a^  +  (a6  +  6c  +  ac)  a; 

—  (6  +  c)a;*+        (a6  +  ac)a; 


6ca;  —  a6c 
hex  —  a6c 

The  quotient  is  a*  -  (6  +  c)  a;  +  he. 

These  two  examples  suggest  the  following  statement :  When 
the  dividend  and  the  divisor  are  homoffeneous  so  also  is  the  quo- 
tient; the  number  of  the  dimensions  of  the  quotient  is  equal  to 
the  excess  of  the  number  which  expresses .  the  dimensions  of  the 
dividend  over  the  number  which  expresses  the  dimensions  of  the 
divisor.  See  Art  57. 


^^^v^ 

J 

^^^^^V               exampi.es. 
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^K     Dividaa^+l  bya;+l. 

2.     Dmde27a^  +  8/by3a:  +  23/. 

3.     Diyidea'-2ai"4-6'byo-6. 

4.     Divide  o'  -  2o'6  -  3o6'  by  a  +  6. 

5.      Divide  64a:'- y'  by  2x  -  y. 

6.     Divide  *'  +  6'  by  a  +  b. 

7.     Divide!j^-ic'i/  +  a!y'~ff^by  a-?/. 

8.     Divides^ -7^1-^6  by  a: -3. 

9.     Divide  33^  + /by  3^ +y. 

10.     Divide  a:' -a;V  +  a^'- 3:^^  +  3'^*-  /  ^^  ^-f- 

11.     Divide  [c*  +  a?-  4ic'  +  5m-  3  by  le'  +  2a:  -  3. 

12.     Divide  a*  +  2a'6'  +  96'  by  a'  +  2ab  +  36'. 

13.     Divide  a'-b'  by  a°  +  2a'6  + 2a6'  +  &'. 

14.     Divide32a'  +  54a6'-8I6'by2a  +  36. 

Iff.     DividBiB'-2a^  +  IbyiB'-2a:  +  l. 

16.     Divideic'-6a:'  +  9x'-4by^'-I. 

1 

•     17.     Divide  o'  +  o=6-8<i'6'+  19o6'-156'  by  «'+  3ai 

-66' 

18.     Divide   the   product   of  a^-12j!4-I6  and  3? - 

12a; 

-IG 

by  «■-  16. 

19.     Divide    the    pi-oduct    of  a?^^x+\    and  a? - 

Zx  + 

2  by 

iB'-3a^  +  3a!-l, 

20.     Divide  the  product  of  a.-*  -  a;  -  1,  2a;'  +  3,  a?  +  z 

-1, 

and 

fB-4bya:'-33:'+l. 

21.     Divide    tlie    product    of    o'  +  <mt  +  x'    and    a 

+  a^ 

i,j 

a*  +  aW  +  a;'. 

22.      Divide    the    product  of   a;*  -  4a?a  +  Ga:V  -  ixa 

■+a' 

and 

0^+2a»+o'by  x'-2.i>+2a:a'-ra'. 

23,     Divide  a'  +  «'&  +  «'c  -  abc  -  b'c  -  be'  by  a'  -  6c. 

■ 

^ 
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24.  Divide  3a*  +  idba^  -  6a*b'x  -  4a"5«  by  a?  +  2a6. 

25.  Divide  the  product  of  a^- 3«*  +  3aj-l,  a*-2«+l  and 
ic  - 1  by  flc*  —  4a^  +  6»*  -  4aj  + 1. 

26.  Divide  6a*  -  a?6  +  2aV  +  13a6»  +  46*  by  2a»  -  3a6  +  46«. 

27.  Divide  2?  +  ^*+  3a^-  1  by  a  +  y-  1. 

28.  Divide  a'  +  6'-c*+ 3a6c  by  a  +  ft-c. 

29.  Divide  2a^6  -  5aV  -  1  la»6»  +  5a*b*  -  26aV  +  7a»5* -  I2ab' 
by  a*  -  4a'5  +  a*6*  -  3a6l 

30.  Divide  a V  +  2a5c'  -  a V  -  6  V  by  a6  +  oc  -  6c. 

31.  Divide  the  product  of  a  +  b  —  c,  a  —  6  +  c,  and  b  +  c—a 
by  a2-6«-c*  +  26c. 

32.  Divide  (a  +  6  +  c)  (oft  +  6c  +  ca)  —  a6c  by  a  +  6. 

33.  Divide  {a'  -  6c)'  +  86V  by  a'  +  6c. 

34.  Divide  6  (a?-a^ + oa;  (sc*  -  a*)  +  a'  («  —  a)  by  (a  +  6)  (a;  —  a). 

35.  Divide   o^  +  2^«  -  a3y'«  +  ajya;*  —  a'y  —  2^**  +  afe  —  asz?  by 
y  +  «  -  re. 

36.  Divide  a*  (6+  c)  -  6*  (a  +  c)  +  c'(a  +  6)  +  a6c  by  a  -  6  +  c. 

37.  Divide  (a  -  6) ic'  +  (6»- a»)  a;+a6(a*-6*)  by  (a-6)a:+a*-.6'. 

38.  Divide  cax^  —  ab*  +  b*x  -  a?  by  (x  +  6)  (a  -  a). 

39.  Divide  (6-c)a'  +  (c-a)6'  +  (a-6)c'  by  a'-o6-ac  +  6c 

40.  Divide  (oa;  +  6y)«  +  (ay  -  6a;)«  +  c'a;*  +  c'i^  by  a;»  +  3^. 

41.  Divide  a'6  —  ba?  •¥  a^x  —  a?  by  {x  +  6)  (a  -  x), 

42.  Resolve  a'  —  6'  —  c*  +  (;?'  —  2  {ad  —  6c)  into  two  factors. 

43.  Divide  6  (a?  +  a')  +  oaj  (ic* - a^  +  a* (a;  +  a)  by  (a+  6)(aM-  a). 

44.  Shew  that  (a^  -  a;y  +  y*)' +  (a^  +  ay  +  y*)'  is  divisible  by 
^x'-^^f. 

45.  Shew  that  (a;  +  y)^  —  a^-^y^  is  divisible  by  (a*  +  ajy  +  y*)'. 

46.  If  -4  =  6c  -  JO*,    B  z=ca-  ^y    C  =  a6  -  r*,    P  =  qr  -  ap, 

Q  =  rp-bq,  and  jK  rs^g'  -  cr,  find  the  value  of ,   — r , 

AB-I?     QE-AP     RP^BQ  PQ^CR 

~~c       '         p       '         q       '  "^"^        r        ' 
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Refiolve  a"  — aj"  into  five  factoi-s. 

48.  Keaolve  4o'6'  —  {a?  +  b'  —  c")"  into  four  factota 

49.  Resolve  i{ad+hcf~{a*-V-i?+  dy  into  four  factors. 

50.  Shew  that  {ay  -  bxy  +  (bz  -  cy)'  +  (ex  -  oa)'  +  (oa;  +  6y  +  cz}' 
I      is  divisible  by  »'  +  6'  +  c*  aud  by  x'  +  y'  +  a*. 
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72.  In  Algebra  we  are  sometimes  led  to  a  subtraction 
which  cannot  be  performed  because  the  number  which  should 
be  subtracted  is  greater  than  that  fixim  which  it  is  required  to 
be  subtracted.  For  instance,  we  have  the  following  relation ; 
a  -  {h  +  e)  =  a  —  b  ~  c ;  suppose  that  a  =  7,  b=7  and  c  =  3  so  that 
6  +  c  =  10.  Now  the  relation  a  —  (b+c)  —  a  —  b  —  c  tacitly  sup- 
poses 6  +  c  to  be  less  than  a ;  if  we  were  to  neglect  this  supposi- 
tion for  a  moment  we  should  have  7  —  10  =  7  —  7  —3;  and  as  7  —  7 
is  zero  we  might  finaUy  wiite  7  ~  10  =  —  3, 

73.  In  writing  such  an  equation  as  7  —  10  =  -  3  we  may  be 
understood  to  make  the  following  statement :  "  it  is  impossible  to 
take  10  from  7,  but  if  7  be  taken  from  10  the  remainder  is  3." 

74.  It  might  at  first  sight  seem  to  the  student  unlikely  that 
such  an  expi-esaion  as  7  -  10  should  occur  in  pi-actioe ;  or  that  if 
it  did  occur  it  would  only  arise  either  from  a  mistake  which  could 
be  instantly  corrected,  or  boia  an  operation  being  proposed  which 
it  was  "tobviously  impossible  to  perform,  and  which  must  therefore 
be  abandoned.  As  he  proceeds  in  the  subject  the  student  wiU 
find  however  that  such  expressions  occur  frequently ;  it  might 
h^pen  that  a—b  appeared  at  the  commencement  of  a  long  inveafci- 
gation,''and  that  it  was  not  easy  to  decide  at  once  whether  a  were 
greater  or  leas  than  6.  Now  the  object  of  the  present  Chapter  is 
to  shew  that  in  such  a.  case  we  may  proceed  on  the  supposition 
that  a  is  greater  than  6,  and  that  if  it  should  fiuiilly  appear  that  a  is 
lees  than  ft  we  shall  still  be  able  to  make  use  of  uui-  inves-tigation. 


i 
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75.  Let  us  consider  an  illustration.  Suppose  a  merchant  to 
gain  in  ono  year  a  certain  number  of  pounds  and  to  lose  a  oertain 
number  of  pounds  in  the  following  year,  what  change  has  taken 
place  in  his  capital )  Let  a  denote  the  number  of  pounds  gained 
in  the  first  year,  and  b  the  number  of  pounds  lost  in  the  second. 
Then  if  a  is  greater  than  b  the  capital  of  the  merchant  has  been 
increased  by  a  —  5  pounds.  If  however  b  is  greater  than  a  the 
capital  has  been  diminished  by  5  —  a  pounds.  In  this  latter  case 
a  —  5  is  the  indication  of  what  would  be  pronounced  in  Arithmetic 
to  be  an  impossible  subtraction;  but  yet  in  Algebra  it  is  found 
conyenient  to  retain  a  —  5  as  indicating  the  change  of  the  capital, 
which  we  may  do  by  means  of  an  appropriate  system  of  inUrpre- 
tatian.  Thus,  for  example,  if  a  =  400  and  b  =  500  the  merchant's 
capital  has  suffered  a  diminution  of  100  pounds;  the  algebraist 
indicates  this  in  symbols,  thus 

400 -500  =  -100, 

and  he  may  turn  his  symbols  into  words  by  saying  that  the 
merchant's  capital  has  been  increased  by  — 100  pounds.  This 
language  is  indeed  far  removed  from  the  language  of  ordinary  life, 
but  if  the  algebraist  understands  it  and  uses  it  consistently  and 
logically  his  deductions  from  it  will  be  sound. 

76.  There  are  numerous  instances  like  the  preceding  in  which 
it  is  convenient  for  us  to  be  able  to  represent  not  only  the 
magnUxide  but  also  what  may  be  called  the  qtudity  or  affection  of 
the  things  about  which  we  may  be  reasoning.  In  the  preceding 
case  a  sum  of  money  may  be  gained  or  it  may  be  lost;  in  a  ques- 
tion of  chronology  we  may  have  to  distinguish  a  date  before  a 
given  epoch  from  a  date  after  that  epoch ;  in  a  question  of  posi- 
tion we  may  have  to  distinguish  a  distance  measured  to  the  north 
of  a  certain  starting-point  fr^m  a  distance  measured  to  the  south 
of  it ;  and  so  on.  These  pairs  of  related  magnitudes  the  algebraist 
distinguishes  by  means  of  the  signs  +  and  -.  Thus  if,  as  in  the 
preceding  Article,  the  things  to  be  distinguished  are  gain  and  loss, 
he  may  denote  by  100  or  by  + 100  a  gain,  and  then  he  will  denote 
by  — 100  a  loss  of  the  same  extent.    Or  he  may  denote  a  loss  by  100 
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T  ty  +  100,  and  then  he  will  denote  by  —  100  a  gain  of  the  aanie 
extent.  There  are  two  points  to  be  noticed ;  firti,  that  when  no 
MgQ  ifl  used  4-  is  to  be  Tinderatood ;  secondly,  the  sif^  +  may  be 
ascribed  to  either  of  the  two  related  magnitudes,  and  then  tho  sign 
—  will  throughout  the  investigation  in  hand  belong  to  the  other 
magnitude. 

77.  In  Arithmetic  then  we  are  concerned  only  with  the 
numbers  represented  by  the  symbols  1,  2,  3,  kc.,  and  intermediate 
fractions.  In  Algebra,  besides  these,  we  consider  another  set  of 
symbols  —  1,  —  2,  —  3,  kc,  and  intermediate  fi-actiona.  Symbols 
preceded  by  the  sign  —  are  called  negative  quantities,  and  symbols 
preceded  by  the  sign  +  are  called  positive  guanlitieg.  Symbols 
without  a  sign  prefixed  are  considered  to  have  +  prefixed. 

The  absolute  value  of  any  quantity  is  the  number  i-epro- 
sentcd  by  this  quantity  taken  independently  of  tlie  sign  which 
precedes  the  number. 

78.  In  the  preceiling  Chaptera  we  have  given  i-ulea  for  the 
Addition,  Subtraction,  Multiplication,  and  Division  of  algebraical 
expreasiona.  Those  rules  were  based  on  arithmetical  notions  and 
were  shewn  to  be  true  so  long  as  the  expressions  represented  such 
things  as  Arithmetic  considers,  that  is  positive  quantities.  Thus, 
when  we  introduced  such  an  expression  as  o  —  J  we  supposed  both 
a  and  6  to  be  positive  quantities  and  o  to  be  gi-eater  than  b.  But 
as  we  wish  hereafter  to  include  negative  quantities  among  the 
objects  of  our  reasoning  it  becomes  necessary  to  recur  to  the  con- 
raderation  of  these  primary  operations.  Now  it  is  found  con- 
venient that  the  laws  of  the  fundamental  operations  should  be  the 
same  whether  the  symbols  denote  positive  or  negative  quantities, 
and  we  shall  therefore  secure  this  convenience  by  means  of  suitable 
definitions.  For  it  must  be  observed  that  we  have  a  power  over 
Uie  definitions ;  for  example,  mvitiplicalion  of  positive  quantities 
Is  defined  in  Arithmetic,  and  we  should  naturally  retain  that  defi- 
nition ;  but  TnultiplierUion  of  negative.  (ptniUities,  or  of  a  positive  and 
a  lu^live  quantity  has  not  hitherto  been  defined ;  the  termR  m»j 
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at  present  destitute  of  meaning.  It  is  therefore  in  ofor  powev 
to  define  them  aa  we  please  provided  we  always  adhere  to  oov 
definition. 

79.  The  student  will  remember  that  he  is  not  in  a  position  to 
judge  of  the  convenience  which  we  have  intimated  will  follow  from 
our  keeping  the  fundamental  laws  of  algebraical  operation  perma- 
nent, and  giving  a  wider  meaning  to  such  common  words  as 
addition  and  midtiplication  in  order  to  insure  this  permanenca 
He  must  at  present  confine  himself  to  watching  the  accuracy  of 
the  deductions  drawn  from  the  definitions.  As  he  proceeds  he  will 
see  tiiat  Algebra  gams  largely  in  power  and  utiUty  by  the  inteo- 
duction  of  negcUive  quantUiee  and  by  the  extension  of  the  meaning 
of  the  fundamental  operations.  And  he  will  find  that  although 
the  symbols  +  and  —  are  used  apparently  for  two  purposes,  namely, 
according  to  the  definitions  in  Arts.  3  and  4,  and  according  to  the 
convention  in  Art.  76,  no  contradiction  itor  confusion  will  ulti- 
mately arise  from  this  circumstance. 

80.  Two  quantities  are  said  to  be  equal  and  may  be  con- 
nected by  the  sign  =  when  they  have  the  same  numerical  value 
and  have  the  same  sign.  Thus  they  may  have  the  same  absolute 
value  and  yet  not  be  equal;  for  example,  7  and  —  7  are  of  the  same 
ahsoliUe  voIva  but  they  are  not  to  be  called  equaL 

81.  In  Arithmetic  the  object  of  addition  is  to  find  a  number 
which  alone  is  equal  to  the  units  and  fractions  contained  in  certain 
other  numbers.  This  notion  is  not  applicable  to  negative  quan- 
tities j  that  is,  we  have  as  yet  no  meaning  for  the  phrase  "  add  —  3 
to  5,"  or  "  add  -  3  to  -  5."  We  shall  therefore  give  a  meaning  to 
the  word  add  in  such  cases,  and  the  meaning  we  propose  is  deter- 
mined by  the  following  rules  :  To  add  ttoo  qiuintUies  of  the  same 
sign  add  the  absolute  values  of  the  quantities  and  place  the  sign  of 
the  quantities  bqfore  the  sum.  To  add  two  quamtities  of  differeni 
signs,  subtract  the  less  absolute  value  from  the  greater,  and  place 
before  the  remainder  the  sign  of  that  quantity  which  has  the  greater 
absolute  value; 
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Thoa,  by  the  first  rule,  if  we  add  3  to  5  we  obtain  8  j  if  we 
add  —  3  to  —  5  we  obtain  —  8,  Ey  the  second  rule,  if  we  add  3 
to  —  5  we  obtain  —  2  ;  if  we  add  -  3  to  5  we  obtain  2. 

83.  It  will  be  aeon  tliat  the  mlea  aboye  given  leave  to  tho 
word  add  its  common  arithmetical  meaning  bo  long  na  tlie  tliinga 
which  are  to  be  added  are  aucli  as  Arithmetic  coasiilers,  namely, 
poiitivt  guanlitiea,  and  merely  assign  a  meaning  to  the  word  in 
those  cases  when  as  yet  it  had  no  meaning.  The  reader  may 
perbapa  object  that  no  verbal  definition  is  given  of  the  word  add 
but  merely  a  rule  for  adding  two  quantitiea.  We  may  reply  that 
the  practical  use  of  a  definition  is  to  enable  us  to  know  that  we 
use  ft  word  correctly  and  consistently  when  we  do  use  it,  and  the 
rules  above  given  will  ensure  this  end  in  the  present  case. 

83,  The  rules  are  not  altogether  arbitrary :  that  ia,  the  stu- 
dent may  easily  see  even  at  this  stage  of  his  progresa  that  they  are 
litely  to  be  ftdvantagoous.  Thus,  to  take  the  nnmericiil  example 
given  above,  suppose  a  man  to  be  entitled  to  reetive  3  ehillings 
from  one  person  and  5  shillings  fi-om  another,  then  he  may  be  con- 
sidered to  possess  8  shillings.  But  suppose  him  to  owe  3  shillings 
to  one  person  and  5  shillings  to  another ;  tt)en  he  owei  altogether 
8  ahillings  ;  this  may  be  considered  to  be  an  interpretation  of  the 
—  8  which  arises  from  adding  —  3  to  —  5.  Next,  suppose  that  he 
has  to  receive  3  shilUngs  and  to  pay  5  killings ;  then  he  owiet 
altf^ether  2  shillings  ;  this  may  be  considered  to  be  an  interpreta- 
Uon  of  the  —  2  which  ariaea  irom  adding  3  to  —  5.  Lastly,  suppose 
that  he  has  to  receive  6  shillings  and  to  pay  3  shillings,  then  he 
may  be  considered  to  possess  2  shillinga  ;  this  may  be  considered 
to    be    an    interpretation  of   the    2    which    arises,  from  adding 


84.  Thus  in  Algebra  addition  does  not  necessarily  imply 
augmentation  in  an  arithmetical  sense )  nevertheless  the  word 
rum  ia  used  to  denote  the  result.  Sometimes  when  there  might 
be  an  uncertainty  on  the  point,  the  term  algebraical  guTit  is  used  to 
distinguiBh  such  a  result  Crom  the  arithmetical  mm,  which  would 
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be  obtained  by  the  arithmetical  addition  of  the  abtoluie  vahtet  of 
the  tenns  considered. 

85.  Suppose  now  we  have  to  add  the  five  quantities  —  2,  +5, 
— 13,  —  4  and  +  8.  The  sum  of  -  2  and  +5  is  +  3 ;  the  sum 
of  +  3  and  - 13  is  - 10 ;  the  sum  of  -  10  and  -  4  is  - 14 ;  the 
sum  of  — 14  and  +  8  is  —  6.  Thus  —  6  is  the  rum  required. 
Or  we  may  first  calculate  the  sum  of  the  negative  quantities  —  2, 
— 13  and  —  4,  and  we  thus  get  —  19 ;  then  calculate  the  sum 
of  the  positive  quantities  +  5  and  +  8,  and  we  thius  get  +13. 
Thus  the  proposed  sum  becomes  +  13  — 19,  that  is,  —  6  as  before. 
It  will  be  easily  seen  on  trial  that  the  same  result  is  obtained 
whatever  be  the  order  in  which  the  terms  are  taken.  That  is, 
for  example,  -2-13  +  5  +  8-4,  8-13-2-4  +  5,  and  so  on, 
all  give  —  6. 

86.  Next  suppose  we  have  to  add  two  or  more  algebraical 
expressions ;  for  example,  2a  —  36  +  4c  and  — a—  26  +  c  +  2dL  W^ 
have  for  the  sum 

2a-  35  +  4<j  -a  -  25  +  c  +  2<f. 

Then  the  like  terms  may  be  collected ;  thus 

2a-a  =  a,     -35-25=-55,     4c  +  c=5c; 

and  the  sum  becomes 

a-55  +  5<?  +  2c?. 

Thus  we  may  give  the  following  rule  for  algebraical  addition : 
Write  the  terms  in  the  same  line  preceded  by  their  proper  siffHs; 
collect  like  terms  into  one,  and  arrange  the  terms  of  the  result 
in  any  order, 

87.  In  arithmetical  subtraction  we  have  to  take  away  one 
number,  which  is  called  the  suUrahendy  from  another  which  is 
called  the  minu/endy  and  the  result  is  called  the  remainder.  The 
remainder  then  may  be  defined  as  that  number  whidi  must  be 
added  to  tiie  subtrahend  to  produce  the  minuend,  and  the  object^ 
of  subtraction  is  to  find  this  remainder. 


» 
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"We  shall  use  the  name  definition  in  algebraical  subtraction, 
tlut  is,  wo  say  thut  in  Eubtraction.  we  have  to  find  the  quantity 
which  mtiBt  1>6  added  to  the  Bubtrahend  to  produce  the  minuend, 
From  tliJH  definition  we  obtain  the  rule  :  Change  the  sign  of  every 
term  in  t/ie  atihlrahend  and  add  the  result  go  obtained  to  the  minu- 
end, and  the  result  will  he  ike  remainder  required. 

For  it  ia  obvious,  that  if  to  the  eipresaion  thiia  formed  we  add 
the  aubtralieiid,  giving  to  each  term,  its  proper  sign,  all  the  terms 
of  the  subtrahend  will  disappear  and  leave  the  minuend ;  which 
was  required. 

88.  We  have  still  another  point  to  notice.  According  to 
what  hafl  been  laid  down,  the  swm  of  +  d  and  —  6  is  denoted  by 
a~b  ',  if  we  take  —  b  from  a,  the  result  ia  a  +  6  ;  and  tJie  aum  of 
—  a,  +  i,  and  —c  is  —  a  +  b  -a  ;  and  so  on.  But  we  have  aa  yet 
supposed  that  the  letters  themselves  stand  for  positive  numbers; 
for  example,  when  we  say  that  the  Bum  of  +  a  and  ~b  ia  a~b, 
a  may  be  6,  and  b  may  be  10 ;  but  suppose  that  o  is  —  6,  and 
b  ia  —10,  do  the  rules  adopted  apply  herel  Since  b  ia  —10, 
-6  or  —(—10)  will  naturally  be  taken  to  mean  10,  and  +n  or 
+  (-  6)  will  be  taken  to  mean  -  6  ;  and  the  sum  of  10  and  -  6  is  i. 

89.  Thus  if  a  be  itBelf  a  negative  quantify,  we  have  asaigued 
a  meaning  to  -f  a  and  to  —a;  and  the  meanings  are  these :  let 
a  =  —  o,  80  that  b  is  a  positive  quantity,  then  +  o  or  +  (-  a)  =  —  a, 
and  —  n  or  —  (—  o)  =  o.  We  said  in  the  preceding  Article  that 
these  ineaningB  followed  tiatwrally  fi'om  what  had  preceded ;  it  is 
however  of  little  consequence  whether  we  consider  these  meanings 
to  follow  thua,  or  whether  we  look  upon  them  as  new  interpreta- 
tions ;  the  important  point  b  to  use  them  uniformly  and  con- 
nstently  when  once  adopted. 

Since  +  (—  a)  =  —  o,  and  —  (—  a)  =  a.,  that  ia,  +  a,  we  may  enun- 
ciate the  same  rule  as  formerly,  namely,  that  lihe  gignt  produce  + 
and  urdike  eigiis  -. 

90.  There  are  four  cases  to  consider  in  multiplication.     Let 
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a  and  h  denote  any  two  numbers,  then  we  have  to  consider 
+  ax  +  5,  — ax  +  5,  +ax— 5,  —ax  — 6. 
The  first  case  is  that  of  common  Arithmetio  and  needs  no 
remark.  The  ordinary  definition  of  midtiplication  may  also  be 
applied  to  the  second  case ;  for  suppose,  for  example,  that  h  =  3, 
then  —  a  X  3  indicates  that  —  a  is  to  be  repeated  three  times,  that 
is,  we  have  — a  —  a  —  a  or  —  3a  as  the  result.     Thus 

—  ax  +  5  =  —  a5. 
In  the  other  two  cases  the  multiplier  is  a  negative  quaniUy^ 
and  thus  the  common  arithmetical  notion  of  multiplication  is  not 
applicable ;  we  may  therefore  give  by  definition  a  meaning  to  the 
term  in  this  case.  Now  we  observe  that  when  the  multiplier  is 
positive,  the  sign  of  the  multiplicand  is  preserved  in  the  product ; 
thus  we  are  led  to  adopt  the  following  convention :  When  the  mfU- 
tipUer  is  negative,  perform  the  multiplication  as  if  the  mttUiplier 
were  positive,  and  change  the  sign  of  the  product.  Hence  we  con- 
clude immediately  that 

•¥ a  y. —h ^  —  cih  and  — ax  —  6  =  +  a5. 

91.  Thus  we  have  the  following  rule :  To  mvltipLy  two 
quantities  whatever  he  their  signs,  mndtiply  them  without  consider- 
ing the  signs,  and  put  +  or  —  before  the  product  ctccording  as  the 
two  factors  have  the  sa/me  sign  or  different  signs.  As  before  re- 
marked, the  rule  for  the  sign  of  the  product  is  abbreviated  thus : 
Like  signs  give  +  one^  unlike  signs  give  — . 

92.  In  the  preceding  Articles  we  supposed  a  and  b  themselves 
to  denote  arithmetical  numbers;  it  is  important  however  to 
observe  that  if  they  denote  any  quantities,  positive  or  n^ative, 
the  four  results  obtained  are  true ;  that  is, 

+  ax  +  5  =  +  a5,  — ax  +  5  =  —  aft,  +ax  —  6  =  —  a5,  — ax— 5  =  +a5. 

Take,  for  example,  the  last  of  these,  and  suppose  that  a  is  a 
n^ative  quantity,  and  so  may  be  denoted  by  —  a ;  then  —  a  is  a 
positive  quantity,  and  =  a,  (Art.  89.)  Hence  — ax  —  5  =  ax  —  6; 
and  this  by  the  third  case  s  —  a6.  And  aft  =  -ax6a  —  a&  by 
the  second  case. 
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llius  the  reault  —  ax  —  b~ab  holds  when  o  is  a  n^ativo 
quaatity.      Similarly  any  other  case  may  be  establiahod. 

33.     We  must  now  shew  that  the  rule  for  multiplying  bino- 
mial and  polynomial  expressions  given  in  Art.  48  is  true,  whatever 
the  symbols  denote.     Take,  for  example,  the  case 
(a~b)e^ao-be. 

When  this  was  proved,  we  mippoaed  o  a  pom.tive  quantity;  we 
will'now  suppose  that  c  is  a  negative  quantity,  namdy  —y.  By 
virtue  of  the  convention  in  Art.  90,  to  find  the  product  of  o  —  6 
and  —y  we  must  multiply  w  —  6  by  -y  and  then  change  the  sign  of 
each  term  in  tlie  result.     Now, 

(a-h)y  =  ay-hy; 
thua  (a  -b)(-y)  =  —  ay+  by. 

But  since  c  =  ~y,  we  have 

ac—bc  =  —  ay  +  by; 
thua  the  relation  (a  -b)c  =  ac  -  bo 

holda  whatever  e  may  be,  positi 
other  case  may  be  established. 

94.  The  ordinary  definition  of  division  will  be  universally 
applicable  ;  we  euppose  a  product  and  one  factor  given,  and  we 
have  to  determine  the  other  fiictor. 

Hence  if  we  perform  Uie  division  without  regarding  the  aigna 
we  obtain  the  quotient  apart  from  its  sign.  It  remains  then 
to    determine    the   sign,   for   which   we   may  give    the    followmg 

When  the  dividend  and  divUor  have  the  same  sign,  the  g'lotieni 
iMOt  have  t/te  sign  +  ;  mhen  the  dimdend  and  divisor  have  different 
signs,  tlie  quotient  lanat  have  the  sign  — . 

Thia  rule  follows  fi-om  the  fact  that  the  product  of  the  divisor 

and  quotient  must  be  equal   to  the  dividend.      The  rule   for  the 

sign  of  the  quotient  may  as  before  be  abbreviated  thua  ;  Like  tigns 

«  +  and  unlike  signs  give  - 


d 


negative.     Similarly,  any 
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95.  The  words  gretUer  and  leas  are  often  used  in  Algebra  in 
an  extended  sense.  We  say  that  a  ia  greater  than  b  or  that  b  u 
less  than  a  if  a-b  is  a  positive  quantity.  This  is  .consistent  fdtili 
ordinary  language  when  a  and  b  are  themselves  both  positiyey  and 
it  is  found  convenient  to  extend  the  meaning  of  the  words  gretUer 
and  less  so  that  this  definition  may  also  hold  when  a  or  5  is  nega- 
tive, or  when  both  are  negative.  Thus,  for  example,  in  algebraioal 
hvnguage  1  is  greater  than  —  2  and  —  2  is  greater  than  —  3. 

96.  Before  leaving  this  part  of  the  subject  we  may  make  a 
few  general  remarks.  The  subject  of  Algebra  has  been  divided 
by  some  modem  writers  into  two  parts,  which  they  have  called 
Arithmetical  Algebra  and  Symbolical  Algebra.  In  Arithmetical 
Algebra  symbols  are  used  to  denote  the  numbers  and  the  opera- 
tions which  occur  in  Arithmetic.  Here,  as  shewn  in  the  pre- 
ceding Chapters  of  the  present  work,  we  b^in  by  defining  our 
symbols,  and  then  arrive  at  certain  results,  as  for  example,  at 
the  result  (a  '\- b)  {a  —  b)  =  a*  —  b\  In  Symbolical  Algebra  we 
assume  that  the  rules  of  Arithmetical  Algebra  hold  universally, 
and  then  determine  what  must  be  denoted  by  the  symbols  and 
the  operations,  in  order  to  ensure  this  result.  Thus  we  may 
consider,  that  in  the  present  CJhapter  we  have  been  examining 
what  meanings  must  be  given  to  the  symbols  to  make  the  results 
of  the  previous  CJhapters  hold  universally.  And  we  have  thus 
been  led  to  the  theory  of  negative  quantities,  and  to  an  extension 
of  the  meaning  of  the  words  addition,  subtraction,  multiplication 
and  division. 

97.  In  some  of  the  older  works  on  Algebra,  scarcely  any 
reference  is  made  to  the  extensions  of  meaning  which  we  have 
given  to  some  simple  arithmetical  terms.  In  such  works  the 
proofs  and  investigations  are  valid  only  so  long  as  the  symbols 
have  purely  arithmetical  meanings ;  and  the  proofs  and  investiga- 
tions are  really  assvmed  without  demonstration  to  hold  when  the 
symbols  have  not  purely  arithmetical  meanings.  In  recent  works, 
as  in  the  present,  an  attempt  is  made  to  establish  the  proofs 
completely.     It  must  not  however  be  denied  that  this  branch  of 
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Hie  mibject  presents  conEiderable  difficulty  to  tlie  begumer,  and  it 
will  probably  only  be  after  repeated  examination  that  a  convic- 
tion will  he  obtained  of  the  imiveraal  truth  of  the  fundamental 


The  Stuileut  is  recommended  to  proceed  onwarJa  as  far  as  the 
Chapter  on  Equations;  he  will  there  Bee  some  further  remarks 
on  negative  quantities,  and  he  may  afterwai-ds  read  the  present 
Chapter  again.  It  would  be  inconsistent  with  the  plan  of  this 
■work  to  enter  very  largely  on  this  branch  of  Algebra ;  but  the 
present  Chapter  may  fumiah  an  oiitline  which  the  student  can 
fill  up  by  his  future  reading  and  reflection. 

We  shall  requii-e  in  the  course  of  the  work  certain  propo- 
aitjons  which  are  obvious  axioms  in  Arithmetic,  and  which  are 
also  true  when  we  give  to  the  terms  iiud  svmbola  their  extended 
meanings. 

98.  If  equal  quantities  be  added  to  equal  quantities,  tlie  sums 
will  be  equal. 

99.  If  equal  quantities  be  taken  from  equal  quantitte!i,  the 
remainders  will  be  equal. 

Thus,  for  example,  if  A  =pS  -)-  C,  then  by  taking  C  from  these 
equ&l  quantities  we  have  A  —  G  =pB. 

100.  If  equal  quantities  be  multiplied  by  the  same  or  by  equal 
quantities,  the  products  will  he  equal. 

Thus  too  if  n  =  6  then  o'  =  h'  and  2Ja  =  ^'6. 

101.  If  equal  quantities  be  divided  by  the  same  or  by  equal 
qnantitiea,  the  quotients  wUl  be  equal 

102.  If  the  same  quantity  be  added  to  and  subtracted  from 
•sotJier,  the  value  of  the  latter  will  not  be  altered. 

If  ft  quantity  be  both  multiplied  ;ind  divided  by  another, 
^ue  will  not  be  altered. 
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104.  It  is  important  to  draw  the  attention  of  the  reader  to 
the  fact,  that  these  propositions  are  still  true  whether  the  quanti- 
ties spoken  of  are  positive  or  negative,  and  when  the  terms  addi- 
tion, subtraction,  multiplication,  and  division  have  their  extended 
meanings.  For  example,  if  a  =  5j  and  c=:d,  then  ac  =  bd;  this  is 
obvious  if  all  the  letters  denote  positive  quantities.  Suppose 
however  that  c  is  a  negative  quantity,  so  that  we  may  represent 
it  by  —  y ;  then  d  must  be  a  negative  quantity,  and  if  we  denote 
it  by  —  8,  we  have  7  =  8;  therefore  ay  =  bS;  therefore  —  ay  =  —  68 ; 
and  thus  ac  =  bd. 

HISCELLANEOUS   EXAMPLES. 

1.  Shew  that  a*  +  y*  +  4«*  +  2xy  +  Sxz  and  4  (aj  +  «)•  become 
identical  when  x  and  y  each  =  a. 

2 

2.  IS  a  =  If  6  =  0,  x  =  7  and  y  =  8,  find  the  value  of 

5(a"h)  ^{{a  +  x)t/*} - h^{{a  +  x)y}-\'a. 

•5  1  9 

3.  If  a  =  7>  ^~9»  ^"^  ^^^  2^~  9*  ^^  *^®  value  of 

(10a  +  205)  J{(x  -  ft)  y}  -  3a  i/{^  {x  -  h)}  +  56. 

4  10  4 

4.  If  a  =  •= ,  6  =  2,  a;  =  -«-  and  y  =  o ,  find  the  value  of 

{a  +  h)U{{x-h)y'}-'aJ{y{x^h)}  +  x. 

5.  Substitute  y  +  3  for  x  in  a*  —  as*  +  2a5*  —  3  and  arrange  the 
result. 

6.  Shew  that 

{(a-6)«  +  (6-c)«  +  (c-a)*}*  =  2{(a-6)*  +  (6-c)*+(c-.a)*}. 

7.  If  2«  =  a  +  6  +  c,  shew  that 

(5-a)«  +  («-6)»  +  («-c)*+«»  =  a»  +  6*  +  c*. 

8.  If  2«  =  a  +  6  +  c,  shew  that 

2(«-a)(5-6)  +  2(«-6)(«~c)  +  2(«-c)(«-a)  =  2««-a«-6«-c«. 

9.  If  2«  =  a  +  6  +  c,  shew  that 

2  («  -  a)  («  -  6)  («  -  c)  +  a  (»  -  h)  (»  -  c)  +  6  (»  -  c)  («  -  a) 

+  c  (»- a)  («  -  6)  sa  a6<j. 
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Shew  that 


e  and  2it'  =  a'  +  6'  +  e',  sliew  that 

»■)  {"■-«•) +("■-'■)  ('■-»') 


-4.(,-»)(.-S)(.-e). 
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^^^  105.  In  Arithmetic  tlie  greatest  common  Ttieasure  of  two  or 
wore  whole  numbers  ia  tlie  greatest  number  which  will. divide  each 
of  them  without  remainder.  Tlie  term  ia  also  used  in  Algebra,  and 
ita  meaning  in  this  subject  will  be  undeiBtood  from  the  following 
definition  of  the  grealesl  comtrton  measure  of  two  or  more  alge- 
braical eicpi-esaions :  Let  two  or  more  algebraical  expreasions  bo 
arranged  according  to  descending  powers  of  some  common  letter ; 
then  the  factor  of  highest  dimensionB  in  that  letter  which  divides 
each  of  these  expressions  without  remainder  is  called  tlieir  greatest 


^ 


JOC.  The  term  greateit  common  measure  is  not  Tery  appro- 
priate in  Algebra,  because  the  words  greater  aud  less  are  seldom 
applicable  to  algebraical  expressions  in  which  specific  numerical 
values  have  not  been  assigned  to  the  various  lettei-s  wliich  occur. 
It  would  be  better  to  speak  of  the  highest  common  divisor  or  of 
the  highcH  common  measure;  but  in  confonnity  with  established 
usage  we  i-etain  the  term  greatest  common  measure.  The  lettera 
0.  c.  u.  will  often  be  used  for  shortness  instead  of  this  teim. 

"When  one  expression  divides  two  or  more  expressions  without 
remainders  we  shall  say  that  it  is  a  cojnmon  measure  of  them,  or 
BUU-e  briefly,  that  it  is  a  measure  of  them. 
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107.  The  following  is  the  rule  for  finding  the  Q.  a  H.  of  two 
algebraical  expressions : 

Let  A  and  B  denote  the  two  expressions ;  let  them  be  arranged 
according  to  descending  powers  of  some  common  letter,  and  suppose 
the  index  of  the  highest  power  of  that  letter  in  A  not  less  than 
the  index  of  the  highest  power  of  that  letter  in  B,  Divide  A  hy 
B;  then  make  the  remainder  a  divisor  and  B  the  dividend. 
Again,  make  the  new  remainder  a  divisor  and  the  preceding 
divisor  the  dividend.  Proceed  in  this  way  until  there  is  no 
remainder ;  then  the  last  divisor  is  the  a.  c.  M.  required. 

108.  Example  :  find  the  G.  a  M.  of 

rB*-6aj  +  8  and  4a;'- 21a;*  +  15a:  +  20. 

af-Sx-^SJ 4a;' -  21a;*+  15a;+  20  (^4a:+  3 
4a;'  -  24a;»  +  32aj 


3a;*- 17a; +  20 
3a;*- 18a; +  24 

a;—   4 

a;-4^a;*-6a;  +  8  (X''2 
a;'  — 4a; 


-2a;  +  8 
-2a;  +  8 


Thus  a;- 4  is  the  G.  c.  M.  required. 

109.  The  truth  of  the  rule  given  in  Art.  107  depends  upon 
the  following  principles : 

(1)  If  F  divide  A,  then  it  will  divide  mA.  For  since  F 
divides  A,  we  may  suppose  A  =  aP,  then  mA  =  maF,  thus  F 
divides  mA. 

(2)  If  F  divide  A  and  B,  then  it  will  divide  mA  *  nB.  For 
since  F  divides  A  and  B,  we  may  suppose  A  =  aF,  and  B «  bF, 
then  mA^nB  =  {m>adknl)  F ;  thus  P  divides  w^i  *  nA 

We  can  now  prove  the  rule  given  in  Art.  107. 


K 
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GjB{q 


Let  A  and  B  denote  tlie  two  expres-  BJ  A  (j) 
sions ;  let  them  be  airanged  according  to  de-  pB 
acending  powers  of  some  coramoQ  letter,  and 
suppose  the  index  of  the  highest  power  of  that 
letter  in  A  not  less  than  the  index  of  the 
higbest  [lower  of  that  letter  in  B.  Divide  A 
ty  £;   let  p  denote    the  quotient,  and  C  the  ^ 

remainder.      Divide  B  hy  C  j  let  j  denote  the 
quotient,  and  D    the  i-emaijider.     Divide  C  by  B,  and  suppose 
that  there  is  no  remainder,  and  let  r  denote  the  quotient.     Thus 
a  hare  the  following  results  ; 

UC;         B  =  qC-\-D;         O^rD. 


We  shall  first  show  that  3  ii 


of  A  and  B. 


D  divides  C,  since  C=rJ);  hence  (Ai't  109)  J)  divides  gC  and 
also  qC  +  D ;  that  is,  D  divides  B.  Again,  since  D  divides  B  and 
C,  it  divides  pB  +  C;  that  is,  D  divides  A.  Hence  D  divides  A 
andB. 

We  have  thus  sliewn  that  Z)  is  a  common  measure  of  A  and  B; 
Wfl  shall  next  shew  that  it  is  their  greatest  common  measure. 

By  Art  109  every  expression  which  divides  A  and  3  divides 
A  ~pB,  that  ia,  C;  thus  every  expression  which  is  a  measure  of 
A  and  B  ia  a.  measure  of  B  and  C.  Similarly  every  expi-ession 
which  ia  a,  measare  of  B  and  (7  is  a  mea-sure  of  C  and  D.  Thus 
every  expression  which  is  a  measure  of  A  and  B  divides  D.  But 
no  expression  higher  than  D  Ciin  divide  D.  Thus  D  is  the  G.  c.  M. 
required. 


111.  In  the  same  manner  as  it  is  shewn  in  the  preceding 
Article  that  D  measures  A  and  B,  it  may  Le  shewn  that  every 
Knprtfion  which  divides  D  also  measui'es  A  and  B.  And  it  vt 
ritetwn  in  the  pre<!eding  Article  that  every  expression  which  mea- 
snrM  A  and  B  divides  D.  Thus  every  measure  of  A  and  B 
divides  tlieir  a.  a.  a.;  and  every  divisor  of  tiieii-  o.  c.  m.  measuies 
A  aoAB. 
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112.     As  an  example  of  the  process  in  Art  110,  suppose  we 
have  to  find  the  G.  c.  M.  of  ic*  +  5a5  +  4  and  «"+  4a^  +  5«  +  2. 

sc*  +  5iB*  +  4a: 


-SC*+     05+2 

-  «•  —  5aj  -  4 


6x-¥Q 


X     4 

Co;  +  6^  iB*  +  5a5  +  4  U  +  g 

iB*+    X 


4a; +  4 
4a; +  4 

This  example  introduces  a  new  point  for  consideration.     The 

last  divisor  here  is  6a;  +  6 ;  this,  according  to  the  rule,  must  be 

the  o.  c.  M.  required.     We  see  from  the  above  process  that  when 

.    a;     4 
a;*  +  6a;  +  4  is  .divided  by  6a;  +  6  the  quotient  is  ^  +  ^ .     If  the 

other  given  expression,  namely  a;'  +  40;"  +  5a;  +  2,  be  divided  by 

a*       X      1 
6a;  +  6,  it  will  be  found  that  the  quotient  is  ^  +  ^  +  ^ .     It  may 

at  first  appear  to  the  student  that  Ga;  +  6  cannot  be  a  measure 

of  the  two  given  expressions,  since  the  so-called  quotients  really 

contain  fractions.     But  we  see  that  in  these  quotients  the  letter 

of  reference  x  does  not  appear  in  the  denominator  of  any  fraction 

although  the  coefficients  of  the  powers  of  x  are  fractions.     Such 

X     2  ot/      X     1 

expressions  as  ^  +  ^  and  -^  +  «  "*"  o  >  therefore,  may  be  said  to  be 

O        O  X)        M        o 

ititegral  eocpreasions  80 /or  cis  relates  to  x. 

Thus,  in  the  example,  when  we  say  that  6a;  +  6  is  the  g.  c.  h. 
of  the  two  given  expressions,  we  merely  mean  that  no  measure 
can  be  found  which  contains  higher  poioera  of  a; « than  6a;+6» 
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4!) 


OUier  meaaurea  may  be  found  which  diifor  from  this  ao  far  as 
respects  numerical  coefficients  only.  Thus  3x  +  3  and  2a:  +  2  will 
be  found  to  be  measures ;  these  are  respectively  the  half  and  the 
Qtird  of  6a!  +  6,  and  the  corresponding  quotients  when  we  divide 
1  the  given  expressiona  by  these  meuaures  will  he  respectively  Uovst 
and  Ihrtfi  times  whut  they  were  before.  Again,  a;  +  1  is  also  a 
measure,  and  the  corresponding  quotients  are  «  +  4  and  a^+3a!+2; 
we  may  then  convenientiy  take  a;  +  1  as  lite  greatest  common  mea- 
sure, since  the  quotients  are  free  from  fractional  coefficients. 

113.  In  oi-der  to  avoid  fractional  coefficienU  in  the  quotients 
it  is  usual  in  performing  the  operations  for  fimliiig  the  a.  c.  h.  to 
reject  certain  factors  which  do  not  form  part  of  the  a.  c.  M.  re- 
quired. 

Suppose  we  have  to  find  the  o.  o  .u.  of  A  and  S  ■  and  at  any 
stage  of  the  process  suppose  we  have  the  expressions  K  ajid  Ji, 
one  of  which  ia  to  be  a  dividend  and  the  other  a.  divisor.  Let 
Ji  =  mS,  where  m  has  no  fiictor  which  K  has  ;  then  m  may  be  re- 
jected :  that  is,  instead  of  continuing  tiie  pixwesa  with  £  and  S  we 
may  continue  it  with  A'  and  S. 

For  by  what  has  been  already  shewn  we  know  that  A  and  B 
have  just  the  same  common  measurea  as  K  and  B  have. 

Now  any  common  measure  of  A'  and  5  is  a  eomn 
of  K  and  Jl,  and  is  therefore  a  common  measure  of  A  and  B. 

And  any  common  measure  of  K  and  S  ia  a  oomn 
of  £  and  mS.  But  m  has  no  factor  which  £  has.  Therefore 
any  common  measui'e  of  AT  and  ^  is  a  common  measure  of  £  and 
S,  Hence  any  common  measure  of  A  and  £  is  a  common  mea- 
sure of  £  and  S. 

Thus  we  see  that  A  and  S  have  just  the  same  common  mesr 
sures  as  £  and  S  have;  and  this  is  what  we  had  to  shew. 

IH.  A  factor  of  a  certain  kind  may  also  be  introduced  at 
any  stage  of  the  process. 

Suppose  we  have  to  find  the  a.  cm.  of  J  and  S  ;  and  at  any 
stage  of  the  process  aupjKwe  we  have  the  exprensions  £  and  R,  one 
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of  which  is  to  be  a  dividend  and  the  other  a  divisor.  Let  L  s  fi/T, 
where  n  has  no  fiietor  which  R  has ;  then  n  may  be  introduced : 
that  is,  instead  of  continuing  the  process  with  K  and  R  we  may 
continue  it  with  L  and  J?. 

For  by  what  has  been  already  shewn  we  know  that  A  and  B 
have  just  the  same  common  measures  as  K  and  R  have. 

Now  any  common  measure  of  K  and  2?  is  a  common  measure 
of  L  and  i? ;  so  that  any  common  measure  of  A  and  ^  is  a  com- 
mon measure  of  L  and  R, 

And  any  common  measure  of  L  and  J?  is  a  common  mea- 
sure of  nK  and  R,  But  n  has  no  factor  that  R  has.  Therefore 
any  common  measure  of  L  and  i?  is  a  common  measure  of  K  and 
R^  and  is  therefore  a  common  measure  of  A  and  B. 

Thus  we  see  that  A  and  B  have  just  the  same  common  mea- 
siu*es  as  L  and  R  liave ;  and  this  is  what  we  had  to  shew. 

115.  We  see  then  that  certain  factors  may  be  removed  from 
exQi^&r  a  dividend  or  a. divisor,  or  introduced  into  either:  in  practice 
we  usually  remove  factors  from  divisors,  and  introduce  factors  into 
dividends ;  and  such  factors  are  generally  numerical  factors.  The 
reasoning  of  Arts.  113  and  114  shews  that  these  operations  may 
be  performed  at  any  stage  of  the  process,  for  example  at  the  b^in- 
ning  if  we  please.  By  means  of  such  modifications  of  the  process 
for  finding  the  G.  o.  M.,  we  may  avoid  the  introduction  of  fractional 
coefficients.  The  following  example  will  guide  the  student.  Re- 
quired the  G.  c.  M.  of 

Sa:*- 100*  + 15a; +  8  and  a»-2a;*-6a!'+4aj*  +  13aj  +  6. 

a;»«2a;*-6«"  +  4aj*+13a;  +  6^  3aj»  -lOa:^  +16aj  +  8  (^3 

3a,-»  -  6x*  -  ISic"  + 12»*  +  39aj  + 18 


6x*+   8ar»-12aj*-24a-10 

Before  proceeding  to  the  next  division  we  may  strike  out  the 
fector  2  from  every  term  of  the  new  divisor,  and  multiply  every 
term  of  the  new  dividend  by  3.  Then  continue  the  operation 
thus: 
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-  \0x'  -  ISa:'  +  24x»  +  44a:  +  18 
'Remove  the  factor  2  from  every  tei-m  of  tlie  last  expression, 
aad  then  multiply  every  term  by  3.     Thua  we  have 

-  15a'  -  ISa;"  +  seat'  +  66*  +  27. 
Proceed  with  the  di^-isioa 

3a!*  +  4a;'-6a;'-12j;-5;  -  15!>^ -  IBx' +  36x' +  GQx  +  27   (-5 

2x'+    Gx'+    Qx+    2  } 

oore  the  factor  2  and  then  continue  the  operation  thus :  J 

t^  +  Sx^  +  Sx  +  lJ  Sx'  +  W-    eic'-12x-5  (Sx~5  J 

~5a!'-15a:'-I5a:-6  I 

Thaa  if+Sx^  +  Sx+l  lb  the  o.  c.  m.  required. 

116.  Suppose  the  origLoal  expressions  A  and  JB  to  contain  a 
eommon  factor  F,  which  ia  obvious  on  inspection ;  let  .il  =  aF,  and 
B=  hF.  Then  F  will  be  a  factor  of  the  a.  cm,;  aa  ia  shew-n  in 
Art.  111.  "We  may  then  find  the  o.  c.  m.  of  a  and  6,  and  nmltiply 
it  by  F,  and  the  product  wiD  be  the  g.  c.  m.  of  A  and  B. 

117.  Similarly^  if  at  any  stage  of  the  operation  we  perceive 
that  a  certain  factor  is  common  to  the  dividend  and  divisor,  we 
may  strike  it  out,  and  continue  the  operation  with  the  remaining 
fectors.  The  factor  omitted  must  then  be  multiplied  by  the  last 
divisor  which  is  obtained  by  continuing  the  operation,  and  tlie 
prodoct  will  be  the  required  G.  c.  M, 

118.  Buppos*^  for  example,  that  we  reqiiire  the  G.  c.  M.  of 
^-l)'(a!-2){a!- 3)  and  [x-\)'{x-i)(x-b).  Here  the  factor 
^—1)*  is  common  to  both  the  proposed  expressions,  and  la  tbei'e- 
fim  alactor  of  theG.C.K.  Moreover  in  this  example  (a;- 1)' forma 
tlie  entire  a.  C.  m.  ;  for  no  common  measure  can  be  found,  except 
ai&Cj,   of  {x-2){x-Z)   and    (k- 1)  (a:-4)  (as- 5)  which  are   the 
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rtmaining  factors  of  the  proposed  expressions.  The  last  statement 
can  be  yerified  by  trial,  but  when  the  student  is  acquainted  with 
the  subject  of  the  resolution  of  algebraical  expressions  into  fiuston 
it  will  be  obvious  on  inspection.  The  resolution  of  algebraical 
expressions  into  fiictors  is  discussed  in  the  Theory  of  JSquaiiana. 

119.  Next  suppose  we  require  the  G.  a  M.  of  ^re6  algebraical 
expressions  Ay  By  G,    Find  the  o.  c.  m.  of  two  of  them,  say  A  and  >. 
B ;  let  2>  denote  this  a.  c.  M. ;  then  the  o.  c.  M.  of  i>  and  C7  is  the 
required  G.  c.  M.  of  Ay  B  and  C, 

For  by  Art.  Ill  every  measure  of  D  and  (7  is  a  measure  of 
Af  B  and  G ;  and  also  every  measure  of  A,  B  and  (7  is  a  measure 
of  D  and  (7.  Thus  the  G.  c.  m.  of  D  and  G  is  the  g.  a  M.  of  A,  B 
and  C, 

120.  In  a  similar  manner  we  may  find  the  G.  CM.  of /our 
algebraical  expressions.  Or  we  may  find  the  o.  c.  IL  of  two  of 
the  given  expressions  and  also  the  G.  c.  m.  of  the  other  two ;  then 
the  G.  c.  M.  of  the  two  expressions  thus  found  will  be  the  G.  a  M. 
of  the  four  given  expressions. 

121.  The  definition  and  operations  of  the  preceding  Articles 
of  this  Chapter  relate  to  polynomial  expressions.  The  TnAo-Tii^g  of 
the  term  greatest  common  m^aatire  in  the  case  of  simple  expressions 
will  be  seen  fix>m  the  following  example  : 

Kequired  the  g.  c.  m.  of  i32aVxy,  270aVaj*«  and  90fl%^. 

We  find  by  Arithmetic  the  G.  c.  h.  of  the  numerical  ooeffi- 
cients  432,  270,  and  90 ;  it  is  18.  After  this  number  we  write 
every  letter  which  is  common  to  the  simple  expressions,  and  we 
give  to  each  letter  respectively  the  least  exponent  which  it  has  in  * 
the  simple  expressions.  Thus  we  obtain  18a'&B^  which  will  divide 
all  the  given  simple  expressions,  and  is  called  their  greatest  com- 
mon measure. 


I 

^^^F                  EXAMPLE.      TL                                           ^                1 

KUMfUB  or  TBK  OXOSST  COXXCOc   XCISUSZ.                                     ■ 

Knd  tl»e  c  c  ■-  in  Uw  foUowing  exunples :                                             1 

1. 

Sf~^^3    Aoi   l*-X-2.                                                                            ^^^H 

i 

x*^3z'^U-)-I3  «ad  x*^4x--~l:c-t-3.                             ^^^^| 

3. 

a^  +  a^  +  z-3  «i>d  x'-t-Sx'+Sji+S.                                 ^^^^1 

.4. 

z'-fl  and  i*^n«E*-)-t>u:  +  l.                                              ^^^^| 

6l 

fix'-Tax'-SOa'x  and  Sa^-t-oje-ia*.                                 ^^^H 

e. 

^~^«^^-^.                                                                ^^H 

T. 

ar»-]3«'  +  23j:-21  Hid  6*- +  3^ -41* +21.                  ^^^1 

8. 

*'-3a^+2*'  +  i-l  and  a^~3:'-2x  +  2.                           ^^^H 

-9. 

«'-7*'  +  &c'  +  2&c-4S  and  a:- -  Sj"  +  19«  -  li 

lo- 

K'-*'-|.2^+* +  3  and  x^  +  2^-x-2. 

ll. 

4** +  9;^  + ax* -2* -4  and  3*"  +  5j:' -  a:  +  2. 

1!. 

2«'-12x'+19j^-6«  +  9  and  4a^- 18^'+ l9«-3. 

>     13. 

fije'  +  a:'-*  and  4a^- 6iE»- 4a:  + 3. 

14. 

12ar'-15i«+3y»  and  63:*  -  Gyi"  +  2/a:  -  2y*. 

15. 

2x'~l]iB'-9  and  *«"  + lla!'*  81. 

16. 

Saf+Sa'x-Sa'j^  and  6o'a- ITo'i'  +  HoV- 3«*'. 

J7. 

2a? 4.  (2a - 9) «•- (9a +  6) a; +  27  «id  2a!'-13a!  +  18. 

18. 

aV  -  «'&<T'y  +  abW  -  jy  and  2a'6x'y  -  oi'a^'  -  jy. 

19. 

i>^+aj^-ax]f-y'  and  x*  +  2*^  -  aV  +  a^  -  Soxy"  -  y*. 

20. 

a!'+3«'-83J-9*-3  and  a'- St:'- 6a:»  + 4*:*+ 13x  + 6. 

.      21. 

6a*-4e*-lIiB'-3a*-3a!-l  and  4ai*  +  2x'-iaj;'+3a:-5. 

22. 

»*-oa!'-oV-a'a:-2a*  and  Sa:"  -  Toa^  +  3a^«  -  2a'. 

23. 

af-9>?-t-2Gx~2i,  a*-10a:'+31fl!-30  and 

!E»-lla?+38a:-40. 

^     24. 

a*-l03?+Q,  a!*+10r'+20a:'-10a;-21  and                /   iV'Vl^ 

b 

a:*  +  4aJ  -  22a!'  -  4*  +  21.                             (jV  ^^3 
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Vn.     LEAST  COMMON  MULTIPLK 

122.  In  Arithmetic  the  lecist  common  muUipU  of  two  or  more 
Trhole  numbers  is  the  least  number  which  contains  each  of  them 
exactly.  The  term  is  also  used  in  Algebra,  and  its  meaning  in  this ' 
subject  will  be  understood  from  the  follovidng  definition  of  the  leati 
commxm  multiple  of  two  or  more  algebraical  expressions :  Let  two 
or  more  algebraical  expressions  be  arranged  according  to  descend- 
ing powers  of  some  common  letter ;  then  the  expression  of  lowest 
dimensions  in  that  letter  which  is  divisible  bj  each  of  these 
expressions  is  their  least  common  multiple. 

123.  The  letters  L.C.  k.  will  often  be  used  for  shortness 
instead  of  the  term  least  common  mtUtiple;  the  term  itself  is  not 
very  appropriate  for  the  reason  already  given  in  Art.  106. 

Any  expression  which  is  divisible  by  another  may  be  said  to 
be  a  multiple  of  it. 

124.  We  shall  now  shew  how  to  find  the  L.C.  h.  of  two 
algebraical  expressions.  Let  A  and  B  denote  the  two  expres- 
sionSf  and  D  their  greatest  common  measure.  Suppose  A  =  aD 
and  B  =  hD.  Then  fix>m  the  nature  of  the  greatest  common 
measure,  a  and  b  have  no  common  factor,  and  therefore  their 
least  ccmimon  multiple  is  ab»  Hence  the  expression  of  lowest 
dimensions  which  is  divisible  by  aD  and  bD  is  obD. 

And  obB^Ab^Ba^^. 

Hence  we  have  the  following  rule  for  finding  the  l.  c.  m.  of 
two  algebraical  expressions  :  find  their  o.  c.  M. ;  divide  either  ex- 
pression by  this  o.  c.  m.,  and  midtiply  the  quotient  by  the  other 
expression.  Or  thus :  divide  the  product  of  the  expressions  by 
their  o.  c.  M. 


LEAST    COMMON    MULTIPLE.  55 

125.  If  ^  be  the  least  commoa  mnlttple  of  A  and  B,  it  is 
obvious  that  eveiy  multiple  of  Jf  ia  a  common  mnltiple  of  A 
&adB. 

126.  Svtry  common  ■mvZtlpU  of  two  algebraical  expressions  is 
a  tnitlliple  of  their  least  common  midtiph. 

Let  A  and  B  denote  the  two  expressions,  M  their  L.  o.  H. ; 
and  let  H  denote  any  other  common  multiple.  Suppose,  if 
possible,  that  when  N  is  divided  by  M  there  is  a  remainder  R ; 
let  q  denote  the  quotient.  Thus  R  =  N ~qM.  Now  A  and  B 
measure  M  and  iN,  and  therefore  (Art.  109)  they  measure  R. 
But  £  is  of  lower  dimensions  than  M ;  thus  there  is  a  common 
multiple  of  A  and  B  of  lower  dimensions  than  their  L.  C.  U.  This 
is  absurd ;  hence  there  can  be  no  remainder  R ;  that  is,  J'^  is  a 
multiple  of  M. 

127.  Next  suppose  we  require  the  l.  c.  u.  of  three  algebraical 
expressions  A,  B,  G.  Find  the  l.  c.  u.  of  two  of  them,  say  A  and 
B;  let  if  denote  this  i.  c.  h.  ;  then  the  L.  c.  m.  of  M  and  G  m  the 
required  L.CM.  of  A,  B  and  G. 

For  every  common  multiple  of  M  and  C  is  a  common  multiple 
of  J,  ^  and  C  (Art.  135).  And  every  common  multiple  of  A  and 
if  is  a  multiple  of  M  (Art  126);  thus  every  common  multiple 
oi  A,  B  and  (7  is  a  common  multiple  of  M  and  C.  Therefore  tlie 
L.  O.  IL  of  J/  and  C  is  the  K  c.  M.  of  A,  B  and  C. 

128.  Ey  resolving  algebraical  expressions  into  their  compo- 
nent Cictors,  we  may  sometiuies  facilitate  the  process  of  deter- 
mining their  a.c.  H.  or  l.c.u.  For  example,  required  the  L.O.U. 
of  K*  —  a'  and  af  —  a'.     Since 

te-a*"{x-a){x  +  a)  and  tf-a"  ^{x-a){af  •¥ax  + a% 

we  infer  that  x~a  is  the  o.  c.  M.  of  the  two  expressions ;  conse^ 
quently  their  L.  c.  M.  is  (a:  -H  o)  (io'  —  a*),  that  i% 

jb'  +  W- 
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129.  The  preceding  articles  of  this  Chapter  relate  to  poh^no^ 
mial  expressions.  The  meaning  of  the  term  lecut  eom/mon  rmd- 
tiple  in  the  case  of  simple  expressions  will  be  seen  fix>m  the 
following  example : 

Required  the  L.C.M.  of  432a*6'a^,  270a'6V«  and  90a*ba?. 

We  find  by  Arithmetic  the  L.C.  M.  of  the  numerical  co- 
efficients 432,  270  and  90 ;  it  is  2160.  After  this  number  we 
write  every  letter  which  occurs  in  the  simple  expressions,  and  we 
give  to  each  letter  respectively  the  grecOeat  exponent  which  it  has 
in  the  simple  expressions.  Thus  we  obtain  2160a*b*a^y  which  is 
divisible  by  all  the  given  simple  expressions,  and  is  called  their 
least  common  multiple. 

130.  The  theories  of  the  greatest  common  measure  and  of  the 
least  common  multiple  are  not  necessary  for  the  subsequent  Chap- 
ters of  the  present  work,  and  any  difficulties  which  the  student 
may  find  in  them  may  be  postponed  until  he  has  read  the  Theory 
of  Equations.  The  examples  however  attached  to  the  preceding 
Chapter  and  to  tlie  present  Chapter  should  be  carefuUy  worked, 
on  account  of  the  exercise  which  they  afford  in  all  the  funda- 
mental processes  of  Algebra. 
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Find  the  L.  c.  M.  in  the  following  examples : 

1.  6ar'~a;-l  and  2a;*  +  3aj-2. 

2.  a?"  I  and  oc'  +  X''2, 

3.  a:»-9iB«  +  23aj-15  and  aj'-Saj  +  T. 

4.  3x'  -  5a;  +  2  and  4a5*  ~  4a:'  -  a;  +  1. 

5.  (a:  +  l)(a;*-l)  and  a^-l. 

6.  aj»+  2a»y-a^ - 2y^  and  a? - 2a^if  - xt/''  +  2y'. 

7.  2a;- 1,  4a;'- 1  and  4aj»+l. 

8.  aP—x,  a"— 1  and  o'+l. 

9.  a;'  -  4a",  {x  +  2a)'  and  (aj  -  2a)! 
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af-  6a:*+  lla:-  6,  aj*-  9a;'+  SCa:-  24  and  ^~  8a!*+  lOa;-  12, 

11.  a:'-9a!'+26a:-24,a^-10r'+3Ia!-30  and  a;'-lla;'+38fl!-40. 

12.  a;'-103;'+9,  *'+IOa;'+  20a:'-10i-21  and  a;*+4a'-22a:'-4a!+31. 

13.  a:'-4a',  iB'+2aa!'+4a'a!  +  8o'  and  ib"-2(kb'+ 4ffl'a!-8fl'. 
U.     3:'-(o  +  5)a?  +  o6,  [c'-(S  +  c)3!  +  &caiid  a!'-(e  +  a)a:  +  iM. 

15.  2j?+{2a-36)a:'-{26'+3ai)a;+36'  wid  2a:'-(36-2fl)«-; 

16.  6(a'-J"){ffl-6)',  9(o'-6')(a-6)'andl2{o'-6y. 
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131.  We  propose  to  recull  to  the  student's  attention  some 
pi-opositiona  re8i>ecting  fractioiia  wLich  he  haa  already  found  in 
Arithmetic,  and  then  to  sliew  that  these  propositions  hold  tmi- 
vereally  in  Algebra.  In  the  following  Articles  the  letters  repre- 
sent tohah  numbers,  unless  it  is  stated  otherwise. 


132.  By  tlie  expression  t  we  indicate  that  a  unit  has  been 
divided  into  b  equal  parts,  and  that  a  of  such  parts  are  taken.    Here 

-  is  called  a  feaetion  y  o  is  the  nvrnitraivr  and  h  the  denominator, 

so  that  the  denominator  indicates  into  how  many  equal  parts  the 
unit  is  to  be  divided,  and  the  numerator  indicates  how  many  of 
those  parte  are  to  be  taken. 

Every  integer  may  be  considered  as  a  fraction  with  unity  for 
ite  denominator  ;  that  is,  P  =  K  ■ 

133,  Rule  for  multiplying  a  fraction  hy  an  integer.  Either 
multiply  the  numerator  hy  thai  ittteger,  or  divide  ike  tknominator 
i0  Aat  mUj/ir. 
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Let  J-  denote  any  fraction,  and  ^  any  integer;  then  will 
=-  X  c  =  -T'     For  in  each  of  the  fractions  j-  and  -?-  the  unit  is 

0  0  0  0 

divided  into  b  equal  parts,  and  c  times  as  many  parts  are  taken 

.    ac      ,     a    .  ac  .      .,        a 

in  ^  as  in  -  :  hence  -5-  is  c  times  =- . 
000  0 

This  demonstrates  the  first  form  of  the  Rule. 

Again;  let  j-  denote  any  fraction,  and  c  any  integer;  then 

will  Y-  X  c  «  r  •     For  in  each  of  the  fiuctions  =-  and  =-  the  same 
be  b  be  o 

number  of  parts  is  taken,  but  each  part  in  -^  is  c  times  as  large  as 

each  part  in  =-  ,  because  in  7-  the  unit  is  divided  into  c  times  as 
be  be 

many  parts  as  in  t  ;  hence  t  is  c  times  7- . 

This  demonstrates  the  second  form  of  the  Kule. 

134.  Kule  for  dividing  a  fraction  by  an  integer.  Either  mtd- 
tiply  the  denominator  by  that  integer^  or  divide  the  numercUor  by 
that  integer, 

a 
Let  T   denote  any  fraction,   and   e  any   integer;   then   will 

i--T-c=  -J-.     For  5-   is  c  times  7-,  by  Art.  133  :  and  therefore 
b  be  b  be       '' 

r-  IS  -  th  of  T  • 
be      c  b 

This  demonstrates  the  first  form  of  the  Rule. 

Again;  let  f  denote  any  ft^^tion,  and  c  any  integer;  then 

will  -T— 5-c  =  7  .     For  -7-  is  c  times  -r,  by  Art.  133;  and  there^ 

fore  T  is  —  th  of  -7- . 
be  b 

This  demonstrates  the  second  form  of  the  Rule. 
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135.  If  any  qnantity  be  botli  multiplied  and  divided  by  tlm 
same  number  its  value  ia  not  altered.  Hence  if  the  numerator 
and  denominator  of  a  fi-action  be  midlJplied  by  the  same  number 
the  value  of  the  fraction  is  not  altered.  For  the  fraction  is 
XDoitiplied  by  any  number  by  multiplying  its  numerator  by  that 
number,  and  is  divided  by  the  same  number  by  multiplying  its 
denominator    by    that    number.      (Arts.    133   and    134.)     ThxtB 

5-  =  1- .  And  BO  also  if  the  numerator  and  denominater  of  a 
0      bo 

fraotioQ  be  divided  hy  the  same  number  tlie  value  of  tlie  fraction 

ia  not  altered. 

136.  Hence,  an  algebraical  fraction  may  be  reduced  to  an- 
other of  equal  value  by  dividing  both  numerator  and  denominator 
\ij  any  common  measure ;  when  both  numerator  and  denominator 
are  divided  by  their  o.  C.  M.  the  fraction  is  said  to  he  reduced  to  its 

lou>est  tervis.     For  example,  consider  the  fraction  -r-^ — :r= ;;  , 

Herfl  the  G.  c.  m.  of  the  nnmerator  and  denominator  will  be  found 
to  be  2x  —  5;  hence,  dividing  both  numerator  and  denominator  by 
this  we  obtain 

■  63^-7«-2Q_       Zx  +  i 

I  ix'-ilx  +  S'  2x'^Sx-l' 

1S7.     Since  r  =  — r   (Airt  94)   it  is  obvious  tliat  we   may 

change  the  signs  of  the  numeratoi'  and  denominator  of  a  fi-action 
without  altering  &e  value  of  the  fr-action. 

138.  To  reduce  fractions  to  a  common  denominator:  muUi- 
ply  the  numerator  of  each  fraction  by  all  ike  denominalore  except 
its  own/or  the  numerator  corresponding  to  that  fraction,,  and  vnd- 
tiply  all  tlie  denominators  togeth&f  for  the  eomnton  denominator. 


Thus,  suppose  -j  ,  -^ ,  and  -.  to  be  the  proposed  fractions ;  then, 
t-yArt.  135,?  = 


b'  d'  •'"■•f"- 
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ebd 

j-y  are  fractions  of  the  same  value  respectively  as  the  proposed 

oaf 

fractions,  and  having  the  common  denominator  hdf, 

139.  If  the  denominators  have  any  factors  in  common,  we 
may  proceed  thus :  fivd  the  L.  c.  m.  of  the  denominators  and  tise 
this  as  the  common  denominator  ;  then  for  ike  new  numercUor  eor- 
responding  to  each  qf  the  proposed  fractions^  multiply  the  numerator 
of  that  fraction  by  the  quotient  which  is  obtained  by  dividing  the 
L.  C.  H.  by  the  denominator  of  that  fraction. 

Thus  suppose,  for  example,  that  the  proposed  fractions  aro 

a.  h  a 

—  ,  —  ,  and  — .    Here  the  L.O.K.  of  the  denominators  is  moouzx 

mx     my  mz  ^  ' 

.  a        ayz        b         bxz  .   e        cxy 

and  —  =  — ^— ,    —  = ,  and — =       ^ 


mx     mxyz     my     mxyz  mz     mocyz 

140.  To  add  or  subtract  fractions,  reduce  them  to  a  common 
denominator,  then  add  or  subtract  the  num^raiors  and  retain  the 
comm>on  denominator. 

For  example,  r  +  t  =  — r—  j  this  follows  immediately  from  the 
meaning  of  a  fraction. 

^^a     c  ^ad     cb  _^ad'\-cb 
b^  d"  bd"^  bd"  "bdT  ' 

1  1         a-b       a  +  6         2a 


a  +  6     a-6     a*-6'  a'-d' "a'-6«' 

b     a     b     €Uf     b  a^  +  b 
c     1     c      e      e         c 

a  +  5     a--b  _2(a*--b*)  {a  +  by     (a-by 


a'- 6*  "a'-6-^ 


r 

I 
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b"~~b~' 

e      ad     be      ad -be 
d     bd      bd         bd     ' 

e  +  d      a(c-d)      b(e  +  d) 
c-d     b{c-d)      b{o-d) 

ae-ad-{he  +  hd} 
b{e-d) 

ae~ad-bc-bd 

b(c~d)        • 

h     a~b     (a  +  b)'     (a-b)' 

(a  +  b)'^(a-by 
a'^b' 

d>  +  2ab  +  b'-(a'- 

2ab  +  6') 

a'-b' 

a'  +  2ah+b'-a'  + 

2ab  -  6"         406 

=  -; — Ti- 

HI.     The  rule  for  tlie  multiplication  of  two  fractions  is,  mnl- 
tipli/  the  nwnerators  for  a  new  numerator,  and  l/te  denominalort 
denominalor. 


Wd  fi-a 


following  is 
fractions  which  s 
therefoi'e 


mally  given  for  a  proof.     Let  ^  and   -j  bo 
(  to  be  multiplied  together ;  pot  t  —  ^j  and 


a  =  hx,  and  c  =  dy, 

therefore  ac=bdxy, 


divide  by  bd  i  thus  j-  =  zy. 


I  Hub  proceea  is  satisfactoiy  when  a;  and  y  are  rsally  integers, 
gh  under  a  fractional  form,  because  then  the  word  muUiplica- 
lion  baa  its  common  meaning.  It  is  also  satisfactory  when  one  of 
the  two,  X  and  y,  is  an  integer,  because  we  can  speak  of  multiplying 
a  fraction  by  aa  integer,  as  in  Art,  133.  But  when  both  a;  and  y 
are  fractions  we  cannot  speak  of  multiplying  them  together  with- 
out defining  what  we  mean  by  the  term  muUiplicatio 
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cording  to  the  ordinary  meaning  of  this  tain,  the  mnU^ier  must 
be  a  whole  number. 

In  fact  the  so-called  nUe  for  the  multiplication  of  fractions  is 
really  a  definition  of  what  we  find  it  conyenient  to  nnderstand  by 
the  multiplication  of  fractions.  And  this  definition  is  so  chosen 
that  when  one  of  the  fractions  wp  wish  to  multiply  together  is  an 
int^er  in  a  fractional  form,  or  when  both  are  sadi,  the  result  of 
the  definition  coincides  with  the  consequences  drawn  from  the  or- 
dinary use  of  the  word  midliplication, 

142.  The  following  verbal  definitions  may  shew  more  clearly 
the  connection  between  the  meaning  of  the  word  multiplication 
when  applied  to  integers,  and  its  meaning  when  applied  to  frac- 
tions. When  we  multiply  one  integer  a  by  another  5,  we  may 
describe  the  operation  thus :  what  we  did  with  unity  to  obtain  b 
we  must  now  do  with  a  to  obtain  b  times  a.  To  obtain  b  from 
unity  the  unit  is  repeated  b  times ;  therefore  to  obtain  b  times  a 
the  number  a  is  repeated  b  times.     Now  let  it  be  required  to 

multiply  the  fraction  t  ^7  -jl   adopting  the  same  definition  as 

above,  we  may  say  that,  what  we  did  tvith  unity  to  obtain  -?  ^ 

a  c  a  c 

micst  now  do  with  .-  to  obtain  ^  times  r .     To  obtain  -,  from  unity 

b  d  b  d  ^ 

the  unit  is  divided  into  d  equal  parts,  and  c  of  such  parts  are  taken; 

therefore,  to  obtain  -j  times  ?-,  the  fraction  7-  is  divided  into  d 

d  b  b 

equal  parts,  and  c  such  parts  are  taken.    Now,  by  Art.  134,  if  r  he 

divided  into  d  equal  parts,  each  of  them  is  ^,  and  if  e  such  parts 

ac 
be  taken  the  result  is  -z-, . 

bd 

The  definition  then  of  multiplication  may  be  given  thus :  to 
obtain  the  product  of  the  multiplier  and  multiplicand  we  treat  the 
multiplicand  in  the  same  way  as  unity  was  treated  to  obtain  the 
multiplier. 
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143*  To  multiply  three  or  more  fractions  together,  multiply 
oQ  tA«  numeraiOTS  for  the  new  numerator,  and  all  tite  denoniinatora 
•Jcf  the  neto  denominator. 

144.     Su|>jio3e    we 
nature  of  division,  we  have  to  find  a.  quantity  Buch  that  if  it  be 
Bmltipliod  by  -,  the  product  shall  be  t  .     Thia  is  the  nteaning  of 


e  siiall  give  the  same  meaning 
.  operation  which  hitherto  lias 


£vwon  applied  to  integers,  and 
to  division  apjilied  to  fractions,  e 
not  been  defined. 

Let  !-=■  j  =  '''j   ^*"  6  """* 


T-  =  fC     Thus  we  obtain  the  i-ule  for  diWding  one  fraction  by 
another;  invert  the  dioitor,  and  proceed  aa  in  muUiplication. 

145.  Hitherto  we  have  supposed,  in  the  present  Cliapter,  that 
the  lettfirs  represented  whole  numbers  ;  and  have  thus  only  recalled 
rules  and  proofs  which  are  tamiliar  to  the  student  in  Arithmetia 
But  in  virtue  of  our  extended  definitions  it  may  be  proved  that  atl 
the  rules  and  formulas  given  are  true  when  the  letters  denote  any 
numbers  whole  i»-  fractional.      Take,  for  example,    the  foi-mula 


(     do 


j-~ ,  and  suppose  we  wish  to  shew  that  this  is  tnie  wlien 


,  6  = -,  and  c-  - 


ac  _  mr     pr     tnr      qs  _  mrqs  _  inq 
bo      iu~ qa~  n»      pr  ~  n3pr      np  ' 
■  the  formula  is  shewn  to  be  true. 
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Moreover  these  formulsB  and  rules  hold  when  the  letters  de^' 
note  negcUive  quantities  by  virtue  of  the  remarks  already  mad^ 
in  Chapter  v. 

146.  By  means  of  the  forgoing  rules  and  formulsB  we  can 
simplify  algebraical  fractions,  in  which  the  numerator  and  de- 
nominator are  themselves  fractional  expressions.     For  example, 

a        b        a  (a  +  6)  +  6* 

b     a  +  b         b{a  +  b)         a'  +  db  +  b'        a{a-b)        a{c^-b^ 

a  —  b     a        a{a-b) 

147.  The  beginner  requires  to  be  warned  that  in  reducing 
fractional  expressions  he  should  keep  the  simplest  forms  which 
are  admissible,  in  order  to  avoid  unnecessary  labour.  For  exam- 
ple, suppose  we  have  to  reduce  the  following  expression  to  a  single 
fraction, 

a  b  c 

, -f. 4- 

(a  -b){a-  c)  (x  -a)     (6  -  a)  (6  -  c)  (a;  -  b)     (c  -a){p-  b)  (a  -  c) ' 

We  might  take  the  product  of  all  the  denominators  for  a  com- 
mon denominator  and  transform  the  three  fractions  accordingly; 
but  a  little  consideration  will  shew  that  there  is  a  much  simpler 
common  denominator  which  we  may  put  in  the  following  sym- 
metrical form, 

(a  -  6)  (6  -  c)  (c  -a){x  —  a)  (x  -b){x-  c). 

We  may  write  the  proposed  expression  thus, 

a  b  c 


(a-b){c-a){x-a)     (a- 6)  (6 -c)  (a- 6)     (c-a)(6-c)(aj-c)' 
then  by  reducing  to  the  common  denominator  we  find 

a{b  -  c)  {x-b){X'-c)  +  b{c  —  a)  (og— a)  {x—c)  -^c^a-b)  (x  -  a)  (a;— 6) 
(a  —  6)  (6  -  c)  (o  —  a)  (as  —  a)  (a?  -  6)  (a?  -  <j) 


EXAMPLES.     VIIL  65 

On  working  out  the  numerator  we  find  that  it  reduces  to 
aj{a(c'-6")  +  6(a*-c')  +  c(6'-a% 
and  we  shall  also  find  that 

Thus  the  proposed  expression  becomes 

X 

{x  —  a)  (05  —  b)  (a?  —  c)  * 
As  another  example  it  may  be  shewn  that 

a'  b'  c' 


(a-6)(a-c)(aj-a)     (6 -a)  (6-c)  (x-b)     {g- a)  {c -b){x - c) 


X* 


{x  —  a){x—  b)  (x  —  c)' 


EXAMPLES   OF   FRACTTIONS. 


Simplify  the  following  fractions  : 


•1 


«"  +  6a;-7*  *     a" -4a;- 5* 

«"-6a*+lla;-6  i  y^-r-  a'  +  3a*6+ 3a5*+6* 


^     ar— Da:"+ iia;— o  \/T;^ 


9 


\£ 


a*-3aj  +  2  ^       '  a*+2a6  +  6 

aj*+10a:'+35a*+50«  +  24  k<     3aj»-16a;'+23a;-6 


rJ 


aj'  +  9«'+26a:+24         '  '  2aj'-llaj'+ 17a;-6 ' 

2a;'  +  9aj'+7a;-3 


V/-       6a^-5a;'+4  i^ 

/  ^-     2a^-a:'-a:  +  2-  '     ^• 


3aJ»  +  5a:»-15a;  +  4* 

^      3g'+12a;4-9                             ^^  a:'- 6a;'- 37a; +  210 

^  ^'      a;»+5a;»  +  6  •       ^             43  a;V4a;*-47a;- 210* 

^        _^^+2^i9jj..^J'^  -f  3Z  a:'-f.2a;'f2a;   ^\^I? 

>yC],           x*-a?-x+l                      sX,  a' -  a*b  -  ah*  +  h' 

^^^-    »*-2af-i^-2x+l-  ^Jfl^    ^  ^*-  'M," - a'b ~ a'b' +  ab" 

T.  A.  5 
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Perform  the  additions  and  subtractions  indicated  in  the  f( 
lowing  examples  from  17  to  37  : 

17.      7  + 


y 


a  +  b     a-b' 


IS. 


a 


2a -'2b     2b -2a' 


-Q     2         3 2a;- 3 

\m     n/  ^        ^     \  m  n  J 


21. 


22. 


23. 


24. 


25. 


1  1  3 


x-\     aj  +  2     (a;+2)«* 

5 1 24 

2(a;+l)      10  (a;- 1)     5(2a;  +  3)* 

5-a     a-25     3a;(a-5) 

CC-6        05+6  05* -6* 

3  +  2a;     2 -  3a;     16a;-a;' 
2-a;       2  +  a;        05* -4' 

3  7         4-20a; 

l-2a;     l  +  2a;      4aj*-l' 


26.     -U+      ^ 


a  +  6     a*-6*     a*+6'' 


27. 


28. 


29. 


(a'  +  6y      ^  &     g 

db{a  —  hf     b  a 

a  3a  2005 

a-x     a  +  x  a' -of' 


«^     3a -46     2a-b-c     lga-4c     a-46 
"*"•    ~7  ^3        ■*~T2  21    • 

^^^-     (6-.c)(c-a)"*"(c-a)(a«6)'*'(a-6)(6-c)" 


32. 
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cf—hc  h'  —  ca  c'  —  ab 

4. 4.. 

{a  +  b){a  +  c)     {h  +  c){b  +  a)     (c  +  a){c  +  b)' 


'  <  ^q  •    «*-^g        .        b'  +  ca                c'  +  ab 

^  (a-6)(a-c)     (6+c)(6-a)'*"(c-a)(c+6)- 

/     OA  ^                                  ^^                                  ^ 

V^  (c-a)(a-6)'*'(a-6)(6-c)'*'(6-c)(c-a)- 


35. 


36. 


37. 


1 


a  (a  -  6)  (a  —  c)     6  (5  -  c)  (b  —  a)     0(0-  a)  (c-b)* 

a  —  b     6  — c     c  —  a     (a  — 5)(6  — c)(c  — a) 
a  +  6     6  +  c     c  +  a     (a  +  6)  (6  +  c)  (c  +  a) ' 

2  2        (a-6)'+(5-c)'  +  (c-a)' 


2 


a- 6     6-c     c-a  (a  — 6)(6  — c)(c-a) 


^^38.     Multiply  ^^--^' by  -^A.^^ 

^39.     Multiply  5^  by     ^'"^  ,. 

40.     Multiply  together  -^^,  -^-^,  -^^^^  and  —^. 
4  41.    Frove  that 

(M)"*(5n)'*0*D'-*K'*i)(:*=)(M)- 

^  42.  Multiply  together  ^ ,  -^  and  1  +  j^ . 

/:43.  Multiply  ^pj^^^^  by  ^,-^^^. 

^44.  Simplify  ^^^^.x^-. 

45.  Simplify  (^-^--*^.)^2^. 

5— 'i 
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>r     47.     Multiply  ^--  +  1  by  -'  +  -  +  1. 

^  "^  a^     a  ''  or     a 

1      1 

V  48.     Multiply  a^-x  +  l  by  -,+-  +  1. 

N^^-     Snnpbfy^_^^^^^^^^^x^^^,. 
/  50.     Divide  .— — r-,  by  -^ ^ . 

Y  51.     Divide   ,  ;    ,      '-  by  -5 — ^ . 
V^  52.     Divide  -3^3  by  -^ . 

a  +y       y  +  « 

v/  53.     Divide  ^  +  -^ 5 5  by  -^-^ 

^  x  +  y       x-y      X  -y     ''  x  -y 


V 


^54.     Sunplif,(^,.l).-(J.-Ul). 
^56.     Simplify  f^lly+^Uf^l^—^V 

^  \x  +  y     yj     \   y       x+yj 

V    57.     Divide  a* — ^.  by  «  +  -. 

X*     ''  X 

'758.     Divide  a;*  +  -»  +  2  by  a?  +  - . 

^  05*0! 

^59.     Divide  a*  +  l  +  4  by --1+a;. 

XX 

VeO.     Divide  a«-6*-c»  +  26c  by  5L±^. 

//.I      -r.-  -J    a' +  3a«a5  +  3aa;*  +  ai"  ,         (a  +  a;)* 
v/  61.     Divide a i by  TjI TTi* 


I     Divide  a'  -  6'  -  c'  -  26c  by 
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a  +  b  +  c 


a  +  b-o 


I.     Divide  a;»-3aa;-2^»+  i^  by  3a:-6a--^ 


a  +  6     a  — 5 
i.     Simplify  ll^lfZ? 


a+x     a—x 
+ 

«•       ^^J*     CL  —  X      a  +  x 

I.     simplify  ——.i-i...... 

a+x     a-x 


a-x     a+x 


.     Simplify 


Zabc  a 


a-\      5-1      c-\ 

+   —7—   + 


bc  +  ca-  ab  1      1      1 

a     b      c 


.     Simplify  Z'?^  +  ?;±iV  f— -  ^^^ 
^    y  \a-b^  a'^b'J  '  \a  +  b     a'+b')' 

,     Simplify  f£^^-^;U^^-f^l±^^ 
^    ^  \c  +  b     c'  +  by      V-6     c"-6V' 

,     SimpHfy  /'^'-?^-^?±^-^IJ?^ 

W-y'    aj'  +  yV  '  \a-y    x  +  9/J' 
Simplify  Z'?^  +  ^  -  ^?l±i' .  5^^ 


m'  +  ti* 


Simplify 


-W  9  1 
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X  +  a     x  —  a 
X  X        x-^a     x  +  a 


V       73.     Simplify 


x-a     x+a     x+a     x—a* 

+ 


x  —  a     x-¥a 
.  1 


^U.    BMr^pllhJ^i^). 


a     6  +  c 

/'    .      «.      ,.-  1 


\  75.     Simplify 


1 

05  +  — 


x+1 
1  + 


3-x 

\      76.     Simplify . 


6+  — 


IX.     EQUATIONS  OF  THE  FIRST  DEGREE. 

148.  Any  collection  of  algebraical  symbols  is  called  an  eaj. 
pression.  When  two  expressions  are  connected  by  the  sigii  of 
equality  the  whole  is  called  an  eqitcUion.  The  expressions  thus 
connected  are  called  sides  of  the  equation,  or  memJbers  of  the  equa- 
tion. The  expression  to  the  left  of  the  sign  of  equality  is  called 
the^r^^  side,  and  the  expression  to  the  right  the  second  side. 

149.  An  identical  equation  is  one  in  which  the  two  sides  are 
equal  whatever  numbers  the  letters  stand  for ;  for  example, 

{x-hh)(x-h):=x'-b' 

is  an  identical  equation.     An  identical  equation  is  called  briefly 
an  identity. 

Tip  to  the  present  point  the  student  has  been  almost -entirely 
occupied  with  identities.  Thus  the  results  given  in  Arts.  55  and 
68  are  identically  true ;  and  so  also  are  those  which  will  be  ob- 
tained by  solving  the  examples  to  Chapters  lu  and  iv. 


r 
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150.  An  equaiion  of  condiiion  ia  one  which  is  not  true  for 
every  valne  of  the  letters,  but  only  for  a  certain  number  of  values ; 
for  example, 

a:+l  =  7 

cannot  be  true  unless  a:  =  6.     An  equation  of  condition  ia  oalisd 
briefly  an  equation. 

151.  A  letter  to  which  a  particular  value  or  values  muBt  ba 
given  in  order  that  the  statement  contained  in  an  equation  may 
bo  true  ia  called  an  unknown  quamtUy.  Such  particular  value  of 
the  unknown  quantity  is  said  to  satisfy  the  equation,  and  is  called 
a  root  of  the  equation.  To  solve  an  equation  is  to  find  the  parti- 
cular value  or  values. 

152.  An  equation  invol\-ing  one  unknown  quantity  is  said  to 
be  of  OS  many  dimonsiona  aa  ia  denoted  by  the  index,  of  the 
highest  power  of  the  unknown  quantity.  Thiis,  if  x  denote  the 
unknown  quantity,  the  equation  is  said  to  he  of  one  dimension 
when  X  occurs  only  in  the  Jirst  power  ;  such  an  eqiiation  is  also 
called  a  simple  equation,  or  an  equation  of  the  first  degree.  If  x' 
occuia,  and  no  power  of  x  higher  than  x'  occura,  the  equation  is  said 
to  he  of  ttoo  dimensions ;  auch  an  equation  ia  also  called  a  quad- 
ratic equation,  or  an  equation  of  the  second  degree.  If  x'  occurs, 
and  no  power  of  a:  higher  than  x'  occurs,  the  equation  is  said  to  he 
of  three  dimensions  ;  such  an  equation  ia  also  called  a  cuhio  equa- 
tion, or  an  equation  of  the  third  degree.     And  so  on. 

It  must  he  observed  that  these  definitions  suppose  both  mem- 
bers of  the  equation  to  be  integral  escpressioTis  so  far  as  relalet 
»  Ri  and  not  to  contain  a;  under  the  radical  sign. 

163,  We  shall  now  indicate  some  operations  wliich  may  be 
per&nned  on  an  erjuation  without  destroying  the  equtdity  which 
it  expresses.  It  will  be  seen  afterwards  that  these  operations  are 
i  when  we  have  to  boIvs  equations. 
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154.  If  every  term  on  each  eide  of  an  eqiuUion  he  mnUipUed 
or  divided  by  the  same  quantity  the  reevlte  a/re  equaL  This  follows 
fix)m  Arts.  100,  101. 

155.  The  principal  use  of  the  preceding  Article  is  to  clear  an 

^equation  of  fractions ;  this  is  effected  by  multiplying  every  term 

by  the  product  of  all  the  denominators  of  the  fractions^  or,  if  we 

please,    by    the    hast   common  mtUtiple  of  those  denominators. 

fcJuppose,  for  example, 

X      X      X     ^^ 
.+^+-=13. 

Multiply  every  term  by  2  x  3  x  4  ;  thus, 

3x4xa5  +  2x4xaj  +  2x3xa;=13x2x3x4; 

that  is,  12x-  +  8aj  +  6aj  =  312. 

Divide  every  term  by  2 ;  thus, 

6a;  +  4a;  +  3aj=156. 

Instead  of  multiplying  every  term  by  2  x  3  x  4  we  may  midti' 

ply  by  12,  which  is  the  L.  c.  m.  of  2,  3  and  4.     Thus  we  obtain 

at  once 

6a;+  4a5  +  3aj=  156, 

156.  Any  quantity  may  he  transposed  from  one  side  of  an 
equation  to  the  other  side  by  changing  its  sign. 

Thus  suppose  a?  -  a  =  6  -  y. 

Add  a  to  each  side  (Art.  98) ;  then 

x-a  +  a^h  —  y-ha, 

that  is,  a; »  &  +  a  -  y. 

Now  subtract  b  from  each  side ;  thus, 

Here  we  see  that  —  a  has  been  removed  from  one  side  of  the 
equation,  and  appears  as  +  a  on  the  other  side ;  and  -f  b  has  been 
removed  from  one  side  and  appears  as  —  5  on  the  other  side. 
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157.  If  the  glgii  of  every  lerm  in  an  efiialion  be  changed  ifts 
eguality  still  holds. 

Thia  followa  from  the  preceding  Article  by  transposing  every 
term.     Thus  suppose 

x-a  =  b  —  y. 

By  transposition,  y  —  h  —a  —  x, 

that  la,  a-x^y-b; 

tJiia  result  is  what  we  shall  obtain  if  we  change  the  aign  of  every 
term  in  the  original  equation. 

158.  "We  can  now  give  a  rale  for  tlie  solution  of  any  simple 
eqaation  with  one  unknown  quantity. 

Let  the  equation  first  be  cleared  of  fraotioTis  ;  llien  transpose  alt 
Uie  lerma  which  involve  t/ie  un-krunon  quantily  to  one  aide  of  Ute 
eqtiation,  and  the  known  quaniitiea  to  t!te  otiier ;  divide  botft  sides 
by  the  eoej§i(nent  or  the  sum  of  the  coefficients  of  Uie  unknown 
quantity,  and  the  value  required  is  obtained. 

The  truth  of  tlie  rule  will  be  obvious  fi'om  the  principles 
of  the  preceding  Articles,  and  we  shiill  now  apply  it  to  some 
examples ;  in  these  examples  the  unknown  quantity  will  be  de- 
noted by  X,  and  when  other  letters  occur,  they  are  supposed  to 
represent  known  quantities. 

159.  Solve  3x-i  =  2i-x. 
By  tranBposition,  3x  +  x-2i  +  i  ; 
thus,  4a!  =28; 

l>y  division,  x—  -7- -7. 

We  may  verify  the  result  by  putting  7  for  x  in  the  original 
equation.  The  firat  aide  becomes  3x7  —  4,  that  is,  21  -  4,  that  is, 
17  ;  the  second  side  becomes  24  —  7,  that  is,  17. 


74  EQUATIONS  OF  THE  FIBST  DEGBEE. 

160.  Solve  ____l3  =  g+^. 

Multiply  by  96,  which  is  the  l.  c.  m.  of  the  denominators  ; 
thus,       5x48xaj-4x32xaj-13x96  =  5xl2  +  3a;; 
that  is,  2i0x-  128iB-  1248  =  60  +  3aj; 

by  transposition,  240aj  -  128aj  -  3a;  =  1 248  +  60 ; 

thus,  109a  =  1308 ; 

by  division,  x=  j^  =  12. 

We  may  verify  the  result  by  putting  12  for  a;  in  the  original 
equation ;  it  will  be  found  that  each  side  of  the  equation  then 
becomes  1. 

161.  Sometimes  it  is  convenient  to  clear  of  fractions  par- 
tudli/y ,  and  then  to  effect  some  reductions  before  getting  rid  of  the 
remaining  fiactional  coefficients.     For  example,  solve 

a; +  7     2a;~16     2a;+5  3a;  +  7 

11  3       "^      4      ■"    *'*""l2~* 

Here  we  may  conveniently  multiply  by  12 ;  thus, 

2^^tl)-4(2iB-16)  +  3(2a;  +  5)  =  16x4  +  3«+7; 

12fa+7) 
that  is,        — \^ 8aj  +  64  +  6a;  + 1 5  =  64  +  3a:  +  7. 

By  transposition  and  reduction, 

12(a:+7)     ^     ^ 
— y= — ^+8  =  5a;. 

Multiply  by  1 1 ;  thus, 

12a; +84 +  88  =  55a;; 

by  transposition,  172  =  43a; ; 

by  division,  x  =  -^ «-  =  4. 

We  may  verify  this  result  as  before. 
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The   student  should  notice   one  point  in  this  example  very 

2a;- 16  1 

carefully.    The  fraction  — 5 —  is  equivalent  to  ^  (2x  -  16) .    This 

fraction  is  preceded  by  the  sign  — ;  and  when  we  multiply  by  12 
and  remove  the  brackets  we  obtain  —  Sx  +  64.  Thus  when  we 
clear  of  fractions  we  must  regulate  the  signs  of  the  terms  which 
stood  in  any  numerator  in  the  same  way  as  if  they  had  been  be- 
tween brackets. 

n  o 

162.     Solve 


2a;+l      6aj-8' 

Multiply  by  (2aj  +  1)  {6x  -  8) ;  thus, 

5(5aj-8)  =  2(2a;+l); 

tliatis,  25a:-40  =  4aj+2; 

by  transposition,  21a;  =  42 ; 

42 
by  division,  a5  =  ^  =  2. 

We  may  verify  this  result  as  before. 

163.  Solve     2^  =  |^J 

3a; -4     6a;- 7 

Multiply  by  (3a;  -  4)  (6a;  -  7) ;  thus, 

(2a;  -  3)  (6a;  -  7)  =  (4a;  -  6)  (3a;  -  4) ; 
that  is,  12a;'  -  32a;  +  21  =  12a;*  -  31a;  +  20. 

Take  away  12a;'  from  both  sides;  thus, 

21 -32a;  =  20 -31a;; 
by  transposition,  21  -  20  =  32a;  -  31a; ; 

thus,  a;  =  1. 

We  may  verify  this  result  as  before. 

164.  Solve     |-8  =  ^-|. 

Multiply  by  6;  thus, 

3a;- 48  =  20a;- 14; 
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by  transpoBition,  1 7a?  ="  —  34  ; 

by  division,  05  =  —  r-s  =  —  2. 

We  may  verify  this  result ;  each  side  of  the  equation  will  \^ 
found  to  become  —  9. 

165.  Solve  oa:  +  6  =  ca?  +  c/. 

By  transposition,         ax  —  cx  =  d  —  b'f 

that  is,  (a-  c)x=d-b; 

,      i>  •  •                                              c?  —  b 
by  division,  x  = . 

Verification;  put  this  value  for  x  in  the  original  equation; 

then  the  first  side  becomes  — +  6,  that  is,  — -'  +  — ^ , 

a-c  a-c  a—c 

that  is, .     And  the  second  side  becomes  — ^ +  rf,  that 

a  —  c  a-^c 

.    e(d-b)     d(a-c)     ^.    .  ,     da  —  cb 

IS,  — ^ +  — ^ •' ,  that  IS,  . 

a—c  a—c  a—c 

166.  An  equation  of  the  first  degree  ccmnot  have  more  than 
one  root. 

For  any  equation  of  the  first  degree  will  take  the  form  ax=b 
if  the  unknown  quantity  is  brought  to  one  side  of  the  equation, 
and  the  known  quantities  to  the  other,  and  to  make  this  true 

X  must  be  equal  to  —  ,  and  to  nothing  else. 

The  result  is  sometimes  obtained  thus.  Suppose,-  if  possible, 
that  this  equation  has  two  different  roots  a  and  j8;  then  by 
supposition, 

aa  =  bt        ap  =  b ; 

therefore,  by  subtraction, 

a(a-i8)  =  0; 

but  this  is  impossible,  since  by  supposition  a  —  j8  is  not  zero,  and 
%  is  not  zero.  Thus  an  equation  of  the  first  degree  cannot  have 
Qore  than  one  root. 
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^     2a: +  1      7a:+5  x     ^     x     x     ^ 

1.    -5— =-8--  2.     --2  =  -+_-L 


0     aj  +  1      3aj-4      1      6a; +  7 

3.       ^     +  — = —  +  7^  = 


4. 


2  5  8  8 

gg-ll     a?-l^lla?-l 
4  10    ""      12 


e     a?     a;     a;     1  >,     a+l     a;  +  2     ,.     aj  +  3 

^  11 -a;     26-aj  q      m       1 /»      „\     .       35 

7.    x+     g     =      ^  .   .  8.     19a!  +  5(7a!-2)  =  4a!+-5-. 

aj-3     a:  — 4_a!-6     a;+l 
^'    ~i~'*'~3        ~2"'*"~8~* 

10.     ^7_2^^3^_14 

a-_3     2x''5     41      3a;- 8     5a? +  6 
"^^-     "1":        6~~60"*'"~5  15    • 

12.  ^-^^  =  5.-10. 

1  /«  V  10       33+6        X 

13.  -(8-«)  +  a;-l|  =  -2 3. 

a;+3     a;  -  2     3a;  -  5     1 
^^-        2     "     3     "     12     ■*"4* 


15. 


3a;- 1      13-a;     7a;     11  (a? +  3) 
5  2     ■"  3  6 


,^  5a; -3     9 -a;     5a;     19,       .v 

1^-  -7 3^  =  T-'"6-(^-^>- 

,^  5a;- 1      9a;-5     9a;- 7 

1^-  -7--'"Tr-  =  -5— 
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18.  -^ ^  +  10--  =  0. 

-^  a;     5a;  +  8     2aj-9  ^      „       19-2a:     2aj-ll 

19.  j--^=--^,  20.     2aj _.=___. 

^-  7aj  +  9      /      2a;- 1\     ---7^„     7  +  9as     A     2-aj\     ^ 

23.  ^-^=14-^. 


25. 


26. 


11      •       13  2     • 

3a5-ll      28 -9a;     , 

-^^ ^— =  4a;-14f. 

2a;  -  1      3a;  -  2  _  5a;  -  4     7a;  +  6 
3  4      "      6  12 


«»      2a;- 9      x      x-3     ^, 
2^-     -2r-*-T8--^=^*-^- 


28. 


a;-l      4a;-j      7a;-6     „     x-^ 


x-^     3a;  -  9 


10 


^^  2a; -6     a;- 4     3a;     ^  ^«^  «       1,.       .1 

29.  — 5—13  =  0.         >i^0.    a;  =  3a;-2(4.a;)  +  -. 

,  3a; -7     25 -4a;     5a;- 14 

'^^'  ~r"^ — 9~"~r~* 

2a; +  5     40 -a;     lOx-427 

^^'  "T3~^~8~=        19       • 

;^3.  --5jl^  +  5=a;-(|f  +  l). 

34.  ^  +  ^=^^^  +  1. 

.„  x-l  _x-2 _x-5     x-Q 

'  x-2~  x-3~  x-6     x-T 

^6.  {x-S)  (aj-2)  -  (a!-5)  (2*-  6)  +  {x+  7)  («-2)  =  0. 

37.  3-a!-2(«-l)(a!  +  2)  =  («-3)(6-2a!). 
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^y*^.     «-3-(3-aj)(aj  +  l)=(«-3)(l+a)  +  3-a?. 


39. 


47. 


15 


>^0.     (a,  +  |)(a,-|)-(x  +  5)(a:-3)  +  |=0. 

.^1.     («^-D(a:  +  |)-(aj-5)(aj  +  3)-^  =  0. 

9a; 4-5     8a;-7_  36a;+ 15     10^ 
^^'        14     '*"6a;  +  2"       56       "*■  14  ' 

6a;  +  7 _  2a?- 2  _  2a;+l  .     6a;+l  __  2a?--4  _  2a;- 1 

^'        15        7«^"     5     •         •       15        7a;- 16"      5 

Vw45.    -— ^  + 


a;  +  2     a;+3     a;*  +  5a;+6* 
5^46.     (a;+l)*={6-(l-a;)}a;-2. 
1111 


x-2     a;-4     a;-6     a5-8* 


48     _i_+-l-  =  -?_ 
**•    2x-5    x-3     Sx-l' 

a;+l         3a; +  2       a;+l 

-^  51.    {a  +  x) (b  +  x)  =(c  +»)  (d-^x). 

^a     X       X  a  K«  -     a;     1 

52.    -+Y — =-r — .  53.    aa;  +  o  =  -+T. 

a     o-a     o+a  a     o 

w,^.      aj-a     a;-6     a;-c     a;-(a  +  6  +  c) 
^  b  e  a  abc 

66.    (a  +  a;)(6  +  a;)-a(6  +  c)=s-^  +«•. 

a  +  6       g  6  >c  57     «g*  +  ^g  +  g  ^««^-*-6 

^^*     a;-o""a;-a"*"a;-6'       "'^  i>jc'  +  5a;  +  r    iw  +  j' 

^^      3a6<j        aV        (2a  +  6)6*a;    „_^6a; 
a  +  6     (a +6)*       a(a  +  6)"  a 
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59.  !!^+!L(^±*)=„+„.^A6o.  f^y='-^-i.. 

x  +  b  ac  +  a  ^  \x  +  b/      x  +  a'^2b 

\  61.     (a;-a)*+(a;-6)»  +  (a;-c)»  =  3(aj-a)(a:-6)(aj-c). 
C2.     -ISa:  + 1  "575  -  -STSaj  =  -06250. 

63.     l-2a: = =  'ix-^8'9. 

•5 


X     PKOBLEMS  WHICH  LEAD  TO   SIMPLE  EQUA- 
TIONS  WITH  ONE  UNEINOWN  QUANTITT. 

167.  We  shall  now  apply  the  methods  already  given  to  the 
solution  of  some  problems,  and  thus  exhibit  to  the  student  speci- 
mens of  the  use  of  Algebra.  In  a  problem  certain  quantities  are 
given,  and  certain  others,  which  have  some  assigned  relations  to 
them,  are  to  be  found.  The  relations  are  usually  expressed  in 
ordinary  language  in  the  enunciation  of  the  problem,  and  the 
method  of  solving  the  problem  may  be  thus  described  in  general 
terms:  denote  the  unknoum  quantities  by  Utters^  cmd  express  in 
algebraical  language  the  relations  which  hold  betioeen  the  un- 
known  quantities  and  the  given  qualities;  we  shall  thus  obtain 
equations  from  which  the  values  of  tlie  unknown  quantities  may  be 
derived. 

We  shall  now  give  some  examples.  In  the  present  Chapter  we 
confine  ourselves  to  problems  which  may  be  solved  by  using  only 
one  unknown  quantity. 

168.  The  sum  of  two  numbers  is  89  and  their  difference 
is  31 :  find  the  numbers. 

Let  X  denote  the  less  number,  then  the  greater  number  is 
31  +  a? ;  thus  since  their  sum  is  89,  we- have 

31+aj  +  ajs=89^ 
that  is,  31+2aj=r89; 
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bjr  trauBposition,  2x  —  69  —  31  =  58  i 

by  diviBioii,  x-  -^-  29. 

Thna  the  less  number  is  29,  and  the  greater  number  is  29  +  31, 
that  is,  GO. 

169.  A.  bankrupt  owes  S  twice  as  much  as  he  owes  A,  and 
C  as  much  as  he  owes  A  and  £  together  :  out  of  ;£300  which  is  to 
be  divided  among  them,  what  ehould  each  receive  I 

Let  X  denote  the  iium.ber  of  pounds  which  A  should  receive  ; 
then  2a!  is  the  number  of  pouuda  S  should  receive ;  and  x  +  2x,  that 
is  3»,  is  the  number  of  pounds  C  should  receive.  The  whole  sum 
ihey  receive  is  £300  ;  thus, 

a:  +  2a!  +  3a;  =300; 
that  ia,  6a:  =  300  ; 

and  x  =  -n-  =  oi); 

0 

therefore  A  should  receive  £50,  S  £IQQ,  and  C  X150. 

170.  Divide  a  line  21  inches  long  into  two  parts,  such  thut 
one  may  bo  three-fourths  of  thj  other. 

Let  X  denote  the  number  of  inches  in  one  lyaxt,  then  -^  denotes 
the  number  of  inches  in  the  other  part  ■  thus, 

clear  of  fr.ictions;  thus, 

4a!  +  3a: -84; 
that  Is,  7a;  =  84  ; 

84     ,„ 

therefore,  x-  y  =  1-. 

Thus  one  part  is  12  inches  long  and  the  other  part  9  inches. 

171.  If  .id  can  perform  a  piece  of  work  in  8  days,  and  B  in 
10  days,  in  what  time  will  they  perform  it  together  ) 


82  PROBLEMS  WHICH  LEAD  TO  SIMPLE  EQUATIONS 

Let  X  denote  the  number  of  days  required.     In  one  day  A.  can 

1  .  X 

perform  ^  th  of  the  work^  therefore  in  x  days  he  can  perform  ^  ths 

O  '  -  %  o 

1 

of  the  work.     In  one  day  B  can  perform  =7:  th  of  the  work,  there- 

fore  in  x  days  he  can  perform  ^r  ths  of  the  work.     Hence  since 
A  and  £  together  perform  the  whole  work  in  x  days,  we  have 

8^10       ' 
clear  of  fi^actions  by  multiplying  by  40  j  thus, 

5x  +  ix  =  40, 
that  is,  9a;  =^  40 ; 

therefore,  x=  --  =  4:^. 

172.  A  workman  was  employed  for  60  days,  on  condition 
that  for  every  day  he  worked  he  should  receive  15  pence,  and  for 
every  day  he  was  absent  he  should  forfeit  5  pence ;  at  the  end  of 
the  time  he  had  20  shillings  to  receive :  required  the  number  of 
days  he  worked. 

Let  x  denote  the  number  of  days  he  worked,  then  he  was 
absent  60-03  days;  then  Ibx  denotes  his  pay  in  pence,  and 
5  (60  -  x)  denotes  the  sum  he  forfeited.     Thus, 

15aj-5(60-a;)  =  240; 

that  is,  Idx-  300  +  5x  =  240 ; 

therefore,  20aj  =  240  +  300  =  540 ; 

KAf\ 

therefore,  aj=7^^  =  27. 

Thus  he  worked  27  days  and  was  absent  60  -  27  days,  that  is, 
33  days.  ' 

173.  How  much  rye  at  four  shillings  and  sixpence  a  bushel 
^ust  be  mixed  with  fifty  bushels  of  wheat  at  six  shillings  s^  bushel, 
that  the  mixture  may  be  worth  five  shillings  a  bushel  f       . 


WITH   ONE   UNKNOWN  QrAlfTlTr. 


Ijet  X  denote  tlie  number  of  bushels  required ;  then  Sa:  is  the 
value  of  the  rye  in  eixpencea,  and  600  is  the  vahie  of  the  ■wheat. 
The  value  of  the  mixture  is  10  (50  +  a;).     Thus, 

10(50  +  3:)=93;+600; 
that  !a,  lOa:  +  fiOO  =  9a;+  600  ; 

and  a:  =100. 

174,  A  smuggler  had  a  quantity  of  brandy  which  he  expected 
ironld  produce  £9.  18s. ;  after  he  had  sold  10  gallona  a  revenue 
officer  Beiaed  one-third  of  the  remainder,  in  consequence  of  ■which 
the  smuggler  makes  only  £■?,.  2s. :  required  the  number  of  gallons 
he  had  and  the  price  per  gallon. 

Let  X  denote  the  number  of  gallons;  then 
of   agaU. 

and  the  Talue  of  this  is  — —  x  —  Bhillings ;  thi 
-  =  1Q3-162  =  36. 


ihillings.     The  quantity  seized 
-j^O      198 
3 
-10      198 


Multiply  by  "ix ;  tLua, 

198{j;-10)  =  33:x  36  =  1083:; 
therefore,  198j;-  lOSa;  =  1980  ; 

that  ia,  90j:=19aO, 

1980 


and 


Thus    ! 


galloi 


198 


is    the   number   of  gftlloaa,    and  the  price  of  each 
shillingB,  that  is,  9  shillings. 


175.  Tlie  student  may  now  exercise  himself  In  the  solution 
of  the  following  problems.  We  may  remark  that  in  these  cases 
the  only  difficulty  consists  in  trandatiiit/  ordinary  verbal  glate- 
menU  into  Algehraical  language,  and  the  student  should  not  be 
discouraged  if  at  first  he  is  sometimes  a  little  perplexed,  since 
nothing   but  practice   can  give  him   i-eodiness   and  certainty  ia 
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EXAMPLES  OF  PROBLEMS. 

1.  The  property  of  two  persons  amonnts  to  £3870,  and  one  of 
them  is  twice  as  rich  as  the  other ;  find  the  property  of  each. 

2.  Divide  £420  among  two  persons  so  that  for  every  shilling 
one  receives  the  other  may  receive  half-a-crown. 

3.  How  much  money  is  there  in  a  purse  when  the  fourth 
part  and  the  fifth  part  together  amount  to  £2.  68, 1 

4.  After  paying  the  seventh  part  of  a  bill  and  the  fifth  part^ 
£92  is  still  due ;  what  was  the  amount  of  the  bill  f 

5.  Divide  46  into  two  parts,  such  that  if  one  part  be  divided 
by  7  and  the  other  by  3,  the  sum  of  the  quotients  shall  be  10. 

6.  A  company  of  266  persons  consists  of  men,  women  and 
children  ;  there  are  four  times  as  many  men  as  children^  and  twice 
as  many  women  as  children.     How  many  of  each  are  there  f 

7.  A  person  expends  one-third  of  his  income  in  board  and 
lodging,  one-eighth  in  clothing,  and  one-tenth  in  charity,  and 
saves  £318.     What  is  his  income  ? 

8.  Three  towns,  A,  B,  C,  raise  a  sum  of  £594  ;  for  every  pound 
which  B  contributes,  A  contributes  twelve  shillings,  and  C  seven- 
teen shillings  and  sixpence.     What  does  each  contribute  t 

9.  Divide  £1520  among  A,  B,  and  (7,  so  that  B  shall  have 
£100  more  than  A,  and  G  £270  more  than  B. 

10.  A  certain  sum  is  to  be  divided  among  A,  B,  and  (7. 
^  is  to  have  £30  less  than  the  hali^  ^  is  to  have  £10  less  than 
the  third  part,  and  (7  is  to  have  £8  more  than  the  fourth  part. 
What  does  each  receive  ? 

11.  The  sum  of  two  numbers  is  5760,  and  their  difference  is 
equal  to  one-third  of  the  greater :  find  the  numbers. 

12.  Two  casks  contain  equal  quantities  of  beer;  from  the 
first  34  quarts  are  drawn,  and  from  the  second  80 ;  the  quantity 
remaining  in  one  cask  is  now  twice  that  in  the  other.  How 
much  did  each  cask  originally  contain  ? 
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13,  A  person  bought  a,  print  at  a  certain  price,  and  paid  tLe 
fcrne  price  for  &  frame ;  if  the  frame  had  cost  ^1  lesa  and  the 
print  15»,  more,  tlie  price  of  the  frame  would  have  been  only 
iaJfthat  of  the  print.      I'lnd  the  coat  of  the  print 

li.     Two  shepherds  owning  a  flock  of  sheep  agree  to  divide 
value ;  A  takes  72  sheep,  and  £  takes  92  sheep  ajid  paya  A 
Required  the  value  of  a  sheep. 

15.  A  house  and  garden  cost  ^£850,  and  five  times  the  price 
at  ihe  house  wag  equal  to  twelve  times  the  price  of  the  garden : 
fiiul  the  price  of  each, 

16.  One-tenth  of  a  rod  is  coloured  red,  one-twentieth  orMige, 
cme- thirtieth  yellow,  one-fortieth  green,  one-fiftieth  blue,  one- 
sixtieth  indigo,  and  the  remainder,  which  ia  302  inches  long,  violet. 
Find  the  length  of  the  rod, 

17.  Two-thirds  of  a  cei-tain  number  of  peraoas  received 
eighteenpenco  each,  and  ono-third  received  half-a-crown  each.  The 
^Fhole  Bum  spent  was  £2.  15«.     How  many  persona  were  there  1     ; 

18.  Find  that  number  the  third  part  of  which  added  to  its 
seventh  part  makes  20. 

19.  The  difference  of  the  squares  of  two  consecutive  numbera 
is  15.     Find  the  numbera. 

20.  Of  a  certain  dynasty  one-third  of  the  kings  were  of  the 
same  name,  one-fourth  of  another,  one-eighth  of  another,  one- 
twelfth  of  a  fourth,  and  there  were  five  besides.  How  many  kings 
were  there  of  each  name  ? 

31.  A  crew  which  can  pull  at  the  rate  of  nine  miles  an 
bocTj  finds  that  it  takes  twice  as  long  to  come  up  a  river  as  to  go 
down  ;  at  what  number  of  mUea  an  hour  does  the  river  flow  1 

23.  A  and  B  p5ay  at  a  giime,  agreeing  that  the  loser  shall 
ihrftjB  pay  to  the  winner  one  shilling  more  than  half  the  money 
tbe  losar  ha^  ;  they  cummeuce  with  equal  quantities  of  money,  but 
After  S  haa  lost  the  first  game  and  won  the  second,  he  has  twice 
:tmA:  how  much  had  each  at  the  commencement  t 
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23.  A  persoii  who  possesses  £12000  employs  a  portion  of  the 
money  in  building  a  house.  One-third  of  the  money  which  re- 
mains he  invests  at  4  per  cent,  and  the  other  two-thirds  at  5  per 
cent.,  and  frbm  these  investments  he  obtains  an  income  of  J&392. 
What  was  the  cost  of  the  house  1 

24.  A  farmer  has  oxen  worth   £12.  10«.   each,   and  sheep- 
worth  X2.  5*.  each ;  the  number  of  oxen  and  sheep  being  35,  and 
their  value  £191.  10*.     Find  the  niunber  he  had  of  each. 

25.  A  and  B  find  a  purse  with  shillings  in  it.  A  takes  out 
two  shillings  ^nd  one-sixth  of  what  remaros;  then  B  takes  out 
three  shillings  and  one-sixth  of  what  remains ;  and  then  they  find 
that  they  have  taken  out  equal  shares.  How  many  shillings 
were  in  the  purse,  and  how  many  did  each  take  1 

26.  A  hare  is  eighty  of  her  own  leaps  before  a  greyhound ; 
she  takes  three  leaps  for  every  two  that  he  takes,  but  he  qovers 
as  much  ground  in  one  leap  as  she  does  in  two.  How  many  leaps 
will  the  hare  have  taken  before  she  is  caught  1 

'  27.  The  length  of  a  field  is  twice  its  breadth ;  another  field 
which  is  50  yards  longer  and  10  yards  broader,  contains  6800 
square  yards  more  than  the  former ;  find  the  size  of  each. 

28.  A  vessel  can  be  emptied  by  three  taps ;  by  the  first  alone 
it  could  be  emptied  in  80  minutes,  by  the  second  alone  in  200 
minutes,  and  by  the  third  alone  in  5  hours.  In  what  time  will 
the  vessel  be  emptied  if  all  the  taps  are  opened  ? 

29.  If  an  income  tax  of  7d.  in  the  pound  on  all  incomes 
below  £100  a  year,  and  of  1*.  in  the  pound  on  all  incomes  above 
£100  a  year  realise  £18750  oil  £500000,  how  much  is  raised 
on  incomes  below  £100  a  year  ] 

30.  A  person  tuys  some  tea  at  3  shillings  a  pound,  and  some 
at  5  shillings  a  pound ;  he  wishes  to  mix  them  so  tliat  by  selling 
the  mixture  at  3*.  Sd,  a  pound  he  may  gain  10  per  cent,  on  each 
pound  sold :  find  how  many  pounds  of  the  inferior  tea  he  must 

mix  with  each  pound  of  the  superior. 
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31.  A  fruiterer  sold  for  ISa.  Gd.  a  certain  number  of  oranges 
and  apples,  of  which,  the  latter  exceeded  the  former  by  180.  He 
sells  the  apples  at  the  rate  of  5  for  3d.,  and  15  oi-anges  bring 
him  in  l^d.  more  than  35  appleis.  How  many  ai-e  thei-e  of  eaoJi 
sortt 

32.  A  cask  A  containa  12  gftUona  of  wine  and  18  gallons  of 
water ;  and  another  casit  S  containa  9  gallons  of  wine  and  3  gal- 
lons of  water ;  how  many  gallons  must  be  drawn  from  each  cask 
so  as  to  produce  by  their  mixtiire  7  gallons  of  wine  and  7  gallons 
of  water  1 

33.  A  can  dig  a  trench  ia  one-half  the  time  that  B  can ;  5 
can  dig  it  in  two-thu'ds  of  the  time  that  C  can  j  all  together  they 
can  dig  it  in  6  days  j  find  the  time  it  would  take  each  of  them 
alone. 

34.  A  person  after  paying  sevenponce  in  the  pound  for  In- 
come Tax  has  £408.  4s.  ^d.  left.     What  had  be  at  fii-st  1 

35.  At  what  time  between  one  o'clock  and  two  o'clock  is  the 
long  hand  of  a  clock  exactly  one  minute  in  advance  of  the  short 
hand! 

36.  A  person  has  just  a  honra  at  his  disposal ;  how  far  may 
he  ride  in  a  coach  which  travels  h  miles  an  hour,  so  as  to  return 
home  in  time,  walking  back  at  the  rate  of  c  miles  an  hour  1 

37.  A  certain  article  of  consumption  is  subject  to  a  duty 
of  G  shillings  per  cwt. ;  in  consequence  of  a  reduction  in  the 
duty  the  consumption  increases  one-half,  but  the  revenue  falla 
one-third.      Find  the  duty  per  cwt.  after  the  reduction, 

38.  A  ship  sails  with  a  supply  of  biscuit  for  60  days,  at  a 
daily  allowance  of  a  pound  a  head ;  after  being  at  aea  20  days  she 
encounters  a  storm  in  which  5  men  are  washed  overboard,  and 
damage  sustained  that  will  cause  a  delay  of  24  days,  and  it  is 
found  that  each  man's  daily  allowance  must  be  reduced  to  five- 
sevenths  of  a  pound.     Find  the  original  number  of  the  crew. 


1 
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XI.    SIMULTANEOUS  EQUATIONS    OP  THE  FIItST 
DEGREE  WITH  TWO  UNKNOWN  QUANTITIES. 

176.  Suppose  we  have  an  equation  containing  two  unknown 
quantities  x  and  y,  for  example  5a;  -  2y  =  4.  For  every  value 
which  we  please  to  ascribe  to  one  of  the  unknown  quantities  we 
can  determine  the  corresponding  value  of  the  other,  and  thus 
find  as  many  pairs  of  values  as  we  please  which  satisfy  the  given 

equation.     Thus,  for  example,  if  y  =  1  we  find  «  =  ^;  ify  =  2 

we  find  x  =  -=:  and  so  on, 
0 

Also,  suppose  that  there  is  another  equation  of  the  same  kind, 
as  for  example,  4a;+  3y  =  17.  We  can  also  find  as  many  pairs  of 
values  as  we  please  which  satisfy  this  equation. 

But  suppose  we  ask  for  values  of  x  and  t/  which  satisfy  both 
equations ;  we  shall  find  then  that  there  is  only  one  value  of  x 
and  one  value  of  y.     For  multiply  the  first  equation  by  3  ;  thTi% 

15a;-6y=12; 
multiply  the  second  equation  by  2 ;  thus, 

Sa?  +  6y  =  34. 
Therefore,  by  addition, 

15a;  -  63/  +  8a;  +  6y  =  12  +  34 ; 
that  is,  23a;  =  46, 

and,  a;  =  2. 

Thus  if  both  equations  are  to  be  satisfied  x  rrmst  equal  2 ;  put 
this  value  of  a;  in  either  of  the  two  given  equations ;  for  example, 
in  the  second  equation ;  thus  we  obtain 

8  +  3y  =  17; 
therefore,  3y  =  17  -  8, 

i9J24  y  =  3. 
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177.  Two  or  more  eq^uations  which  are  to  be  satisfied  by  the 
•nma  values  of  the  unknown  quantities  are  called  m.multaneou» 
f'puiHoTts.  "We  are  now  about  to  treat  of  simultaneous  equations 
■iivolving  two  unknown  quantities  whei-e  each  unknown  quantity 
Occurs  only  in  the  firat  degree,  and  the  product  of  the  unknown 
^oantitieB  does  not  occur, 

178.  There  are  three  methods  wliicli  are  iisiially  given  for 
Solving  these  equations.  The  object  of  all  these  methods  is  tha 
tone,  namely,  to  obtain  from  the  two  given  equations  which 
contain  tmo  unknown  quantities  a  single  equation  containing  only 
me  of  the  unknown  quantities.  By  this  process  we  are  said  to 
diminate  the  unknown  quantity  which  does  not  appear  in  the 

[le  equation. 

179.  First  tnethod.  The  first  method  is  that  which  we 
adopted  in  the  example  of  Art.  176;  it  may  be  thus  described ; 
nadtiply  the  equations  hy  such  numhsra  as  will  make  the  coejicienl 
of  one  of  the  wiifoioiwi  guandlies  tJie  same  in  tlie  two  rerndttrty 
egvations;  t/ien  hy  addition  or  subtraction  vie  can  form  an  equa- 
tion amtaining  only  the  oHier  unknown  quantity. 

Example.  4fl;  +  3y  =  22;    6a;-7y  =  6. 

If  we  wish  to  eliminate  y  we  multiply  the^rsf  equation  by  7, 
which  is  the  coefficient  of  ^  in  the  second,  and  the  second  equation 
by  3,  which  is  the  coefficient  of  y  in  the  first  equatio 
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Then  put  this  value  of  a;  in  either  of  the  given  equations,  in 
the  first  for  example ;  thus, 

16  +  3y  =  22; 
therefore,  3y  =  6, 

and,  y  =  2. 

If  we  wish  to  solve  this  example  by  eliminating  x  we  multiply 
the  first  of  the  given  equations  by  5,  and  the  second  by  4 ;  thus, 

20aj  +  15y  =  110;   20aj-28y  =  24. 

Then  by  aubtrctctton,  [ 

20x  +  15y  -  (20aj  -  28y)  =  110  -  24 ; 

thus,  43y  =  86, 

and,  y  =  2. 

180.  Second  method.  Express  one  of  the  unknown  qtuinHHes 
in  terms  of  the  other  from  either  equation,  and  substitute  this  value 
in  the  other  equation. 

Thus,  taking  the  same    example,   we   have   from  the   first 

equation 

4a;  =  22-3y; 

^'  'A    X.    A  22  -  3y 

divide  by  4,  x  =  — - — ; 

substitute  this  value  of  x  in  the  second  equation  and  we  obtain 

multiply  by  4,  5  (22  -  3y)  -  28y  =  24 ; 

that  is,  110  -  15y  -  28y  =  24 ; 

by  transposition,  43y  =  86, 

and,  y  =  2> 

Then  substitute  this  value  of  y  in  either  of  the  given  equations 
and  we  shall  obtain  a;  =  4. 

Or  thus;  from  the  first  equation  we  have 

3y  =  22-4aj; 

22-4aj 
divide  by  3,  y  = — o —  i 
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substitute  this  valuo  of  y  in  the  second  equation  and  we  obtain 

multiply  by  3,             15a;  -  7  (22  -  4aj)  =  18 ; 

thatisj  15a;-154:  +  28aj  =  18; 

tiiatisj  43«=172, 

and,  a?  =  4. 

Then  substitute  this  value  of  a;  in  either  of  the  given  eqaa> 
tions  and  we  shall  obtain  y  =  2k 

181.  l^hird  method.  Express  the  same  unknown  quantity  in 
Urras  of  the  other  from  each  equation  and  equate  the  exipressiona 
thus  obtained. 

Thus,    taking   the    same    example,    from  the   first  equation 

22 -3y        ,  ^        ,,  ,  ,.  6  +  7y 

«  =  — J — -,  and  from  the  second  equation  a;  =  — K~^^f 

.,  22 -3y     6  +  72/ 

thus,  _^=__^; 

clear  of  fractions,  6  (22  -  3y)  =  4  (6  +  7y) ; 
that  is,  110  -  15y  =  24  +  282^; 

hj  transposition,  43y  =  86, 

and,  y  =  2. 

Hence,  as  before,  we  deduce  as  =  4. 

Or   thus;    from   the   first   equation   we    obtain  y= — ^ — , 

and  fix)m  the  second  equation  y= — =—  ;   thus, 

22-4aj_5aj-6 

Hence  as  befoi*e  we  shall  obtain  as  =  4  and  then  deduce  y^2. 
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EXAMPLES  OF    filMULTANEOUS  SIMPLE  EQUATIONS  WITH  TWO 

UNKNOWN  QUANTITIES. 

1.  aj  +  y=15,  a5-y  =  7. 

2.  3aj-2y  =  l,  3y-4a;  =  l. 

3.  3a;-5y=13,  2x  +  7y=Sl. 

4.  2a;+3y=43,  10a;-y=7. 

5.  5a;-7y=33,  llaj+ 12y  =  100. 

6.  3y-7a;  =  4,  2y  +  5a;  =  22. 

7.  21y  +  20a;  =  165,  77y  -  30a;  =  295. 

8.  5a;+7y  =  43,  lla;  +  9y=69. 

9.  8a;-21y=33,  6a; +  35y  =  177. 

10.  lla;-10y  =  14,  6a;+7y  =  41. 

11.  16a;+17y  =  500,  17a-3y  =  110. 

»•  hi-'-       M='- 


T 


15.  ^_^=8,        «_±y+^y=ii. 

16.     ll^y^3«  +  y,  8«-5y  =  l. 


18.    4a!  +  8y  =  24,  10-2«  -  6y  =  3-48. 

N^19.    a!=4y,  |(2a!+7y)-l=|(2a!-6y  +  l). 
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To     16     9  "12     18'  3 "12     15     10* 


r 


23. 


7 


7 


4a;-3y-7      3a;     2y     g 
5  10     15      6' 

y - 1     a;     %y  _ y-x     «     11 
■"3~"*'2"20'"    15    ■*'6"*"10- 

2aj     5y     ??  _  ^ 
O.I      "3""12      T     3     ^  a;-y_l 

^*-    7 23""'  a;  +  y~5' 

4  2 

_      3a;-2y  ,  ,  ^  lly-10  _4a;~3y-f  5  ,  45-a? 
JD.     —3      +1+       g  ^^  "*""~5~' 

.^     4aj-2     55a;  +  71v  +  l 
*^ 3-  = 18 ' 

26.  2-4«^-32y-:?^  =  -8.-.21^. 

•04y  -f  1  _  -OTa;  -  '1 
^3        ""       ^6       • 

27.  13a;+lly  =  4a,  12aj-6y  =  a. 


7^ 


—  +-  =  1,  -+  — =1. 

a?     y  «     y 


00*^  —  1  *       y_2 

^^-    a"*"?-^'  3i"*'66"3- 

30.     oaj  +  5y  =  c,  mx-ny^d, 

»    ^    y  cy               ax-by     .. 

b-¥e     a  +  c  {a-o)c 

-_^+_?_=2a  «^"-y-i, 

a  +  6     a-6  '               4a6 
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XII.      SIMULTANEOUS     EQUATIONS     OF     THE     FIRST    DEGREE 
WITH  more;  than   two   unknown    QUANTITIES. 

182.  If  there  be  three  simple  equations  and  three  unknown 
quantities,  deduce  from  two  of  the  equations  an  equation  con- 
taining only  two  of  the  unknown  quantities  by  the  rules  of  the 
preceding  Chapter ;  then  deduce  from  the  third  equation  and 
either  of  the  former  two,  another  equation  containing  the  same 
two  unknown  quantities;  and  from  the  two  equations  thus  ob- 
tained the  unknown  quantities  which  they  involve  may  be  found. 
The  third  quantity  may  be  found  by  substituting  the  above 
values  in  any  of  the  proposed  equations. 

Example,  suppose, 

2x  +  3y  +  iz  =  l6 .(1), 

Zx  +  2y-5z  =  S     (2), 

6a;-6y  +  3«  =  6     ..(3). 

For  convenience  of  reference  the  equations  are  numbered  (1), 
(2),  and  (3),  and  this  numbering  is  continued  as  we  proceed  with 
the  solution.  .    . 

Multiply  (1)  by  3,  and  (2)  by  2;  thus, 

6a;  +  9y  +  12;2f=4B, 

6a;  +  4y-10«=16; 
by  subtraction, 

5y+22«  =  32. ..(4). 

Multiply  (1)  by  5,  and  (3)  by  (2);  thus, 

10a;  +  16y  +  20«  =  80, 

10a;-12y+6«   =12; 

by  subtraction, 

27y  +  Uz=6S (5). 

Multiply  (4)  by  27,  and  (5)  by  5  ;  thus, 
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I  135y  + 5943  =  864, 

■  135y+    70«=340; 

subtraction,  5248=  524, 

•^crefore, .  3  =  1. 

Substitute  the  \alue  of  s  in  (4)  ;  tbus, 
5y  +  22  =  32 ; 
"tlaerefoi-e,  y  =  2. 

Substitute  the  vaiuea  of  y  and  «  in  (1) ;  thus, 
2a!  +  6  +  4  =  16 ; 
therefore,  a:  =  3. 

Sometiraea  it  is  convenieat  to  use  the  following  rale :  from 
two  of  the  equatiouB  express  the  values  of  two  of  the  unknown 
ijuantitiea  in  terms  of  the  third,  and  substitute  these  values  in 
the  third  equation ;  hence  the  third  unknown  quantity  can  be 
fonnd,  and  then  the  other  two. 
[ample,  suppose 

Sx+iij-lGs^O (1), 

5j!-8)/  +  10a  =  0.. (2), 

2a!  +  6y+    7^  =  52 (3). 

KjMultiply  (1)  by  2,  and  add  to  (2) ;  thus 

lla:-22s=0;  therefore  x^2z. 
Itultiply  (1)  by  5,  and  (2)  by  3,  and  subtract ;  thus 

44y  — 110»  =  0;  therefore  y=-^. 
lubatitute  in  (3) ;  thus 

4? +  15^-1-78=52;  that  is  26s  =  53j 
therefore  a  =  2  j  and  a;  =  2s  =  4,  p  =  -^  =  5. 

The  same  methods  may  be  applied  when  tlie  immWi'  o^  ajic^V* 
egiutioiu  and  of  unknown  guantities  exceeds  ihree. 
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igTAiffPrirg  OF  SIXCLTANEOUS  EQUAT10HS  OF  THE  IIBST  BEGBEC 
WITH  MORE  THAN  TWO  UNKNOWV  QUANTITIESL 

1.  3x  +  2y-4«  =  15,  5«-3y  +  2«=28,  Sy  +  iz-x=2l. 

2.  a5+y-«=l,     8a;  +  3y-6««l,     3«— 4as— y  =  l. 

3.  2a;-7y+4«  =  0,     3x-3y  +  «  =  0,     9x  +  5y  +  3z^28. 

4.  4a;-3y  +  2«  =  9,     2a;  +  5y-3«  =  4,     5x  +  6y-2«  =  18. 

5.  2a:-4y+9«  =  28,     7a;+3y-5«  =  3,     9«+ 10y-ll«=4, 

6.  «-2y  +  3«  =  6,     2a;  +  3y-4«  =  20,     3aj-2y  +  5«=26. 

7.  4a;-3y  +  2«  =  40,     5a;  +  9y  -  7«  =  47,     9aj  +  8y  -  3»  =  97. 

8.  3a;  +  2y  +  «=23,     5x+2y  +  4«  =  46,     10a:  +  5y +  4«  =  75. 

9.  6«-6y  +  4«=15,     7a:  +  4y  -  3«  =  19,     2aj  +  y  +  6«  =  46. 


V^IO. 


11,11^113 
-+-=1,  -  +  -  =  2,  -+-  =  -. 
X     y         X     z  y     z     2 


\„      2   -1     3       3     2^114 

nMI.     -  +  -=-, -2,     -+-  =  -. 

X     y     z       z     y      '     X     z     o 

^"  ^  •     x"  5y^  z      5'    3a;'^2y*^«       6  *   6»     2y'*"«""  10 

,«      3y-l_6^     a;     9 
^"^^        4     "  5      2"*"5' 

5a;     4«  5 

3a; +  1       z       I      2z     y 
~7         14'^6~2l"*'3' 

\  -  .      10a;  +  4y-6«_  4a;  +  6y-3g 

10a;  +  4y  —  5«  =  4a5  +  6y  —  3«-  8, 

10a;4-4y-5g     4a;+ 6y-3g     ag+y -fg 
To  ■*"  3  "       4       • 


EXAMPXES. 

xir. 

9 

^15. 

7a;-3y  =  l, 
ll«-7tt=l, 

Al6. 

3M-2y  =  2, 
6a;-7«  =  ll, 

4«-7y=l, 

2a;  +  3y  =  39, 

19a;-3M  =  l. 

4y  +  3«=4L 

• 

^  17. 

2a;- 3y+2«  =  13, 
4y+2«  =  14, 
4m  -  2a;  =  30, 
5y  +  3m  =  32. 

^18. 

7m-  13«  =  87, 

iOy-  3a;=ll, 

3m  4- 14a;  =  57, 

2a;-ll«=50. 

>K.19. 

7a;  -  2-2?  +  3m  =  17, 

V20. 

3a;  -  4y  +  3^;  +  3i7  - 

-6m  =  11, 

4y  — 2«+    t?=ll. 

Sx-6y  +  2z- 

-4m=11, 

5y-3a;-2M  =  8, 

10y-3«  +  3M- 

-  2i7  =  2, 

4y-3M  +  2i?  =  9, 

5;e  +  4m  +  2t?  - 

-  2x  =  3, 

3«+8tt  =  33. 

6m  -  3t7  +  4a;  - 

-2y  =  6. 

^21. 

a;     y            a;     « 
a     0            a     c 

- 1      '^  + 

c 

• 

^  22. 

ay-\'hx-c,      cx^az-h,     I 

)z+cy  =  a. 

^23. 

a     h     ^       he 
-+-  =  1,      -  +     = 
X     y       '     y     z 

«1,     -  + 

z 

X 

^24.    a;+y  +  «  =  0, 

(6  +  c)  a;  +  (c  +  a)  y  +  (a  +  6)  s?  =  0, 
hcx  +  cay  +  ahz  =  l. 

V  25.     ax  +  by  -^^  cz  =  Ay 

a*x  +  b*y  +  c*z=A\ 
a'x  +  h'y-\'c'z  =  A'^. 

V  26.     xyz  =:  a  (yz  —  zx  —  xy)  -  h  (zx -*  xy -yz)  =  c  (xy  -  yz  -  zx). 

\\  27.     a;  +  y  +  «  =  a-f  6  +  <j,  . 

bx  +  cy  '^(iz=cx  +  ay  +  hz  =  a*  +  b*  +  c*. 

^\  28.  x  —  ay  +  a'z  =  a", 
x-by+b*z^b\ 
X  "  cy  +  c^z  =  c\ 

T.  A.  1 
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EXAJCPLES  OF   SIKXTLTANEOUS  SIMPLE  EQUATIONS  WITH  TWO 

UNKNOWN  QUANTITIES. 

1.  a:  +  y=16,  a:-y  =  7. 

2.  3»-2y  =  l,  3y-4a;  =  l. 

3.  3aj-5y=13,  2x+7y  =  Sl. 

4.  2a;  +  3y=43,  10aj-y  =  7. 

6.  6x-7y  =  33,  1  la;  +  12y  =  100. 

6.  3y-7a;  =  4,  2i/-{'5x=:22. 

7.  21y  +  20a;  =  165,  77y  -  30aj  =  295. 

8.  5aj  +  7y  =  43,  lla;  +  9y=69. 

9.  8a;-21y=33,  6a;+35y=177. 

10.  llaj-10y  =  14,  5a;+7y  =  41. 

11.  16aJ4-17y  =  500,  17a:-3y  =  110. 


T 


-^     a5  +  y     a5-y  a  +  y     a-y     .. 

15.    -^ 3-  =  8,  __  +  —    =11. 


-^      lla;--5y     3a; +  y  «       c       i 

16.     _j^=>-^,  8a;-5y=l. 


->17      ^^     lo.^'.^     8     3y.l  y     ^a.9-^     ^'T+fi 

^17.     _-44-^+«  =  8--^+j2'         6'"2'^^~6"^''"^^- 

18.     4a;+8y  =  2-4,  10-2aj-6y  =  3-48. 


X 


19.  x=iy,  J(2a!  +  7y)-l=|(2a!-6y+l). 

20.  «+l(3a:-y-l)  =  j+|(y-l),  l(4a,  +  3y)  =  ^  +  2. 


WITH  MORE  THAN  OXE  UNKNOWN  QUANTITY.     99 

184.  A  sum  of  money  waa  divided  equally  among  a  certain 
number  of  persons ;  had  there  been  three  more,  each  would  have 
received  one  shilling  less,  and  had  there  been  two  fewer,  each 
would  have  received  one  shilling  more  than  he  did :  required  the 
number  of  persons,  and  what  each  received. 

Let  X  denote  the  number  of  persons,  y  the  number  of  shillings 

which  each  received..    Then  xy  shillings  is  the  simi  divided;  thus 

bj  the  question, 

(aJ4-3)(y-l)  =  ajy, 

and  also,  (a;  -  2)  (y  + 1)  =  xy. 

The  first  equation  gives  ' 

flcy  +  Sy  —  aj  —  3  =  ajy; 

thus^  3y  -  a;  =  3. 

The  second  equation  gives 

ajy  —  2y  +  a:  —  2  =  ajy ; 
thus,  a;  -  2y  =  2. 

By  addition,  3y-aj  +  aj--2y  =  5; 

that  is,  y  =  5. 

Hence,  aj  =  2y+2  =  12. 

185.*  What  fraction  is  that  which  becomes  equal  to  |  when 
its  numerator  is  increased  by  6,  and  equal  to  ^  when  its  denom- 
inator is  diminished  by  2 1 

Let  X  denote  the  numerator  and  y  the  denominator  of  the 
fraction ;  then  by  the  question, 

x+6     3 


and, 


3f        4' 

X         1 


2,-2   r 

Clear  the  first  equation  of  fractions  by  multiplying  by  4y; 
thus, 

■tiiem&rei  3y—4x=  34. 

1—^ 
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Clear   the   second   equation  of  fractions  bj  multiplying  by 

2(y-2);  thus, 

2aj  =  y-2; 

therefore,  y  —  2aj  =  2, 

and,  3y  -  6a:  =  6. 

By  subtraction^ 

Zy-iX"  (3y  -  6a:)  =  24  -  6 ; 

that  is,  2*  =  18, 

and,  35  =  9. 

Hence,  y  =  2  +  2a;  =  20. 

9 
Thus  the  required  fraction  is  ^. 


EXAMPLE   OF   PROBLEMS. 

1.     A  cei-tain  fi'actio4  bpoomes  1  when  3  is  added  to  its  nu- 
merator, and  \  when  2  is  added  to  its  denominator.  What  fraction 

is  it] 

4  2,  A  and  B  together  pojSf^ess  £570.  If  ^'s  money  were  titree 
times  what  it  really  is,  a^d  jS's  five  times  what  it  really  is^  the 
sum  would  be  X2350.     What  is  the  money  of  each  ? 

<  3.  If  the  numerator  of  a  certain  fraction  is  increased  by  one 
the  value  of  the  fraction  becomes  ^ ;  if  the  denominator  is  in- 
creased by  one  the  value  of  the  fraction  becomes  ^.  What  is  the 
fraction  ? 

N  4.  Find  two  numbers  such  that  if  the  first  be  added  to  four 
times  the  second,  the  sum  is  29 ;  and  if  the  second  be  added  to 
six  times  the  first  the  simi  is  36. 

Vs.  If  -4's  money  were  increased  by  36«.  he  would  have  three 
times  as  much  as  jB  ;  but  if  jB's  money  were  diminished  by  5«.  he 
would  have  half  as  much  as  A,     Find  the  sum  possessed  by  each. 

N  6.     A  and  B  lay  a  wager  of  10«.;  if  A  loses  he  will  have 
twenty-five  shillings  less  than  twice  as  much  aa  B  will  then  have ; 
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iHzt  if  B  loses  he  will  have  five-aeventeenths  of  wliat  A  will  then 
hare :  find  how  much  money  each  of  them  has. 
y/'  7.     Find  two   numbers,    such  that  twice  the  first  plus  the 
setxjnd  is  equal   to  17,  and    twice  the  second  plus  the  first  is 
equal  to  19. 

v8.  Find  two  numlwrs,  Buch  that  one-half  the  first  and  thi-ee- 
fourths  of  the  second  together  may  be  equal  to  the  excess  of  three 
times  the  fii-st  over  the  second,  and  this  excess  equal  to  11. 

V9.  For  five  g\iineaa  can  be  obtained  either  33  pounds  of  tea 
and  15  pounds  of  cofiee,  or  36  pounds  of  tea  and  9  pounds  of 
coSee  ;  find  the  price  of  a  pound  of  each, 

^10.  Determine  three  numbers  such  that  their  sum  is  9  ;  the 
8um  of  the  first,  twice  the  second,  and  three  times  the  third,  22 ; 
and  the  sum  of  the  first,  four  times  the  second,  and  nine  times  the 
third,  58. 

^^11.  A  pound  of  tea  imd  three  pounds  of  sugar  cost  six  shil- 
iingp,  hut  if  sugar  were  to  rise  50  per  cent,  and  tea  10  per  cent. 
they  would  cost  7  shillings.     Find  the  price  of  tea  and  sugar, 

V12.  A  person  has  ^£2550  to  invest.  The  three  per  cent,  con- 
sols are  at  81,  and  certain  guaranteed  railway  shares  which  pay 
a  half-yearly  dividend  of  lOs.  on  each  original  share  of  £25  are  at 
.£24.  Find  how  many  shares  ho  must  buy  that  he  may  obtain 
the  same  income  from  the  railway  shares  as  fiMui  the  rest  of  his 
inoney  invested,  in  the  consols. 

13.  A  person  possesses  a  certain  capital  which  is  invested  at 
a  certain  rate  ]ier  cent,  A  second  person  has  £1000  more  capital 
than  the  first  person  and  invests  it  at  one  per  cent,  moi'e ;  thus 
his  income  exceeds  that  of  the  first  pei-son  by  £80.  A  third 
person  lias  £1500  more  capital  than  the  first  and  invests  it  at  two 
per  cent,  more  ;  thus  his  income  exceeds  that  of  the  first  person 
by  £150,  Find  the  capital  of  each  person  and  the  i-ate  at  which 
it  is  invested. 

H,  A  sum  of  money  is  divided  equally  among  a  certain  num- 
ber of  peraouB ;  if  there  had  been  foup  more  eaoh  would  have 
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received  a  shilling  less  than  he  did ;  if  there'  had  been  five  fbwer 
each  would  have  received  two  shillings  more  than  he  did :  find  ihe 
number  of  persons  and  what  each  received. 

15.  Two  plugs  are  opened  in  the  bottom  of  a  cistern  con- 
taining 192  gallons  of  water;  after  three  hours  one  of  the  plugs 
becomes  stopped,  and  the  cistern  is  emptied  bj  Uie  other  in 
eleven  more  hours ;  had  six  hours  occurred  before  the  stoppage,  it 
would  have  required  only  six  hours  more  to  empty  the  cistern. 
How  many  gallons  will  each  plug  hole  discharge  in  an  hour,  sup- 
posing the  discharge  uniform  t 

16.  A  person  after  paying  a  poor-rate  and  also  the  income- 
tax  of  7d.  in  the  pound,  has  £486  remaining;  the  poor-rate 
amounts  to  X22.  lOs,  more  than  the  income-tax  :  find  the  ori^mal 
income  and  the  number  of  pence  per  pound  in  the  poor-rate. 

\A,7,  A  certain  number  of  persons  were  divided  into  three 
classes,  such  that  the  majority  of  the  first  and  second  together 
over  the  third  was  10  less  than  four  times  the  majority  of  the 
second  and  third  together  over  the  first ;  but  if  the  first  had  30 
more,  and  the  second  and  third  together  29  less,  the  first  would 
have  outnimibered  the  last  two  by  one.  Find  the  number  in  each 
class  when  the  whole  nimiber  was  34  more  than  eight  times  the 
majority  of  the  third  over  the  second. 

18.  A  farmer  would  spend  all  his  money  by  buying  4  oxen 
and  32  lambs ;  instead  of  doing  this  he  bought  the  same  number 
of  oxen  and  half  as  many  lambs,  and  had  a  surplus  of  £9  after 
paying  for  them  and  for  their  conveyance  by  railway  at  an  average 
cost  of  six  shillings  per  head.  Each  ox  cost  as  many  pounds  aa 
its  carriage  by  railway  was  shillings,  and  the  lambs  altogether  cost 
three  times  as  many  pounds  as  the  carriage  of  each  was  shillings. 
How  much  money  had  the  fi^rmer  to  begin  with  ? 

19.  A  and  B  play  at  bowls,  and  A  bets  B  three  shillings  to 
two  upon  every  game ;  after  a  certain  number  of  games  it  appears 
that  A  has  won  three  shillings ;  but  if  A  had  bet  £ye  shillings  to 
two  and  lost  one  game  more  out  of  the  same  number,  he  would 
have  lost  thirty  shillings.     How  many  games  did  each  win ) 
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20.     Five  persona.  A,  B,  C,  D,  E  play  at  cards ;  after  A  has 
I  half  of  BS  money,  B  one-third  of  C\  C  one-fourth  of  D\ 

D  one-sixth  of  E's,  they  have  each  £1.  10a.      Find  how  much 

each  had  to  begin  with. 

31.  If  there  were  no  accidents  it  would  take  half  aa  long  to 
travel  the  distance  from  A  to  B  hy  i-ailr oad  as  by  coach  ;  but 
three  hours  being  allowed  for  accidental  stoppages  by  the  former, 
Uie  coach  will  travel  the  distance  all  but  fifteen  miles  in  the 
same  time  j  if  the  distance  were  two-thu'ds  as  great  as  it  is,  and 
tie  same  time  allowed  for  raUway  stoppages,  the  coach  would 
take  exactly  the  same  time  :  required  the  distance. 

22.  A  and  B  are  set  to  a  piece  of  work  which  they  can 
finish  in  thirty  days  working  tc^ther,  and  for  which  they  are 
to  receive  £7.  10s.  When  the  work  is  half  finished  A  iutermita 
working  eight  days  and  B  four  days,  in  consequence  of  which  the 
work  occupies  five  and  a  half  days  more  tli.in  it  would  otherwise 
have  dona     How  mucli  ought  A  und  S  resjioctiveiy  to  receive  1 

23.  A  and  B  run  a  mile.  First  A  gives  B  a  start  of  44 
yards  and  beats  him.  by  51  seconds;  at  the  second  heat  A  gives 
B  a  start  of  1  minute  15  seconds,  and  is  beaten  by  88  yards. 
Find  the  times  in  wliich  A  and  B  can  run  a  mile  sejmrately. 

24.  A  and  B  start  together  from  the  foot  of  a  mountain  to 
go  to  the  summit.  A  would  reach  the  flummit  half  an  hour 
liefore  B,  but  missing  his  way  goes  a  mile  and  back  again  need- 
lessly, during  wliich  he  walks  at  twice  his  former  pa^^,  and  reaches 
the  top  six  minutes  before  B.  C  stai'ts  twenty  minutes  after 
A  and  B  and  walking  at  the  rate  oi  two  and  one-seventh  miles  per 
hour,  arrives  at  the  summit  ten  minutes  alter  B.  Find  the  rates 
<rf  walking  of  A  and  B,  and  the  distance  from  the  foot  to  the 
Btunmit  of  the  mountain. 

25.  A  railway  train  after  travelling  for  one  hour  meets  with 
na  accident  which  delays  it  one  hour,  after  which  it  proceeds  at 
three-fifths  of  its  fonner  rate,  and  arrives  at  the  terminus  three 
faoura  behind  time  ;  had  the  accident  occurred  50  miles  further  o 
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the  train  would  have  arriyed  1  hour  20  minates  Boomer.    Required 
the  length  of  the  line,  and  the  original  rate  of  the  train. 

26.  A,  B,  and  C  sit  down  to  plaj,  every  one  with  a  certain 
number  of  shillings.  A  loses  to  B  and  to' (7  as  many  shillings  as 
each  of  them  has.  Next  B  loses  to  A  and  to  C  as  many  as  eiUsh  of 
them  now  has.  Lastly  C  loses  to  A  and  to  J?  as  many  as  each 
of  them  now  has.  After  all  every  one  of  them  has  sixteen  shillings. 
How  much  had  each  originally  1 

27.  Two  persons  A  and  B  could  finish  a  work  in  m  days ; 
they  worked  together  n  days  when  A  was  called  off  and  B  finished 
it  in  />  days.     In  what  time  could  each  do  it  ] 

28.  A  railway  ti'ain  running  fi-om  London  to  Cambridge 
meets  on  the  way  with  an  accident,  which  causes  it  to  dimintsh 

its  speed  to  -  th  of  what  it  was  before,  and  it  is  in  consequenoe 
n 

a  hours  late.     If  the  accident  had  happened  b  miles  nearer  C^un- 

bridge,  the  train  woiild  have  been  c  hours  late.     Find  the  rate  of 

the  train  before  the  accident  occurred. 

29.  The  fore-wheel  of  a  carriage  makes  six  revolutions  more 
than  the  hind-wheel  in  going  120  yards ;  if  the  circumference  of 
the  fore- wheel  be  increased  by  one-fourth  of  its  present  subb,  and 
the  circumference  of  the  hind-wheel  by  one-fifth  of  its  present 
size,  the  six  will  be  changed  to  four.  Bequired  the  circumference 
pf  each  wheel. 

V  30.  There  is  a  number  consisting  of  two  digits;  the  number 
is  equal  to  three  times  the  sum  of  its  digits,  and  if  45  be  added  to 
the  number  the  digits  interchange  their  places :  find  the  number. 

^31.  There  is  a  number  consisting  of  two  digits ;  the  number 
is  equal  to  seven  times  the  sum  of  its  digits,  and  if  27  be  sub- 
tracted from  the  number  the  digits  interchange  their  places :  find 
the  number. 

32.     A  person  proposes  to  travel  f5rom  A  to  B,  either  direct 

by  coach,  or  by  rail  to  (7,  and  thence  by  another  train  to  B,     Tlie 

trains  travel  three  times  as  fast  as  the  coach,  and  should  there  be 
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no  3elay,  the  person  starting  at  the  same  hour  could  get  to  B 
20  minuteB  earlier  by  coacb  than  by  train.  But  should  the  train 
bs  late  at  C,  ho  wollld  have  to  wait  thei-e  for  a  train  aS  long  aa 
it  ■would  take  to  travel  from  0  to  £,  and  his  journey  would  in 
that  case  take  twice  as  long  aa  by  coach.  Should  the  coaeh  how- 
ever be  delayed  an  hour  on  the  way,  and  the  ti-ain  be  in  time  at 
C,  he  would  get  by  rail  to  II  aad  half  way  back  to  C,  while  Kg 
would  be  going  by  coacb  to  £.  The  length  of  the  whole  circuit 
ABVA  is  7G|  milea.    Eequired  the  rate  at  which  the  eoaeh  travela, 

33.     A  offers  to  run  three  times  round  a  course  while  B  runs 
twice  round,    but  A    only   gets    150   yards   of  hia   third   round 
1  foui-  times  round 


□  that  he  funs  4  yarda 
J  quickens  hia  ao  that 
n  8  yards,  but  in  the 
a  the  first  race,  and  in 


finished  when  E  wins.     A  then  offers  to 

for  ^'s  thrice,  and  now  quickena  bia  Jtace 

in  the  time  he  foimerly  ran  3  yards.      B  aJ 

he  runs  9  yarda  in  the  time  he  formerly  i 

second  roiuid  falls  off  to  his  original  pace 

Uie  third  roimd  only  goea  9  yarda  for  10  lie  went  in  the  first  race, 

and  accoiiiiiigly  this  time  A  wins  by  180  yajxls.     Determine  the 

length  of  the  courtie. 

34.  A  man  starts  p  hours  before  a  coach,  and  both  travel  uni- 
fijrmly ;  tJie  latter  passes  the  former  after  a  certain  number  of 
fioiira.  From  this  point  the  coach  increases  its  speed  to  aix-fiftha 
of  its  fonner  rate,  while  the  man  inereases  faia  to  five-fourths  of  bin 
former  rate,  and  they  continue  at  these  increased  rates  for  q  hours 
longer  than  it  took  the  coach  to  overtake  the  man.  They  are  then 
93  miles  ajiart ;  but  had  they  continued  for  the  same  length 
of  time  at  their  original  rates  they  would  have  been  only  80 
miles  a]>ai"t.  Shew  that  the  original  rate  of  the  coach  is  twice 
that  of  the  man.  Also  ifp  +  5=16,  shew  tliat  the  original  rate 
of  the  coach  was  10  milea  per  hoUi',  atid  that  of  the  man  5  lailcs 
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XIV.     DISCUSSION   OF   SOME  PROBLEMS  WHICH 
LEAD  TO   SIMPLE  EQUATIONS. 

186.  We  propose  now  to  solve  some  problems  wliich  lead  to 
Simple  Equations,  and  to  examine  certain  peculiarities  wliioh 
present  themselves  in  the  solutions.  We  begin  with  the  following 
problem :  What  number  must  be  added  to  a  number  a  in  order 
that  the  sum  may  be  6  ]     Let  x  denote  this  number ;  then, 

a+x=h ; 
therefore,  a;  =  6  -  a. 

This  formula  gives  the  value  of  x  corresponding  to  any  as- 
signed values  of  a  and  6.  Thus,  for  example,  if  a  =12  and 
h  =  25,  we  have  a;  =  25  -  12  =  13.  But  suppose  that  a  =  30  and 
6  =  24 ;  then  as  =  24  —  30  =  —  6,  and  we  naturally  ask  what  is 
the  meaning  of  this  negative  result  ]  If  we  recur  to  the  enun- 
ciation of  the  problem  we  see  that  it  now  reads  thus:  What 
number  must  be  added  to  30  in  order  that  the  sum  may  be  24  ? 
It  is  obvious  then,  that  if  the  word  added  and  the  word  8um  are 
to  retain  their  arithmetical  meanings,  the  proposed  problem  is 
impossible.  But  we  see  at  the  same  time  that  the  following 
problem  can  be  solved :  What  number  must  be  taken  from  30 
in  order  that  the  difference  may  be  24  ]  and  6  is  the  answer  to 
this  question.  And  the  second  enunciation  differs  from  the  first 
in  these  respects ;  the  words  added  to  are  replaced  by  taken  from^ 
and  the  word  sum  by  difference, 

187.  Thus  we  may  say  that,  in  this  example,  the  negative 
result  indicates  that  the  problem  in  a  strictly  Arithmetical  sense 
is  impossible ;  but  that  a  new  problem  can  be  formed  by  appro- 
priate changes  in  the  original  enunciation  to  which  the  absolute 
value  of  the  negative  result  will  be  tlje  correct  answer. 

188.  This  indicates  the  convenience  of  using  the  word  add 
in  Algebra  in  a  more  extensive  sense  than  it  has  in  Arithmetic. 
Let  X  denote  a  quantity  which  is  to  be  added  algebraically  to  a ; 
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then  the  Algebraical  sum  is  a  +x,  whether  x  iteelf  be  positive  or 
negative.    Thus  the  equation  a-t-ai  =  b  will  be  posaible  algebraically 
whether  a  be  greater  or  less  than  b. 
"We  proceed  to  another  problem. 

189.  A'a  age  is  a  years,  and  5*8  age  ifi  h  yeara  ;  when  will  A 
be  twice  as  old  as  Si  Supposed  the  required  epoch  to  be  x  yeara 
from  the  present  time ;  then  by  the  question, 

hence,  x  =  a-2b. 

Thus,  for  example,  if  0  =  40  and  6  =  15,  then  fl;=10.  But 
suppose  a  =  35  and  fi  =  20,  then  x  =  ~5;  here,  as  in  the  pre- 
ceding problem,  we  are  led  to  inquire  into  the  meaning  of  the 
negative  result.  Now  with  the  assigned  values  of  a  and  b  the 
equation  which  we  have  to  solve  beoomea 
35  +  3;  =  40  +  2»^ 
and  it  ia  obvious  that  if  a  strictly  arithiuetical  meaning  is  to  be 
given  to  the  symbols  a:  and  +,  this  equation  is  impossible,  for  40  is 
greater  than  35,  and  2x  ia  greater  than  x,  so  that  the  two  members 
cannot  be  equal.  But  let  us  change  the  enunciation  to  the  fol- 
lowing: A'a  age  ia  35  years,  and  £'a  age  is  20  years,  when  toot  A 
twice  as  old  as  5 1  Let  the  required  epoch  be  x  yeara  from  the 
present  time,  then  by  the  question, 

3a-a;  =  2{20-3;)=40-2x; 
thuB,  a;  =  5. 

Here  again  we  may  say  the  negative  result  indicates  that  the 
problem  in  a  strictly  Arithmetical  aense  ia  impossible,  but  that  a 
new  problem  can  be  formed  by  appropriate  changes  in  the  original 
enunciation,  to  which  the  absolute  eo/we  of  the  negative  residt 
will  be  the  coiTect  answer. 

We  may  observe  that  the  equation  corresponding  to  the  new 
enunciation  may  be  obtained  fi-om  the  original  equation  by  chang- 
ing X  into  —  a!, 

190,  Suppose  that  the  problem  had  been  originally  enun- 
oiatod  tiiva:  Aa  ^e  is  s  yean,  aitd  ff&  agei&&  years;  find  the 
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epoch  at  which  ^'s  age  is  twice  that  of  B,  These  words  do  not 
intimate  whether  the  required  epoch  is  before  or  after  the  present 
date.  If  we  suppose  it  after  we  obtain,  as  in  Art  189,  for  the 
required  number  of  years  x=^a  —  2h.  If  we  suppose  the  required 
epoch  to  be  a;  years  before  the  present  date  we  obtain  a;  =  26  —  a. 
If  26  is  less  than  a,  the  first  supposition  is  correct,  and  leads  to 
an  arithmetical  value  for  x,  the  second  supposition  is  incorrect, 
and  leads  to  a  negative  value  for  x.  If  26  is  greater  than  o^  the 
second  supposition  is  correct,  and  leads  to  an  arithmetical  value 
for  x'y  the  first  supposition  is  incorrect  and  leads  to  a  negative 
value  for  x»  Here  we  may  say  then  that  a  negative  residt  indi- 
cates that  we  made  the  wrong  choice  out  of  two  possible  supposi- 
tions which  the  problem  allowed.  But  it  is  important  to  notice, 
that  when  we  discover  that  we  have  made  the  wrong  choice,  it  is 
not  necessary  to  go  through  the  w7u>le  investigation  again,  f<n*  we 
can  make  use  of  the  reavlt  obtained  on  the  wrong  supposition. 
We  have  only  to  take  the  absolute  value  of  the  n^ative  result 
and  place  the  epoch  before  the  present  date  if  we  had  supposed 
it  after,  and  after  the  present  date  if  we  had  supposed  it  before. 

191.  One  other  case  may  be  noticed.  Suppose  the  enuncia- 
tion to  be  like  that  in  the  latter  part  of  Art  189;  J's  age  is  a 
years,  and  ^s  age  is  h  years,  when  was  A  twice  as  old  as  5? 
Let  X  denote  the  required  number  of  years;  then 

a-a;=  2(6  — aj), 

hence,  x-2b  —  a. 

Now  let  us  verify  this  solution.  Put  this  value  for  x;  then 
a  —  x  becomes  a  —  (26  —  a),  that  is,  2a  —  26 ;  and  2  (6  -  a;)  becomes 
2  (6  -  26  +  a),  that  is,  2a  -  26.  If  6  is  less  than  a,  these  residts 
are  positive,  and  there  is  no  Arithmetical  difficulty.  But  if  6  is 
greater  than  a,  although  the  two  members  are  algebraically  equal, 
yet  since  they  are  both  negative  quantities^  we  cannot  say  that  we 
have  arithmetically  verified  the  solution.  And  when  we  recur 
to  the  problem  we  see  that  it  is  impossible  if  a  is  less  than  h; 
because  if  at  a  given  date  ^'s  age  is  less  than  ^s,  then  ^'s  age 
never  was  twice  B^a  and  never  will  be.     Or  without  proceeding  to 
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•nxity  the  result,  we  may  obser\-6  that  if  6  is  gi-eater  tiian  m,  then 
B  IB  also  greater  than  a,  'which  is  inodmiasifale.  Thus  it  appears 
iiat  a  problem  may  be  really  absurd,  and  yet  the  result  may  not 
immediately  present  any  diiEcnlty,  though  when  we  proceed  to 
examine  or  veiify  this  result  we  may  discover  an  intimation  of  the 
absurdity 

192.  The  equation  a  +  x  =  2(fi  +  x)  may  be  considei-ed  as  the 
symboKcal  expression  of  the  following  verba!  enunciation:  Bup- 
jioae  a  and  6  to  be  two  quantities,  what  quantity  must  be  added 
to  each  so  that  the  first  Bum  may  be  twice  the  second  1  Here  the 
words  quantity,  sum,  and  added  may  all  he  iinderstood  in  Alge- 
braical senses,  so  that  a:,  a,  and  b  may  be  positive  or  negative. 
This  Algebraical  statement  includes  among  its  admissible  senses 
the  Aj'ithmetical  question  aboiit  iJxQ  ages  of  A  and  S.  It  appears 
then  that  when  we  translate  a  pi'oblem  into  an  equation,  the  same 
equation  mai/  be  the  symbolical  expression  of  a  more  comprehen- 
sive problem  than  that  frojif  which  it  was  obtained. 

Wo  will  now  examina  another  problem, 

193.  A  and  ^  (ravel  in  the  same  direction  at  the  rate  of  a 
and  6  miles  respectively  per  hour.  A  arrives  at  a  certain  place  P 
at  a  certain  time,  and  at  the  end  of  n  hours  from  that  time  B 
arrives  at  a  certain  place  Q.     Find  when  A  and  B  meet. 

p B g 

Let  c  denote  the  distance  FQ;  suppose  A  and  £  to  travel  in 
the  direction  fi-om  P  towards  Q,  and  to  meet  at  P  at  the  end  of  x 
hours  from  the  time  when  A  was  at  P ;  then  since  A  travels  at  the 
rate  of  a  miles  per  hour,  the  distance  PR  is  ax  miles.  Also  B 
goes  over  the  distnni*  QR  in  a; - n  houi-s,  so  that  QR  is  h{x- n) 
miles.  And  PR  is  equal  to  the  sum  of  PQ  and  QR;  thus, 
ax  =  c  +  h{x-n)=c^hx-hni 

therefoi-ej  a;  -  -    —  - . 

We  shall  now  examine  this  result  on  different  suppositions  as 
to  the  Talnea  of  the  given  qutmlitdea. 
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I.  Suppose  a  greater  than  b,  and  c  greater  than  bn;  then  the 
value  of  a;  is  positive,  and  the  travellers  unU  meet,  as  we  have 
supposed,  <i/ier  A  arrives  at  P.  For  when  ul  is  at  P,  the  space 
which  B  has  to  travel  before  he  reaches  Q  iabn  miles,  and  since  bn 
is  less  than  c,  it  follows  that  when  ^  is  at  P  he  is  behind  B ; 
and  A  travels  more  rapidly  than  By  since  a  is  greater  than  6. 
Hence  A  must  at  the  end  of  some  time  overtake  B, 

The  distance  PR^ax^^^^"  ^  ' .     Thus, 

a  —  o 

^P_  a (<;-&»)       _a{c  —  bn)-'c(a  —  b)__cb'-ahn     b{c  —  an) 

{^It  —  7  C  — 7 — 7 — ^f • 

tt-6  a  —  0  a  —  o  a  — 6 

Now  if  c  be  greater  than  an,  this  expression  is  a  positive  quantity, 
so  that  B  falls,  as  we  have  supposed,  beyond  Q;  we  see  that  this 
must  be  the  case,  for  since  c  is  greater  than  an,  it  will  take  A 
more  than  n  hours  to  go  frori  P  to  Q,  so  that  he  cannot  overtake 
B  until  after  passing  Q,  If,  however,  c  be  leas  than  an,  the  exr 
pression  for  QE  is  a  negative  quantity,  and  this  leads  us  to  sup- 
pose that  some  modification  is  required  in  our  view  of  the  problem* 
In  fact  A  now  takes  leas  than  n  hours  to  go  from  P  to  C  so  that 
he  will  overtake  B  bp/ore  amving  at  Q,  Hence  the  figure  should 
now  stand  thus : 

P  R  Q 

And  now,  since  PB  =  PQ  —  BQ,  the  equation  for  determining 
X  would  naturally  be  written 

aa?=  c  —  6(n  —  05)  =  c  —  6»  +  505. 

This,  however,  we  see  is  really  the  same  equation  as  before. 

Again,  if  c  be  eqiml  to  an  the  value  of  BQ  is  zero.     Thus 
B  now  coincides  with  Q;  and 

e  —  bn     an-  bn 

X  = = =—  =  n. 

a^b        a—b 

Hence  A  and  B  meet  at  Q  at  the  end  of  n  hours  after  A  was 
at  P. 

II.     Next  suppose  that  a  is  greater  than  b,  and  c  less  than 
bn.     The  value  of  x  is  nov  negative,   and  we  may  conjecture 
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from  wliat  we  have  Lithetto  observed  reapecting  n^ative  quanti- 
tioa  that  A  and  B  instead  of  meeting   j  houra  after  A  wna 

at  P,  will  now  really  have  met 7-  hoars  he/ore  A  waa  at  P. 

And  in  fact,  since  c  is  less  than  bn  it  follows  that  £  was  behind  A 
when  A  was  at  P,  bo  that  A  miiat  have  passed  B  before  arriving 
at  -P.  Hence  the  correct  solution  of  the  problem  would  now  be 
as  follows : 


Suppose  that  A  and  B  meet  x  houiti  bffore  A  arrives  at  P ;  let 
7f  be  the  point  where  they  meet.  Tlien  7;P  =  ((a:,  and  ^Q  =  6(a:  +  7i). 
AlaoRP^EQ-PQ;  thus, 

thei-efore,  3;=^  — 

III,  Next  suppose  that  a  is  less  tliaii  6,  aant  e  greater  Uian 
hn.  In  this  case  also  the  expression  originally  obtained  for  a:  is 
negative,  and  we  shall  accordingly  find  that  A  and  B  met  be/ore 
A  was  at  P.  For  B  now  travels  more  rapidly  than  A,  and  is 
be/ore  A  when  ^  is  at  P ;  so  that  B  must  have  passed  A  before  A 
was  at  P.     The  result  now  is,  as  in  the  second  case,  that  A  and  B 


hours  bffort 


sat  P. 


f.     Last  suppose  that  a  is  less  than  h,  and  c  leas  than  Sn, 
the  expression  originally  obtained  for  x  is  a,  positive  quantity, 

for  it  may  be  written  thus,  -^ .     Now  B  travels  more  rapidly 

than  A  and  is  behirid  A  when  ^  is  at  7* ;  thus  B  must  at  some 
time  overtake  A.  If  we  suppose  A  and  B  to  meet  ajler  A  is  at  Q, 
the  tigure  will  stand  thus  : 


Hers  we  should  naturally  write  the  equation  thus, 
ax  =  C  +  b{rc-n)-c  +  bx—bti. 
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If  we  suppoBO  A  and  B  to  meet  b^ore  A  is  at  Q,  the  figoie 
will  stand  thus : 

P K 0 

Here  we  should  naturallj  write  the  equation  thus, 

Ii^  ^l^e  two  cases  we  I^ave^  however,  neallj  the  same  equatioOy 
and  we  obtain  x  =  , . 

194.  The  preceding  problem  may  be  variously  modified;  for 
instance,  instead  of  supposing  that  A  and  B  travel  in  the  same 
direction,  we  may  suppose  that  A  travels  as  before,  but  that  S 
travels  in  the  opposite  direction.  In  this  case,  if  we  suppose,  as 
before,  that  A  and  B  meet  x  hours  after  A  arrived  at  P,  we  shall 

find  that  x  = r  •     Thus  the  time  of  meeting  will  necessarily 

a  +  o 

be  after  A  leaves  P,  a|id  the  travellers  meet  at  some  point  to  the 

right  of  F.     The  student  should  notice  that  the  value  of  a;  in  the 

present  case  coincides  with  the  result  obtaii^^d  by  writing  —  b  for 

b  in  the  original  value  of  05  in  Art.  193. 

195.  Or  instead  of  supposing  that  the  arrival  of  J?  at  Q 
occurs  n  hours  after  the  arrival  of  A  at  P,  we  may  suppose  it  to 
occur  n  hours  before ;  and  we  suppose  A  and  B  to  travel  in  the 
same   direction.      In  this   case  if  x  have  the  same  meaning  as 

before,  we  shall  find  that  x  = j- .     This  is  a  positive  quantity 

if  a  is  greater  than  6,  and  the  travellers  then  really  meet  after  the 
arrival  of  A  ajj  P.  If,  however,  a  is  less  than  6,  the  value  of  a;  i? 
a  negative  quantity;  this  suggests  that  the  travellers  now  meet 

c  ~f~  btb 

-7 hours  before  the  arrival  of  A  at  P,  and  on  examination  this 

o  —  a 

will  be  found  correct.    The  student  should  notice  that  the  value  of 

X  in  the  present  case  coincides  with  the  result  obtained  by  writing 

— /?  /or  n  in  the  anginal  value  of  x  in  Art.  193.  ' 


( 
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196.  Again,  lat  us  suppose  that  A  and  S  travel  in.  opposite 
directionH,  and  that  the  arrival  of  ji  at  P  occurs  n  houi-s  before 
that  of  5  at  Q ;  and  suppose  the  positiona  of  P  and  Q  in  the 
former  figures  to  be  intei-changed,  so  that  now  A  reacliea  Q  before 
he  reaches  /*,  and  £  reaches  P  before  he  reaches  Q,     If  x  tkave 

the  same  meaning  as  before,  we  shall  now  find  that  x  =  - — — r- . 

If  tien  hn  ia  greater  than  c,  the  value  of  a;  is  a  positive  quantity, 
and  the  travellers  meet,  as  we  have  supposed,  after  the  arrival  of 
J  at  i'.     If  however  bn  is  less  than  c,  the  value  of  a:  is  a  negative 

fwititj,  and  it  will  be  found  that  the   travellers  meet  - — -7- 

0  +  6 

Wb  before  the  arrival  of  A  at  P,     The  student  should  notice 

Wit  the  value  of  x  in  the  present  case  coincides  with  the  result 

obtMned  by  writing  —0  for  0  in    the   value  of  a;  in  Art,  104; 

il  also  coincides  with  the  result  obtained  by  writijig  -  b  for  b,  and 

-efor  e  in  tlie  original  value  of  jc  in  Art.  103. 

197.  From  a  consideration  of  the  problems  discussed  in  the 
present  Chapter,  and  of  similar  problems,  the  student  will  acquire 
confidence  and  accuracy  in  dealing  with  negative  quantities.  Wo 
Till  lay  down  some  general  principles  which  have  been  illustrated 
in  the  preceding  Articles,  and  the  truth  of  which  the  student  will 
find  confirmed  as  he  advances  in  the  subject. 

(1)  A  negative  result  may  arise  fiTom  the  fact  that  the 
enunciation  of  a  problem  involves  a  condition  which  cannot  be 
satisfied  ;  in  this  case  we  may  attribute  to  the  untnown  quantity 
a  quality  directly  opposite  to  that  which  had  been  attributed  to  it, 
and  may  thus  form  a  possible  problem  analt^ous  to  that  which 
involved  the  imjKissibDity, 

(2)  A  negative  result  may  arise  £1*001  the  fact  that  a  wrong 
supposition  respecting  the  quality  of  some  quantity  waa  made 
when  the  problem  was  translated  from  words  into  Algebraical 
symbols ;  in  this  case  we  may  correct  our  supposition  by  attri- 
buting the  opposite  quality  to  such  quantity,  and  tliua  obtoin. 
a  postive  result. 

(3)  When  we  wish   to  alter  the   Bl!p^n8iti■^nR   we  ■\\n.vei  TOftA.* 
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respecting  the  qtudUt/  of  the  Imown  or  unknown  qnajitities  of  a 
problem,  and  to  attribute  an  opposite  quality  to  them,  it  is  not 
necessary  to  form  a  new  equation ;  it  is  sufficient  to  change  in  the 
old  equation  the  sign  of  the  symbol  representing  each  quantity 
which  is  to  have  its  quality  changed. 

198.  "We  do  not  assert  that  the  above  general  principles  have 
been  demonstrated;  they  have  been  suggested  by  observation  of 
particular  examples,  and  are  left  to  the  student  to  be  verified  in 
the  same  manner.  Thus  when  a  negative  result  occurs  in  the 
solution  of  a  problem  the  student  should  endeavour  to  int&rpret 
that  result,  and  these  general  principles  will  serve  to  guide  him. 
"When  a  problem  leads  to  a  negative  result,  and  he  wishes  to  form 
an  analogous  problem  that  shall  lead  to  the  corresponding  positive 
result,  he  may  proceed  thus :  change  x  into  —  a;  in  the  equation 
that  has  been  obtained,  and  then,  if  possible,  modify  the  verbal 
statement  of  the  problem,  so  as  to  make  it  coincident  with  the 
new  equation.  "We  say,  if  possiMe,  because  in  some  cases  no  such 
verbal  modi&cation  seems  attainable,  and  the  problem  may  then 
be  regarded  as  altogether  impossible. 

199.  "We  will  now  leave  the  consideration  of  negative  quan- 
tities, and  examine  two  other  singularities  that  may  occur  in 
results. 

c  ^  on 
In  Art.  193  we  found  this  result,  x  = r- .     Suppose  that 

a  =  6,  then  the  denominator  in  the  value  of  a;  is  zero ;  thus,  denot- 

ing  the  numerator  by  iV,  we  have  ^c  =  -— ,  and  we  may  ask  what  is 

the  meaning  of  this  result]  Since  A  and  B  now  travel  with 
equal  speed,  they  must  always  preserve  the  same  distance ;  so  that 
they  never  meet.  But  instead  of  supposing  that  a  is  exactly 
equal  to  h,  let  us  suppose  that  a  is  very  nearly  equal  to  h ;  then 

-— T  may  be  a  very  large  quantity,  since  if  a  -  6  is  very  small 

compared  with  N,  it  will  be  contained  a  large  number  of  times  in 

jV:  and  the  smaller  a-h  is,  the  larger  will  =  be.     This  is 

a—  o 
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mibremaled  into   the  phrase   "  -r    is  infinite,"  and  it  is  written 

thus,  -jr  =  CO .     But  the  student  must  remember  that  the  phrase 

is  only  an  abbrevitUion,  and  no  abaolute  meaning  can  be  attached 
to  it. 

200.  The  student  should  examine  every  problem,  the  result 

of  which  appears  imiler  the  form  v- ,  and  endeavour  to  interpret 

that  result.  He  may  expect  to  find  in  such  a  case  that  the  pro- 
blem is  impossible,  but  that  by  suitable  modifications  a  new 
problem  can  be  formed  which  has  a  very  great  number  for  its 
result,  and  that  this  result  becomes  greater  the  more  closely  the 
new  problem  approaches  to  the  old  problem. 

201.  Again,  let  ua  suppose  that  in  Art  193  we  have  a~h, 
and  aUo  c-hn;  then  tie  value  of  x  takes  the  form  = .  On 
examining  the  problem  we  see  that,  in  consequence  of  the  sup- 
positions just  made,  A  and  B  are  together  at  P,  and  are  travelling 
with  equal  speed,  so  that  thoy  are  always  together.  The  question, 
when  are  A  and  B  together,  is  in  this  case  said  to  he  indeterminale, 
since  it  does  not  admit  of  a  single  answer,  or  of  a  finite  number  of 
answers. 

202.  The  student  should  also  examine  every  problem  in 
which  the  result  appears  under  the  foi-m  g,  and  endeavour  to 
interpret  tlat  result.  In  some  cases  he  will  find,  as  in  the  ex- 
ample considered  above,  tha,t  the  problem  is  not  restricted  to  a 
finite  number  of  solutions,  but  admits  of  as  many  as  he  pleases. 
We  do  not  assert  here,  or  in  Art  200,  that  the  inteqiretation  o£ 

..NO 

the  singularities  -^  and  -^  will  ahoays  coincide  with  tliose  given 

in  the  simple  cases  we  have  considered ;  the  student  Bi\iBt  AAi«ier 
fore  consider  aeparstely  each  diatinct  clasa  of  exojn\Aes  t\ia\,  ■cna,-^ 
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MISCELLANEOUS   EXAMPLES.      CHAFFER  XIY. 

1.  Simplify  the  expression 

3a-[6+{2a-(6-c)}]+J  +  i^. 

2.  Eeduce  to  its  lowest  terms  the  expression 

ex'' +  lOx' -h  2af  "  20x  -  2S 
"""Saj"  +  Uaj*  +  22a;  +  21      * 

3.  Find  the  value  of  — ; when  x  = 


a  a  — 6* 

4.  Simplify  (^_5)(^_^)+(^_^)(5„«)  +  (c^^)(c_j)- 

5.  Shewthat  1?  ^^^''^^/'^^r  ^  "g  ==  — 

when  m  =  1,  or  2. 

6.  Eeduce  to  its  simplest  form  ; rri — 77 Ti — -, ri. 

^  {a- by  +  (6  -  cy  +  {c  -  a)* 

7.  If  rty  +  y«  +  ««  =  1,  shew  that 

a;  y  z     _  ixt/z 

l-»'^l-y«  "*"!-«•  "(!-»•) (l-V)(l-«^* 

8.  Solve  the  equation 

(a;-2a)»  +  (a;-26)»  =  2(a;-a-.6)». 

9.  Solve  the  simultaneous  equations 

aj  +  y  +  «=a  +  6  +  c, 

10.     Find  the  least  common  multiple  of 

a?  +  6af  *¥  llx  +  6,  «•  +  7*'+  Ua;  +  8, 

ir'-f  fe?*^  19a?  + 12,   and  a?  +  9a?  -v  ^6x  -v^^. 
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I     Xy.    ANOMALOUS   FORMS   WHICH    OCCITE,  IN   THE 
I  SOLUTION    OF   SIMPLE   EQUATIONS. 

I  203.    "We  have  in  tie  preceding  Chapter  referred  to  the  foi-nia 

.V         0 
Q    and  -  whioh  may  occur  in  the  Bolution  of  an  equatioa  of  the 

iiBt  d^ee.  "We  shall  now  examine  the  meaning  of  theae  forms 
when  they  occur  in  the  solution  of  siTrndtaneous  equations  of  the 
S^Bt  degree.    We  will  first  recall  the  results  already  obtained, 

204.  Every  equation  of  the  first  degree  with  one  unknown 
luantity  may  be  reduced  to  the  form  ax  —  b.     Now  from  this  we 

obtain  a  =  - .     If  o  =  0  the  value  of  x  takes  the  form  jj ;  in  this 

case  no  finite  value  of  x  CMi  satisfy  the  equation,  for  whatever 
finite  value  be  assigned  to  x,  since  oa;  ==  0,  we  have  0  =  6,  which  is 

hapoesible.     If  a  =  0  and  &  =  0,  the  value  of  x  takes  the  form  ^ ; 

in  this  case  every  finite  value  of  x  may  be  said  to  satisfy  the 
equation,  since  whatever  finite  value  be  given  to  3;  we  have  0  =  0. 
If  6^0  and  a  is  not  =0,  then  of  course  x-f);  this  case  calls 
for  no  remark. 

205.  Suppcse  now  we  have  two  eq\iation8  with  two  unknown 
quantities ;  let  them  be 

ax  +  hy  =  c  and  a'x  +  b'y  —  c. 

We  will  first  make  a  remark  on  the  notation  we  have  here 
adopted.  We  use  certain  letters  to  denote  the  known  quantities 
in  tie  first  equation,  and  then  we  use  corresponding  letters  with 
accents  to  denote  corresponding  quantities  in  the  second  equation; 
here  a  and  a  have  no  necessary  connexion  as  to  value,  although 
they  have  this  common  point,  namely,  that  each  is  a  coefficient 
of  X,  one  in  the  first  equation  and  the  other  in  the  second  equa- 
tion.    Experience  will  establish  the  advantage  of  this  notation. 

Instead  of  accents  subscript  numbers  are  Bome^amea  mskA.', 
thu^f^  and  a,  might  be  used  instead  cf  a  and  a'  leBpwAiwftVj. 
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B7  solving  the  given  equations  we  obtain 

_  Vc  -  W  _a'c  —  €uf 

1.     Suppose  that  h'a  —  &a'=  0 ;  then  the  values  of  x  and  y  tak^ 

A  B 

the  forms  -^  and  ^r ;  we  should  therefore  recur  to  the  giv^  equa^— 


tions  to  discover  the  meaning  of  these  results.     From  the  relatio: 

h'a - 6a'=  0  we  obtain  -  s=  -^  =  A:  suppose ]  thus  a'^ha  and  6'=  kb^ 

£7  substituting  these  values  of  a  and  V  we  find  that  the  second, 
of  the  given  equations  may  be  written  thus : 

kax  +  khy  =  c', 


c' 


whence^  ax  +  hy  =  -r 


c 


Now  if  T  be  different  from  c,  the  last  equation  is  inconnaterU 

with  the  first  of  the  given  equations,  because  ax  +  hy  cannot  be 
equal  to  two  different  quantities.     "We  may  therefore  conclude 

A  B 

that  the  appearance  of  the  results  under  the  forms  -^  and  jr 

indicates  that  the  given  equations  are  inconsistent,  and  therefore 
cannot  he  solved, 

o'     V 

II.     Next  suppose  that  Va  —  ha'  =  0,  so  that  ~  =  t  >  ^^^  ^0 

that  —  =  — ,  and  therefore  of  course  =  y  •     Iii  this  case  the  nu- 
c      a  0 

merators  in  the  values  of  x  and  y  become  zero  as  well  as  the 

denominators,  so  that  the  values  of  x  and  y  take  the  form  ^r. 

Now  by  what  we  have  shewn  above,  the  second  of  the  given 
equations  may  be  written 

But  now  T  =  c,  so  that  the  second  given  equation  is  only  a 
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Kon  of  the  first  ;  Mfe  hare  thus  really  only  one  equation 
ng  two  unknown  quantitiea.  We  cannot  tlien  delermine 
y,  because  we  can  find  as  many  ^■a!ues  as  we  please  which 
■.".  ~,isfy  one  equation  invoiving  two  unknown  quantities.  In 
this  case  we  aay  that  the  given  equations  are  not  independent,  and 
llat  the  values  of  x  and  y  are  indeterminale. 

206.     "We  have  hitherto  eupposed  that  none  of  the  quantities 
"i  4,  ^  a',  h',  o'  can  be  zero ;  and  thus  if  the  value  of  one  of  the 

unknown  quantities  takes  the  form  -  or  -^  the  value  of  the  other 

lakes  the  sami  form.  But  if  some  of  the  above  quantities  are 
im,  the  values  of  the  two  unknoM-n  quantitiea  do  not  ncceHaariJy 
take  the  tame  form.     For  ejcample,  suppose  a  and  a'  to  be  zero  ; 

llien  the  value  of  x  takes  the  form  -^  ,  and  the  value  of  y  takes 
tfiB  form  ^  .     Now  in  thiscase  the  given  equations  reduce  to 


by  =  e,    and  h'y  -  c  ; 
w  =  y,  and    «=  ,,. 


m 


Thus  we  have  two  casea.     First,  if  y  is  not  equal  to  -r,  the 

two  equations  are  inconsistent.     Secondly,  if  ,  is  equal  to  -,  the 

two  equations  are  equivalent  to  one  only.     In  the  second  case, 

c     e' 
since  the  relation  t  =  T'  makes  tiie  numerator  of  x  also  vanish, 

the  values  of  both  x  and  y  take  the  form  -  ;  in  this  case  x  is  in- 

detenninate  but  y  is  not,  for  it  is  really  equal  to  t  . 

207.     Before  we  consider  the  peculiarities  wliicli  may  o 
the  solution    of  three   simultaneous   simple   equations   invoU'ing 
three   unknown   quantities,    we  will  indicate  another  method  of 
4(JviQg  such  equations. 
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Let  the  equations  be 

ax  +  b^-hcz^dy     o'aj  +  yy  +  c'«  =  d',     o"aj  +  6"y  +  c"«  =  rf". 

Let  I  and  m  denote  two  quantities,  the  values  of  which  are  at 
present  undetermined ;  multiply  the  second  of  the  given  equations 
by  I,  and  the  third  by  m ;  then,  by  addition,  we  have 

that  is, 

x{a  +  W+ina'^-^y{b-hlb'-h7nh'')-¥z{c  +  y-^fnc'')=:d+ld^-^fne^\ 

Now  let  such  values  be  given  to  I  and  m  as  will  make  the 
coefficients  of  y  and  z  in  the  last  equation  to  be  zero ;  that  is,  let 

6  +  Z6'  +  m6"=  0,         c  +  fc'+  WMj"=  0. 

Thus  the  equation  reduces  to 

X  {a  +  la+ma'')=d+  ld^+  md^' ;     . 

,       ,                                    d^ld'^rnd" 
therefore,  aj=  — j-, 7>. 

We  must  now  find  the  values  of  I  and  m,  and  substitute  them 
in  this  expi'ession  for  x,  and  then  the  value  of  x  will  be  known. 

from  these  we  shall  obtain 

,      y'c--bo"  U-Vc 

I  =  -TT-r. T77-,  t  W»  = 


substitute  these  values  in  the  expression  for  a;,  and  after  simplifi- 
cation we  obtain 

_  d  (6V^-  V'c')  -h  d'  {V'c  -  6(/0  +  d''  (b(/  -  b'c) 
^  "  a  (6V'  -  6"cO  +  a'  {b''c  -  6^  +  a"  (6c' -  6'c)  * 

By  a  similar  method  the  values  of  y  and  2;  may  also  be  obtained. 

208.  The  above  method  of  solution  is  called  the  method  of 
indeterminate  multipliers,  because  we  make  use  of  multipliers 
which  we  do  not  determine  beforehand,  but  to  which  a  convenient 
value  is  assigned  in  the  course  of  the  investigation.  The  multi- 
pliers are  not  finally  indeterminate ;  they  are  merely  at  first  t«n- 
^^ermtned,  and  if  it  were  possible  to  alter  established  language, 
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the  word  wndetermined  might  here  with  propriety  be  substituted 
fa-  ^determinate, 

209.  We  now  proceed  to  our  observations  on  the  values  of 
X,  y,  and  s  which  are  obtained  from  the  equations 

aa!  +  6y  +  M  =  rf,  a'j;  +  6  y  +  c'z  =  <l',  a"x  +  h"y  +  c"s  =  d". 
The  valne  of  x  has  been  given  in  Art.  207  ;  if  the  student 
investigates  the  value  of  y  he  will  find  that  the  denominator  of  it 
is  the  same  as  lliat  which  occurs  in  the  value  of  x'j  or  can  be  made 
to  be  the  same  by  changing  the  sign  of  every  term  in  the  nume- 
rator and  denominator.  The  same  remark  holds  with  reepect  to 
the  denominator  in  the  value  of  :. 

210.  We  may  however  obta,in  the  values  of  y  and  z  from  the 
expression  found  for  the  value  of  x.  For  the  original  eqnationB 
might  have  been  written  thus : 

by  +  ax  +  cs  =  d,  b'y  +  a'x  +  c'a  -  d',  b"y  +  a"x  +  e"z  -  d"; 
we  may  say  then  that  the  equations  in  this  form  differ  from  those 
in  the  original  form  only  in  the  following  particulars ;  x  and  y  are 
interchanged,  re  and  b  aro  interchanged,  a'  and  b'  are  interchanged, 
and  a"  and  b"  ai-e  interchanged.  We  may  therefore  deduce  the 
value  of  y  from  that  of  x  by  the  following  rule ;  for  ct,  a',  and  a" 
write  b,  b',  and  b"  respectively,  and  conversely.      Thus,  from 

*  ~  a(ftV'-6V)  +  a'  [b"c  -  6c")  +  a"  (6c'  -  b'cj 
we  may  deduce  that 

_  d  {a'c"  -  a"c')  +  d'  {a!'c  ~  ac")  +  d"  (oc'  -  t^c) 
^~b  {aV - a'V)  +  6- {a"e ~ ae')  +  6" {ad - o'c) ' 
It  will  be  found  on  comparison  that  the  denominator  of  the 
value  of  y  is  the  same  as  that  of  the  value  of  x  with  the  sign  of 
every  term  changed. 

Similarly  by  interchanging  a,  a',  and  a"  with  c,  c',  and  c'' 
respectively,  we  may  deduce  the  value  of  z  from  that  of  a; ;  or  by 
interchanging  b,  b',  and  b"  with  c,  c',  and  c"  respectively,  ' 
dedooa  the  value  of  z  from  that  of  y. 
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211.  There  is  another  system  of  interchanges  by  which  the 
values  of  y  and  z  m&j  be  deduced  from  that  of  os.  The  given 
equations  are 

ax-¥hy-¥cz  =  d,     a!x  +  Vy  +c'z  =  d\     a"x  +  Vy  +  c"«  =  d"  ] 

they  may  also  be  written  thus, 

hy-^cz-\-ax  =  d,     h'y  +  c'«  +  a'x  =  d\     h"y  +  c"j&  +  «"«  =  cT'. 

• 

"We  may  say  then  that  the  second  form  differs  from  the  first 
only  in  the  following  particulars ;  x  is  changed  into  y,  y  into  «, 
z  into  oj,  a  into  6,  6  into  c,  c  into  a,  a'  into  6',  and  so  on.  We 
may  therefore  deduce  the  value  of  y  from  that  of  x  by  this  rule : 
change  a  into  6,  h  into  c,  c  into  a,  and  make  similar  changes  in  the 
letters  with  one  accent,  and  in  those  with  two  accents.  The 
value  of  z  may  be  deduced  from  that  of  y  by  again  using  the 
zame  rule. 

212.  These  methods  of  deducing  the  values  of  y  and  z  from 
that  of  X  by  interchanging  the  letters  may  perhaps  appear  difiicult 
to  the  student  at  first,  but  they  deserve  careful  consideration, 
especially  that  which  is  given  in  Art.  211. 

We  shall  now  proceed  to  examine  the  peculiarities  which 
may  occur  in  the  values  of  the  unknown  quantities  deduced  from 
the  equations 

ax -{■  by -{- cz  =  d,     a'x  +  Vy  +  c'z  =  c?',     a"x  +  h"y  +  c"z  =  d", 

213.  The  most  important  case  is  that  in  which  c?,  d\  and  d^ 
are  all  zero.     The  given  equations  then  become 

aa;  +  5y  +  <»  =  0,     a'x  +  h'y  +  c'z  =  0,     a"x  4-  h"y  +  o"«=  0. 

It  is  obvious  that  x  —  0,  y~0,  «=0  satisfy  these  equations ; 
and  from  the  values  found  in  Art  210  it  follows  that  these  are 
the  only  values  which  will  satisfy  the  equations  unless  the  deno- 
minator there  given  vanishes,  that  is,  unless 

a  (6V'  -  6"cO  +  a'  (y'c  -  he'")  +  a"  {he'  -  h'c)  =  0. 
If  this  relation  holds  among  the  coefficients,  the  values  found 
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fcr  a!,  y,  and  2  take  the  form  ^r ,  and  we  must  recur  to  the  given 
equatioas  for  farther  information. 

We  observe  that  when  this  relation  holds  the  equations  are 
not  independent ;  from  any  two  of  them  the  third  can  be  deduced. 
For  multiply  the  first  of  the  given  equations  by  b"c'~b'c",  the 
second  by  be"  —  b"c,  and  the  third  by  b'c  —  be',  and  then  add  the 
results.  Ifc  will  be  found  that  by  virtue  of  the  given  relation  we 
arrive  at  the  identity  0  =  0;  thus,  in  fact,  if  the  first  equation  be 
multiplied  by  b"c'~b'a",  and  the  second  equation  by  bc"  —  b"c,  and 
the  two  added,  the  residt  ia  equivalent  to  the  third  equation,  for  it 
may  be  obtained  by  multiplying  that  equation  by  be'  —  b'c. 

Suppose  then  that  this  relation  holds ;  we  may  confine  our- 
selves to  the  first  two  of  the  given  equations,  for  values  of  x,  y, 
and  s  which  satisfy  these  will  necessarily  satisfy  the  third  equa- 
tion.    Divide  these  equations  liy  x ;  thus 


hence 


+  B  =  0,         ^+_+a'=0; 


"We  may  therefore  ascribe  any  value  we  please  to  x,  and  deduce 
corresponding  values  of  y  and  s.  Or  we  may  put  our  result  more 
symmetrically  thus ;  let  p  denote  any  quantity  whatever,  then 
the  given  equations  will  be  satisfied  by 

a; =p  (Sc"  -  b'e),     y  =  p  (ca,'  -  c'a),         z  =p  {ab'  -  a'b). 
We  might  in  the  same  way  have  used  the  second  and  third  of 
the  given  equations,  and  have  omitted  the  first ;  we  should  thus 
have  deduced  solutions  of  the  form 

«.,(6V'-i"e'),    »»,{.■<.»-."«•),    ».jK6"-<."4'), 
where  q  is  any  quantity.     These  values  however  are  Hubstantially 
equivalent  to  the  former ;  for  it  will  be  found  that  by  virtue  of 
the  supposed  relation  among  the  coefficients, 

pIfo'-Vd)        Pica'-,;}        rtab'-a'l,) 
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214.  We  shall  now  consider  the  peculiarities  which  may  occur 
when  d,  d\  and  d"  are  not  all  zero. 

We  shall  first  shew  that  if  the  value  of  any  one  of  the  un- 

N 
known  quantities  takes  the  form  — ,   the  given  equations  are 

inconsistent.  Suppose,  for  instance,  that  the  value  of  x  takes  this 
form,  that  is,  suppose  that 

a  ifid'  -  6  V)  +  a!  (6"c  -  6c")  +  a"  {he'  -  6  c) 

is  zero.  Of  course  if  the  given  equations  were  consistent,  any 
equation  legitimately  deduced  from  them  would  also  be  true. 
Now  multiply  the  first  of  the  given  equations  by  6'V  — 6V,  the 
second  by  he"  —  6"c,  and  the  third  by  6'c  —  5c'  and  add.  It  will  be 
found  that  the  coefficients  of  y  and  z  in  the  resulting  equation 
vanish ;  and  the  coefficient  of  a;  is  zero  by  supposition.  Thus  the 
first  member  of  the  resulting  equation  vanishes,  but  the  second 
member  does  not  j  hence  the  resulting  equation  is  impossible,  and 
therefore  those  from  which  it  was  obtained  cannot  have  been  con- 
sistent. 

215.  We  cannot  however  affirm  certainly,  that  if  the  value  of 

one  of  the  unknown  quantities  takes  the  form  jr ,  the  equations  are 

consistent,  but  not  independent.     For  it  is  possible  that  the  value 

of  one  of  the  unknown  quantities  should  take  this  form,  while 

N 
the  value  of  another  takes  the  form  -^ ;  and,  as  we  have  shewn 

N  . 
in  the  preceding  Article,  the  occurrence  of  the  form  -rr  is  an  indi- 
cation that  the  given  equations  are  inconsistent.     For  example, 
suppose  the  equations  to  be 

ax-^hy+cz  =  dy     a'x-\'hy  +  cz=-d\     ci'x  ■\- hy  •\- cz  =  d'\ 

Here  it  will  be  foimd  that  the  values  of  y  and  z  take  the  form 

jyr  0 

rr-,  and  that  of  x  takes  the  form  ^ . 
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Moreover,  if  the  values  of  all  the  imknown  quantitieB  take 

the  form  -  ,  wo  cannot  affirm  certainly  that  the  given  equations 

are  conaiatent,  but  not  uidependent.      For  example,   suppose  the 
equations  to  be 

ax  +  by  +  eti  =  d,     ax  +  bi/ +  en  =  d',     ax  +  hy  +  cx-  d"; 
here  it  will  be  found  that  the  values  of  all  the  unknown  quan- 
tities take  the  fomi  - ,  but  the  equations  themselves  are  ohvioualy 
incoosiBteat,  unless  d,  d',  and  if'  are  all  equal. 

216.  We  may  shew  that  if  the  numerators  in  tlie  values  of 
X,  y,  and  z,  all  vanish,  the  denominator  will  also  vanish,  assuming 
tliat  d,  d',  and  d"  ai*  not  all  zero. 

•Jor  supposing  these  numerators  to  vanish  we  have 
t  d  {b'c"  -  b"c')  +  d'  {b"c  -  be")  +  d"  {be' 

'  d  (e'a"  -  e"a')  +  d'  {</'a  -  ea")  +  d"  {ea' 

d  (a'b"~  a-'b')  +  d'  {a"b  -  ab")  +  d'^ab'- 
Let  us  denote  these  relations  for  ahortnesa  thus, 
Ad^Bd'+Cd"^li,    A'd-¥Bf<f-i-C'd"=0,    A"d  +  £"d'+G"a'^Q. 
By  Art.  213,  since  d,  d!  and  d"  ai-e  not  all  zero  the  following 
relation  must  also  hold, 

A  (B'C"  -  Jl"C')  +  A'  {B"C  -^  BG")  +  A"  (BC  -  B'C)  =  0. 
It  will  be  found  that 

B'C" ~ B''G'  =  a{a  (bV - U'd)  +  o' {b"c -  be")  +  a" {he' -  b'c)\ ; 
aiidB"0—SC"  and  BC  -  B'C  may  be  similarly  expi-eased,  so  that 
finally  the  relation  becomes 

\a  {b'e"  -  b"e')  +  a  {b"e  -  be")  +  a"  {bo"  -  b'c)Y  =  0. 
This  establishes  the  reqiured  result. 

217.  If  we  adopt  the  method  of  indeterminate  multipliers 
given  in  Art.  207,  it  may  happen  that  the  two  equations  for  find- 
ing I  and  m  are  incoTiaistiml ;  we  will  examine  this  case.     Suppose 

>  that  these  two  equations  ava  mw)Tis\^tKcSi 
e  tiie  raJae  of  ig  may  be  obtaiae^  fe«a.  'iiia 


-  a'h)  =  0. 
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second  and  third  of  the  given  equations,  without  using  the  first 
For  multiply  the  second  of  the  given  equations  by  i!\  and  the 
third  by  c\  and  subtract ;  thus  the  coefficients  of  y  and  z  vanish, 
and  we  have  an  equation  for  detennining  o^  For  example,  sup- 
pose the  equations  to  be 

Here  the  value  of  x  may  be  found  from  the  second  and  third 
equations ;  we  shall  obtain  a;  =  3  j  substitute  this  value  of  a;  in 
the  three  given  equations ;  from  the  first  we  have  ^y-k-Zz  —  7,  and 
fixjm  the  second  or  third  y  +  4:«  =  6 ;  hence  y  =  2  and  «  =  1. 

Again,  the  values  of  I  and  m  may  take  the  form  ? ,  $0  that 

the  two  equations  for  finding  them  are  not  independent  ]  we  ivill 
examine  this  case.  Here  we  have  6"c'  —  h'c"  =  0,  hd*  —  Vc  =  0,  and 
5'c  —  &(/=  0  ;  these  suppositions  are  equivalent  to  the  two  relations 

v  =  —  and  -T-  =  — .  Suppose  then  that  6'  =  2>6,  and  therefore 
he  be 

c'=pe,  and  that  b''  =  qh,  and  therefore  d'^qe.  Thus  the  given 
equations  are 

ax-vhy-¥cz-d^     a'x-¥  phy  •¥  pcz=  d',    a'^x-hqhy-^qcz==d^\ 
and  they  may  be  written  thus, 

ax  +  oy+cz  =  d,    —  x  +  oy-¥cz  =  — ,    —  x  +  by  +  cz^  — . 

P  P       9  q 

Here  x  may  be  foimd  from  any  two  of  the  equations ;  if  we  do 

910^  obtain  the  same  value  frx)m  each  pair,  the  given  equations  are 

of  course  inconsistent ;  if  we  do  obtain  the  same  value  for  as^  then 

the  given  equations  are  not  independent ;  and  in  fact  we  shall  in 

the  latter  case  have  only  one  equation  for  finding  by  +  cz,  so  that 

the  values  of  y  and  z  are  indeterminate.    For  example,  suppose  the 

given  equations  to  be 

x  +  2y  +  3z^l0,     3x  +  iy  +  6z  =  23,    x  +  Qy  +  9z  =  2L 

From  any  two  of  these  equations  we  can  find  a;  =  3 ;  then 
substituting  this  value  of  a;  in  any  one  of  the  three  equations  we 
obtain  2y  +  Zz=  7,  and  thus  y  and  z  are  indeterminate.  If,  how- 
ever, the  right-hand  member  of  one  of  the  given  equations  be 
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altered,  we  shall  not  obtain  tte  same  value  of  x  from  each  pair  of 
the  equations,  aad  thus  the  given  equations  will  be  inconsistent. 

218.  In  the  preceding  Articles  we  have  supposed  the  given. 
equations  to  be  solved,  and  froni  the  peculiar  forma  of  the  solu- 
tions  have  drawn  inferences  aa  to  the  iintiire  of  the  given  equa- 
iions.  We  will  now  take  one  example  of  investigating  a  relation 
between  the  equations  without  solving  them.  Suppose,  aa  before, 
tfaat  the  equations  are 

ax  +  by  +  cz  =  d,  a'x  +  h'y  +  o's  =  d',  a"x  +  h"y  +  c"a  =  d"; 
Aud  let  ua  find  the  relations  which  must  exist  among  the  known 
quantities,  in  order  that  the  third  equation  may  be  deducible  from 
the  otlier  two  by  multiplication  by  suitable  quantities  and  addition. 
Suppose  then  that  by  multiplying  the  fii'st  equation  by  X,  and  the 
■eccmd  by  /i,  and  adding,  we  obtain  a  result  which  is  coincident 
witli  the  third  equation.     Thus, 

{\a  +  ua')  a:  +  (X6  +  ^')  j/  +  {Xc  +  /ac')s  -\d  +  iid' 
is  equivalent  to  a"x  +  b"y  +  c"3  =  d"; 

that  is,  we  suppose  that 

\a  +  )ia'  _  a"        Xi  +  fih'     h"         Xc  +  fie'      c" 

»kd+fid'     d"'      kd+jid'     d"'      Xd+fid'     d" ' 
From  'die  last  three  equations  we  deduce 
X  _  aV-ff'd"        X  __  b"d  ■-  b-d"        X  ^  c-'J-d'd" 
fi      eid"—a"d'      [t,      bd"-b"d'      /a      cd"—c''d 
Hence  in  order  that  the  third  equation  may  be  deducible  from 
the  other  two  in  the  manner  proposed,  we  must  have  the  follow- 
ing relations  among  the  known  quantities, 

a"d'-  a'd"  _  V'd'-Vd"  yd'-ii^' 
ad'—a'd       bd"~b"d       cd"— c"d 
It  is  easy  to  shew  that  if  these  relations  hold,  the  values  of 
X,  y,  and  z  take  the  fonn  rr.     For  by  multiplying  up  we  obtain 

results  which  shew  that  the  numerators  in  the  values  of  «,  y, 
and  z  vanishj  and  then  by  Art.  216  the  denominator  will  also 
viunish. 
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V, 


MISCELLANEOUS   EXAMPLES.      CHAPTER  XV. 


a;*  +  3a:"  —  7a:*  —  21a;  —  36 
1.     Reduce  -j — ^r-j — r^— = — =-; -jr  to  its  simplest  form. 

\  ,-     2.     Shew  that 
(a  +  6  +  c)  (a"  +  6'  +  c"  +  abc)  -  (a5  +  6<j  +  ca)  (a'  +  6'  +  c*)  =  a*  +  6*  +  c*. 

relation  between  ^  and  x, 

V  ^    4.     If  2«  =  a  +  6  +  c,  shew  that 

^  '1111  a6« 

+  — ,  + 


8 —a     8  —  b     8  —  C      8     «(«  — «)(«  — 6)(«  — c)* 

\^  5.     Shew  that  the  g.c.m.  of  two  quantities  is  the  L.C.M.  of 
their  common  measures. 

^6.     Solve  the  equation 
^  (a;-9)(a;-7)(a;-5)(a;-l)  =  (a;-2)(aj-4)(a:-6)(a!-10). 

'.  /  7.     Solve  the  simultaneous  equations 

a;  +  y  +  «  =  0,  /    aa;  +  6y  +  c«  =  0, 

hex  +  cay  +  abz  +(a  —  h){h-  c)  (c  —  a)  =  0. 

8.  If  -  +  =-+-  = = ,  shew  that 

a     6      c      a+6+c 

/I     1     iy"+* 1 

9.  A  person  leaves  £12670  to  be  divided  among  his  five 
children  and  three  brothers,  so  that  after  the  legacy  duty  has  been 
paid,  each  child's  share  shall  be  twice  as  great  as  each  brother's. 
The  legacy  duty  on  a  child's  share  being  one  per  cent,  and  on  a 
brother's  share  three  per  cent.,  find  what  amounts  they  respectively 
receive. 

V  ,      10.     Solve  the  equation 
^  12  3  6 


x  +  Qa     x-3a     a;  +  2a     x  +  a' 


0?  /^  ii^f^eJU^ 
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XVI.    INVOLUTION. 

319.  If  a  quantity  be  continually  multiplied  by  itself,  it  is 
aud  to  be  involved  or  raised,  and  the  power  to  which  it  is  raised 
is  oipresaed  by  the  number  of  times  the  quantity  has  been  em- 
^oyed  in  the  muItipUcation.     The  opci-ation  ia  called  InvoliUion. 

^UB,  as  we  have  Htat«d  (Art.  IG),  ax  a  or  a'  ia  called  the 
aecond  power  of  a;  a  -xa  x  a  or  a'  is  called  the  third  power 
of  a;  and  so  on. 

220.  If  the  quantity  to  be  involved  have  si  negative  sign 
pi-efixcd,  the  sign  of  the  even  powers  will  lie  positive,  and  the 
sign  of  the  odd  powers  will  be  negative. 

221.  A  simple  quantity  is  raised  to  any  power  by  multiply- 
ing the  index  of  every  faotor  in  the  quantity  by  the  exponent  of 
that  power,  and  prefixing  the  proper  sign  determined  by  the  pre- 
ceding Article. 

Thus  o"  raised  to  the  w*  power  ia  a";  for  if  we  form  the 
product  of  n  fuctors,  each  of  which  ia  n",  the  result  by  the  rule  of 
multiplication  is  o™.  Also  (a6)*  =  a6  xoA  x  afi...  to  n  factore, 
that  ia,  axax  a  ..  to  n  factors  xix6x6...  to  n  fuctora,  that 
IB,  a*  X  h".  Similarly,  a'h'c  raised  to  the  fifth  power  is  a'°6'V. 
Also  —  a"  raised  to  the  ji""  power  is  ±  a"",  whei-e  the  positive  or 
negative  sign  is  to  be  prefixed  according  as  n  is  an  even  or  odd 
number.  Or  as  —  «"  =  -  1  x  ra",  the  it"'  power  of  —  a"  may  be 
written  thus  (-  1)"  x  u""  or  (-  Ifa"". 

222.  If  tlie  quantity  which  ia  to  be  involved  be  a  fi-action, 

I       both  its  numerator  and  denominator  must  be  raised  to  the  pro- 
L     fgoed  power.     (Art.  112.) 
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223.  If  the  quantity  wldch  is  to  be  involyed  be  eompcuni^ 
the  inyolution  may  either  be  represented  by  the  proper  index,  or 
may  actually  be  performed. 

Let  a  +  6  be  the  quantity  which  is  to  be  raised  to  any 
power, 


a  +  5 

a'  +  2ab  +6' 

a»  +  3a'6  +  3a6«  +  y 

a  +  h 

a  +  b 

a  +  b 

a'  +  ab 

a'  +  2a'b  +  ab' 

a*  +  3a»6  +  3a V  +  a6» 

+  ah-^b' 

+  a'b  -^2ah'  +  b' 

+  a'6  +  3a'6' +  3a6»  +  6* 

a'  +  2ab  +  b' 

a»  +  3a'6  +  3ab'  +  6» 

a*  +  4a«6  +  6a'6*  +  4a6'  +  6* 

Thus  the  square  or  second  power  of  a  +  6  is  a'  4-  2ab  +  6*,  the 
cube  or  third  power  of  a  +  b  is  «'  +  3a'6  +  3a6*  +  6',  the  fourth 
power  of  a  +  6  is  a*  +  4a'6  4-  6a*6*  +  4a6'  +  ft*,  and  so  on. 

Similarly,  the  second,  third,  and  fourth  powers  of  a  —  6  will 
be  found  to  be  respectively  a*  —  2ab  +  5-*,  a'  -  3a*6  +  3ah'  —  6",  and 
a*  —  4a"6  +  QaV—  4a6'  +  6*;  that  is,  wherever  an  odd  power  of  b 
occurs,  the  negative  sign  is  prefixed. 

We  shall  hereafter  give  a  theorem^  called  the  Binomial  Theo- 
rem, which  will  enable  us  to  obtain  any  power  of  a  binomial  ex- 
pression without  the  labour  of  actual  multiplication. 

224.  It  is  obvious  that  the  n^  power  of  a"*  is  the  same  as  the 
m^  power  of  a",  for  each  is  a"*";  and  thus  we  may  arrive  at  the 
same  result  by  different  processes  of  involution.  We  may,  for 
example,  find  the  sixth  power  of  a  +  6  by  repeated  multiplication 
by  a  +  b  I  or  we  may  first  find  the  cube  of  a  +  b,  and  then  the 
square  of  this  result,  since  the  square  of  (a  +  by  is  (a  +  bf;  or  we 
may  first  find  the  square  of  a  +  6  and  then  the  cube  of  this  result, 
since  the  cube  of  (a  +  6)*  is  (a  +  6)'. 

225.  It  may  be  shewn  by  actual  multiplication  that 
{a+  b  +  cy  =  a*  +  b*  +  c'  +  2ab  +  2bc  +  2ac, 

(a  +  b  +  c  +  dy  =  a*  +  V  +  c*  +  d*  +  2ab  +  2ac  +  2ad  +  2bc  f  2bd  +  2cd, 

The  following  rule  may  be  observed  to  hold  good  in  the  above 
and  similar  examples :   the  square  of  any  multinomial  consists  of 
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Stt  aguare  of  each  term,  together  with  Iwlco  tkc  product  oj'  every  pair 

Another  form  may  also  be  given  to  these  resulta, 
{a+b  +  c)'  =  a'  +  2a  (6  +  c)  +  &'  +  26c  +  c', 
(o  +  6  +  c  +  d)'  =  ffl"  +  2a  (6  +  c  +  rf)  +  6'  +  26  (c  +  (?)  +  c*  +  2crf  +  d*. 
The  following  rule  may  be  obaervod  to  hold  good  in  the  above 
and  similar  examples  :  ihe  square  of  any  mutlmomial  conmatg  o/the 
gquare  of  eadh  lerm,  togetlier  wiUi,  twice  the  product  of  each  term  hy 
the  sum  of  all  the  teriiis  which  follow  it. 

These  rules  may  be  atrictly  demonatrated  by  the  process  of 
mathematical  induction,  which  will  be  explained  hereafter. 

226.  The  following  are  additional  examples  in  which  we 
employ  the  first  of  the  two  mles  given  in  the  preceding  Article, 

(a-h  +  ey^a'  +  h'  +  c'-  2ab  -  26c  +  2ac, 
f.(l  ~2x+  Sx'y  =  1  +  Ix"  +  Oa:*  -  4a;  -  13;k'  +  Ga.-' 

fl^  +  x  +  x'  +  3^)'=l  +  z'  +  x*  +  x'  +  2x+2x-+2x'+2J'+'Jx*^-2x' 
=  1  +2a;+3a;'+4«'  +  3a:'+2a:'  +  3;'. 

227.  The  results  given  in  Art,  55  for  the  cube  of  a  +  J,  the 
cube  of  n  —  6,  and  the  cube  of  a  +  6  +  c  should  be  carefiilly  noticed. 
The  following  may  also  he  verified. 

{a  +  6  +  p  +  t^)'  =  »"  +  6'  +  c"  +  d' 
+  3a'{b  +  e  +  d)i-Zb'(a  +  c  +  d)  +  3c'{a  +  iii:d)  +  3d'{a+b  +  c) 
+  &ab0, 

EXAUPLE8  OP   INVOLUTION. 

Find  (I  +  3a;  +  Sx')'.  ^2.     Find  (1  -  a:  +  a:'  -  a')'. 

Find  (a  +  6  -  c}'.  /i.     Find  (1  +  2aj  +  «")'. 

Find  {l  +  3x  +  3x'  +  a*)'  +  {l-3x  +  3=^^  a?)'. 

(27a*-}8aV- 6')'      (9a'  -  by  (6' -  a')  _  , , 
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yj  7.     Shew  that  {ax'  +  2bxi/  +  cf)  {aX*  +  26X7  +  cJ ^ 

=  {axX^-  oyY+  h  (a;r  +  yX)}'+  (oc-  6")  {xT-yXy. 

\'    8.     Show  that  (a;'+;3xy +  yy')  (X'  +  pXF  +  ^r*) 

=  (a;A"+ j»yX+  qy Y)*  +p  (xX+pyX+  qyj)  {xT-  yX)+  q{x7-'  yXf 

and  also 

=  {xX+pxY-^'qyYy-^p{xX-¥pxY+qyT){yX''xY)-\-q{xT'-yX)\ 

<  9.     Simplify 

(1  -  IQg'  -f  bx*)  (5  -  30a;'  +  5a?*)  +  (5a;  -  IOj:*  -f  a')  (20a;  -  20g^) 

(5a;  -  10a;'  +  a;*)"  +  (1  -  lOa;*  +  5a;*)* 

V  10.     Shewthat  (a'  +  6'-f  c'+rf')(;>*  +  /  +  r'  +  *') 

=  (op  —  hq-^cr  —  daf  +  {aq  +hp-C8  —  dry 

+  {ar  —  h8'-cp+  dqY  +  (a«  +  6r  +  eg'  +  c^P)*. 

XVII.     EYOLUTIOK 

228.  Evolution,  or  the  extraction  of  roots,  is  the  method  of 
detennining  a  quantity,  which  when  raised  to  a  proposed  power 
will  produce  a  given  quantity. 

229.  Since  the  n^  power  of  a"*  is  a"*",  an  n^  root  of  a""  must 
be  a* ;  that  is,  to  extract  any  root  of  a  simple  quantity,  we  divide 
the  index  of  that  quantity  by  the  index  of  the  root  required. 

230.  If  the  root  to  be  extracted  be  expressed  by  an  odd 
number,  the  sign  of  the  root  will  be  the  same  as  the  sign  of  the 
proposed  quantity,  as  appears  by  Art,  220,     Thus, 

231.  If  the  root  to  be  extracted  be  expressed  by  an  even 
number,  and  the  quantity  proposed  be  positive,  the  root  may  be 
either  positive  or  negative ;  because  either  a  positive  or  negative 
quantity  raised  to  an  even  power  is  positive  by  Art.  220.     Thus, 

J{a')  =  A  a. 

232.  If  the  root  proposed  to  be  extracted  be  expressed  by  an 
even  number  and  the  sign  of  the  proposed  quantity  be  negative, 


+  b'{_a  + 
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die  root  cannot  be  extmcted  j  because  no  quantity  raised  to  an 
even  power  can  produce  a  negative  result.     Such  roota  are  culled 


233.  A  root  of  a  fraction  may  be  found  by  taking  tliat  root 
of  both  the  numerator  and  denominator.     Thus, 

v'Q-s  •"'•'  \/(- ?)-"?■ 

234.  Wg  ivill  now  inveatigate  the  method  of  extracting  the 
sc^uare  root  of  a  compound  quantity. 

Since  tlie  square  root  of  a'  +  2a5  +  6'  is  a  +  6,  we  may  be  led 
to  a  general  nile  for  tho  Bstraction  of  the  square  root  of  an  alge- 
braical expression  by  observing  in  what  manner  a  au'.l  6  may  be 
derived  from  a'  +  2ah  +  b'. 

I 

^^^  Arrange  the  terms  according  to  the  dimciiEions  of  tJne  letter  a, 
then  the  first  term  is  a',  and  its  square  root  ia  n,  which  is  the  first 
term  of  the  required  root  Subtract  its  square,  that  is  a',  from 
the  whole  ejtpresaion,  and  bring  down  the  remainder  2ab  +  h', 
Divide  2iii  by  2™  and  the  quotient  ia  6,  which  ia  the  other  t«rm 
of  the  required  ivwt.  Multiply  the  sum  of  twice  tiie  firat  term 
and  the  second  tenn,  that  ia  2»  -t-  6,  by  the  second  term,  that  is  6, 
and  subtract  the  pi-oduct,  that  is  2ah  +  6',  from  the  remainder. 
This  finishes  the  operation  in  the  present  ca.se.  If  there  were 
more  terms  we  should  proceed  with  o  +  6  as  we  did  formerly 
with  a ;  its  square,  that  is  a'  +  2a6  +  h',  has  already  been  sub- 
tracted from  the  proposed  expi-ession,  so  we  should  divide  the 
remainder  by  the  double  of  a  +  6  for  a  new  tenu  in  the  root,  and 
then  for  a  new  subtnvliend  we  should  multiply  this  term  by  the 
sum  of  twice  the  former  terms  and  this  tei-m.  The  process  must 
bs  oostinned  until  the  requii-ed  root  is  found. 


+  bj  2ab  +  b' 
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235.     For  example,  required  the  square  root  of  the  expres- 
Bion  4a5*-12aj"+5x*+6a!+l. 

4a;*-12x»  +  5a;*  +  6a;+l  (2x*-'Zx-l 
Ax' 

4a:*-3a:;  -12aj"  +  5aj"+  6a;  +  l 
-12aj»+9aj* 


iix^-ex-lj  -4a:*+6a;  +  l 

-4a:j'+  6a; +  1 


Hera  the  square  root  of  Ax*  is  2x*,  which  is  the  first  term  of 
the  required  root.  Subtract  its  square,  that  is  Ax*,  from  the 
whole  expression,  and  thd  remainder  is  —  12a;'  +  5x'  +  6a;  +  1. 
Divide  —  12a;'  by  twice  2a^y  that  iS  by  4a;*,  the  quotient  is  —  3a;, 
which  will  be  the  next  term  of  the  required  root;  then  mid- 
tiply  4a;*  —  3a;  by  —  3a;  and  subtract,  so  that  the  remainder  is 
—  4a;'+6a;  +  l.  Divide  by  twice  thd  portion  of  the  root  already 
fouud,  that  is  by  4a;*  -  6a; ;  this  leads  to  —  1 ;  the  product  of 
4a;*  —  6a;  —  1  and  —  1  is  —  4a;*  +  6a;  + 1,  and  when  this  is  subtracted 
there  is  no  remainder,  and  thus  the  required  root  iH  2iK^—  3a5—  1. 

For  another  example,  required  the  square  root  of  the  expres- 
sion a;'  -  6aa;*  + 1 6a^x*  -  20a V  +  1 6a*a?  ^  6a*aj  +  a'.  The  operation 
may  be  arranged  as  before, 

a;'  -  6aa;*+  15a*a;^-  20aV+15aV-  ^a^it^a!'  {^a;'-3aa;'+  3a*a;  -  a" 
x' 

2x''  -  Soa;*^  -  6aa;*  +  15a*a;*  -  20aV  +  15aV  -  6a'^a;  +  a' 
-  6a*»  +  9aV 


2a;'  -  eaaf  +  3a*a;^  6a*a;*  -  20a V  +  15aV  -  6a'^a;  4  a* 

6a*a;*-18aV+9aV 


2x^  -  6ax'  +  6a'a;  -  a*;  -  ^(^""^   +  6^ V  -  6a»a;  +  a' 

-  2aV   +  6a V  -  6a*a;  +  a* 
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236.  It  haB  been  already  remarked,  that  all  even  roots  admit 
of  a  double  sign.  (Art  231.)  Tlius  ia  tlie  first  example  of  Art.  235, 
the  expression  23f  —  3x—l  ia  found  to  be  a  square  root  of  the 
expression  there  given,  and  —  2x'  +  3:e  +  1  will  also  be  a  square 
root,  as  may  be  verified.  In  fact,  the  process  commenced  by  tike 
extraction,  of  the  square  root  of  4x',  and  this  nught  bo  taken  aa 
Sje"  OP  as  —  2a!'  J  if  we  adopt  the  latter  aiid  continue  the  opera- 
tion in  the  same  manner  as  before,  we  shall  arrive  at  the  result 
—  Sar"  +  3a:  +  1,  Similai-ly  in  the  second  example  of  Art.  235  we 
see  that  —  ic"  +  3eue'  —  Za'x  +  a'  will  also  be  a  square  root. 

237.  The  fourlk  root  of  an  expression  may  be  found  by  ex, 
tracting  the  square  root  of  the  Square  root.  Similarly  the  ei^htli 
root  may  be  found  by  thi-ee  successive  extractions  of  the  square 
root,  and  the  sixteenth  root  by  four  auedessive  extractions  of  the 
square  root,  and  so  on. 

For  example,  requiied  the  fourth  root  cf  the  expression 
81k'  -  432:e'  +  S64:c'  ^  768a:  +  2D6. 
Proceed  as  in  Art.   235,   and  we'  shall  find  that  the  square  root 
of  the  proposed  expression  is  9i'— 24a;  +  16;  and  the  square  root 
of  this  is  3*  —  4,  which  ia  therefore  the  fourth  root  of  the  proposed 
expreSaiotN 

238.  The  preceding  investigation  of  the  square  root  of  an 
Algebraical  expre«sioii  will  enable  us  to  prove  the  rule  for  the 
extraction  of  the  square  root  of  a  number,  which  is  given  in 
Arithmetici 

The  square  root  of  100  is  10,  of  10000  is  100,  of  1000000  ia 
1000,  and  so  on  ;  hence  it  will  follow  that  the  squajro  root  of  a 
nomber  less  than  lOO  must  consist  of  only  one  figure,  of  a  number 
between  100  and  10000  of  two  places  of  figures,  of  a  number  be- 
tween 10000  and  lOCtOOOO  of  three  places  of  figures,  and  so  on. 
If  then  a  point  be  placed  over  every  second  figure  in  any  number 
beginning  with  the  units,  the  number  of  points  will  shew  the 
number  of  figures  in  the  square  root  Thus  the  square  root  of 
4356  consists  of  two  figures,  the  square  root  of  G11524  of  three 
figures,  and  so  on. 
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239.     Suppose  the  square  root  of  4356  required. 

Point   the   number  according  to 

the  rule :  thus  it  appears  that  the  4356(^60  +  6 

''t  ft  0  0 
root  consists  of  two  places  of  figures.  o  %3  \t  \j 

Let  a  +  6  denote  the  root,  where  ais     120  +  6^756 
the  value  of  the  figure  in   the  tens*  7  5  6 

place,  and  b  the  figure  in  the  units' 

place.  Then  a  must  be  the  greatest  multiple  of  ten  which  has 
its  square  less  than  4300 ;  this  is  found  to  be  60.  Subtract  a', 
that  is  the  square  of  60,  from  the  given  number,  and  the  remain- 
der is  756.  Divide  this  remainder  by  2a,  that  is  by  120,  and  the 
quotient  is  6,  which  is  the  value  of  b.  Then  (2a  +  b)  5,  that  is 
126  X  6  or  756,  is  the  quantity  to  be  subtracted ;  and  as  there  is 
now  no  remainder,  we  conclude  that  60  +  6  or  66  is  the  required 
square  root. 

It  is  stated  above  that  a  is  the  greatest  multiple  of  ten  which 
has  its  square  less  than  4300.  For  a  evidently  cannot  be  a 
greater  multiple  of  ten.  If  possible  suppose  it  to  be  some  multi- 
ple of  ten  less  than  this,  say  x ;  then  since  a;  is  in  the  tens'  place, 
and  b  in  the  units'  place,  x  +  b  ia  less  than  a ;  therefore  the  square 
ofx  +  b  is  less  than  a',  and  consequently  x  +  b  ia  less,  than  the 
true  root. 

If  the  root  consist  of  three  places  of  figures,  let  a  represent 
the  hundreds  and  b  the  tens;  then  having  obtained  a  and  b  as 
before,  let  the  hundreds  and  tens  together  be  considered  as  a  new 
value  of  a,  and  find  a  new  value  of  b  for  the  units. 

The  cyphers  may  be  omitted  for  the  sake  of  brevity,  and  the 
following  rule  may  be  obtained  from  the  process. 

Point  every  second  figure  beginning  with 
the  units'  place,  and  thus  divide  the  whole  4  3  5  6  (^6  6 

number  into  several  periods.     Find  the  great-  ^  ^ 

est  number  whose  square  is  contained  in  the  12  6^756 
first  period ;    this  is  the  first  figure  in  the  7  5  6 

root ;  subtract  its  square  from  the  first  period, 
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■nd  to  the  remainder  bring  down  the  next  period.  Divide  tliis 
qaantity,  omitting  the  laat  figure,  by  twice  the  part  of  the  root 
alreadj  found,  and  annex  the  result  to  the  root  and  slso  to  the 
diTisor,  then  multiply  the  divisor  as  it  now  atanda  by  the  part  of 
tite  root  last  obtained  for  tlie  subtraliend.  If  there  be  more 
periods  to  be  brought  down  the  operation  must  be  repeated, 

240.     Estnict  thesquareroot  of  C11524;  sine  of  102-iG401. 

6il524(782       10240401(3201 
4  9  0 

1  4  8^1  2  1  5  C2;i  2  4 
1184  124 


1562;3124  6401;G40J 

3  12  4  C  4  0  I 

In  the  second  example  tlie  student  should  observe  the  occur- 
rence of  the  cypher  in  tlie  root. 

241,  The  rule  for  extracting  the  Bquai-e  root  of  a  decimal 
follows  from  the  preceding  rule.  We  must  observe,  however,  that 
if  any  decimal  he  squared  there  wi!l  he  an  even  number  of  decimaJ 
places  in  the  result,  and  therefore  there  cannot  he  an  exact  square 
root  of  any  decimal  which  in  its  simplest  state  has  an  odd  niimber 
of  decimal  places. 

The  squai-e  root  of  21 '76  is  one-tenth  of  the  squai-e  root  of 
100  X  21 '76,  that  is  of  2176.  So  also  the  square  root  of '0361  is 
one-hundredth  of  that  of  10000  x  -0361,  that  is  of  361.  Thus  we 
may  deduce  this  rule  for  extracting  the  square  I'oot  of  a  decimal  : 
put  a  point  over  eveiy  second  figiire  beginning  at  the  units'  place, 
and  continuing  both  to  the  right  and  left  of  it ;  then  proceed  aa 
in  the  extraction  of  the  square  root  of  integers,  and  mark  off  aa 
many  decimal  places  in  the  result  as  the  number  of  periods  in  tlie 
dtyi'rfml  part  of  the  proposed  nui 
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242.  The  student  will  probably  soon  aoquire  the  oonvictioii 
that  many  integers  have  strictly  speaking  no  square  root.  Take 
for  example  the  integer  7.  It  is  obvious  that  7  can  have  no 
integer  for  its  square  root ;  for  the  square  of  2  is  less  than  7,  and 
the  square  of  3  is  greater  than  7.  Nor  can  7  have  any  fraction  as 
its  square  root.  For  take  any  fraction  Which  ii^  strictly  a  fraction 
and  not  an  integer  in  a  fractional  form,  and  multiply  this  fruction 
by  itself ;  then  the  product  will  be  a  fraction :  this  statement  can 
be  verified  to  any  extent  by  trial,  and  may  be  demonstrated  by 
the  principles  of  Chapter  lil  Thus  7  iias  ho  square  root>  either 
integral  or  fr*actionaL  In  like  manner  no  integer  can  have  a 
square  root  unless  that  integer  be  one  of  the  set  of  numbers 
1,  4,  9,  16,  ...  which  are  the  squared  of  the  ilatural  numbers 
1,  2,  3,  4,  ...,  and  are  called  square  numbers, 

243.  In  the  extraction  of  the  square  root  of  an  integer,  if 
there  is  still  a  remainder  after  we  have  arrived  at  the  figure  in 
the  units'  place  of  the  root,-  it  iiidi^tes  that  the  proposed  number 
has  not  an  exact  square  root.  We  itikj  if  we  please  proceed  with 
the  approximation  to  any  desired  extent  by  supposing  a  decimal 
point  at  the  end  of  the  proposed  ntimber,  aiid  annexing  any  even 
number  of  cyphers  and  continuing  the  operation.-  We  thus  obtain 
a  decimal  part  to  be  added  to  the  integral  pai-t  already  found. 

It  may  be  observed  that  in  such  a  case  by  continuing  the 
process  we  shall  not  arrive  at  figures  in  the  root  which  circuliUe 
or  recur.  For  a  recurring  decimal  can  be  reduced  to  a  fraction  by 
a  rule  given  ill  books  oil  Arithnietic,  and  ivhidi  Mil  be  demon- 
strated in  Chapter  tioLi ;  sxLd  therefore,  if  the  square  root  were 
a  recurring  decimal  it  could  te  expr^Sse'd  as  a  fraction,  and  so 
there  would  be  an  exact  square  r'aot,  which  is  contrary  to  the 
supposition. 

Similarly,  if  a  decimal  number  has  no  exact  square  root,  we 
may  annex  cyphers  and  proceed  with  the  approximation  to  any 
desired  extent. 
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244.     Tbe  following  is  the  extraction  of  the  square   root  of 
twelve  to  seven  decimal  places* 

1  2-0  6  0  0...  {^3-46410  1  6 
9 


64^300 
256 


686;440d 
4116 


6924^28400 
27  696 


69281^70400 
69281 


6928201^1 1190000 

692820  1 


6928202  6^4261 7  9  90d 

415692156 


16487744 


Thus  we  se^  in  what  sensed  we  can  be  6aid  to  approximate  to 

the  square  root  of  12  :  the  it(|uare  of  3*4641016  is  less  than  12, 

and  the  square  of  3*4641017  is  greater  than  12  ;  the  former  square 

differs  from  12  by  the  fraction  which  has  10487744  for  numerator 

and  10'^  for  deiioininatoi'. 

245.  It  can  be  demonstrated  by  the  principles  of  Chapter  lit. 
that  no  fraction  ean  have  a  square  root  unless  the  numerator  and 
denominator  are  both  Eiqiiare  ntimbers  when  the  fiuction  is  in  its 
lowest  terms.  But  we  may  approximate  to  any  desired  extent 
to  the  square  root  of  a  fraction. 
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3 

Suppose    for    example   we   require    the   square   root   of  = . 

/3     k/3 
We  might  proceed  thus:       / n~^n^>  ^^^  approximate  to  the 

square  root  of  3  and  to  the  square  root  of  7,  and  divide  the  former 
result  by  the  latter.     But  the  following  methods  are  preferable. 

3 
CJonvert  =  into  a  decimal  to  any  required  degree  of  approxi- 
mation ;  and  approximate  to  the  square  root  of  this  decimal. 

approximate  to  the   square   root   of  21    and   divide  the  result 
by  7. 

246.  When  n  +  1  figures  of  a  square  root  have  been  obtained 
by  the  ordinary  method^  n  more  may  be  obtained  by  division  ordy^ 
supposing  2n  +  1  to  be  the  whole  number. 

Let  i\r  represent  the  number  whose  square  root  is  required, 
a  the  part  of  the  root  already  obtained,  x  the  part  which  remains 
to  be  found ;  then 

JN'=a-k-Xt 

so  that  JV  =  a*  +  2,ax  +  re', 

therefore,  iT  -  a*  =  2ax  +  «*, 

,  N-a^  a? 

^"^  -2^=^^2S- 

Thus  N-  a*  divided  by  2a  will  give  the  rest  of  the  square 

a*  X* 

root  required,  or  jc,  increased  by  -^ ;  and  we  shall  shew  that  — 

Za  Za 

is  a  proper  fraction^  so  that  by  neglecting  the  remainder  arising 
from  the  division  we  obtain  the  part  required.  For  x  by  sup- 
position contains  n  digits,  so  that  a?'  cannot  contain  more  than 

2/1  digits ;  but  a  contains  2w  +  1  digits,  and  thus  ^r-  is  a  proper 

fraction. 
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The  above  demouatration  jmpliea  that  JV  is  rd  integer  with 

an  exact  equare  root :  but  we  may  easily  extend  the  reault  to 

uther  cases.     For  example,  suppose  we  require  the  square  root 

of  13  to  4  places  of  decimals.     We  have  in  iiict  to  seek  the  sqaaro 

rtwt  of  1200000000,  and  to  divide  the  reavilt  hy  10000.     Kow 

the  process  in  Art.  24i  shews  that  1200000000- 1119  =  {34G11)'. 

Here  Jf  may  stand   for    1200000000- lliD;   and   then  a  may 

stend  for  34600  and  b  for  41.     Thus  the  demonsti'ation  assures 

ns  that  we  can  ohtain  41  by  dividing  2840000  by  69200,  that  is 

by  dividing  28400  by  692  :  and  this  coincides  with  the  rule  given 

ia  books  on  Arithmetic. 

In  like  manner  if  wo  require  the  square  i-oot  of  12  to  6  places 
of  decimaia,  the  last  thi-ee  figures,  namely  101,  can  be  obtained  by 
dividing  704000  by  6028. 

247.  Wo  wOl  now  investigate  the  method  of  exti-actiug  the 
cube  root  of  a  compound  quantity. 

The  cube  root  of  o"  +  3a'i  +  3ab'  +  b'  ia  a  +  b,  and  to  obtain 
Has  we  may  iiroceed  thus  ;  Ari'an"e  ,     „  ,,     „   ,.     „  , 

the  terma   according  to  the   diroen-  ,  ^ 

Biona  of  one  letter  a,  then  the  first      

term  is  a',  and   ite  cube  root  is  a,       3"'^  3(('6  +  3ai'  +  6' 
which  is  the  first  term   of  the  re-  3a'b  +  3ali'  +  b' 

quired  root.     Subtract  its  cube,  that 

is  a',  from  the  whole  expression,  and  bring  down  the  remainder 
3a'b  +  Sab'  +  6',  Divide  the  first  term  of  the  remainder  by  3o', 
and  the  quotient  is  6,  which  is  the  other  term  of  the  required 
root;  then  subtract  3a'b  +  3ali' +  b'  from  the  remainder,  and  the 
whole  cube  of  a  +  S  has  boon  subtracted.  This  finishes  the  oiwi-a- 
tion  in  the  pvesrnt  case.  If  there  were  more  terma  we  sliould 
proceed  with  a  +  b  as  we  formerly  did  with  a ;  its  cube,  that  is 
a*+ 3a'i  +  3ai'  + J°,  hna  already  been  subtracted  from  the  pro- 
jMWed  expression,  so  we  should  divide  the  remainder  bj  3  (a,  4-  6^ 
&ir»Jww  tena  ia  the  root;  and  ao  on. 
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248.  It  will  be  convenient  in  extracting  the  cube  root 
of  more  complex  algebraical  expressions,  and  of  numbers^  to 
arrange  the  process  of  t}i9  precedyig  Article  in  three  columns, 
as  follows: 

3a  +  5  3a*  a"  +  3a'6  +  3a6*  +  6»  (^a  +  6 

3a'+3a6  +  §*  3a'6  +  3a6'  +  5» 

3a'6  +  Sab*  +  6» 


Find  the  first  term  of  the  root,  that  is  a ;  put  a"  under  the 
given  expression  in  the  third  column  and  subtract  it.  Put  3a 
in  the  first  column,  and  3a*  in  the  second  column;  divide  3a*A 
by  3a*,  and  thus  obtain  the  quotient  5;  add  b  to  the  quantity 
in  the  first  polumn;  multiply  the  expression  now  in  the  first 
column  by  b,  and  place  the  product  in  the  second  column  and  add 
it  to  the  quantity  already  there;  thus  we  obtain  3a*  +  3a6  +  6*; 
multiply  this  by  b  ai^d  w^  pl^tain  3a*6  +  3a6*  +  6*,  which  is  to  be 
placed  in  the  third  column  and  subtracted.  We  have  thus  com- 
pleted the  process  of  subtracting  (a +  6)'  from  the  oidginal  ex- 
pression. If  there  were  more  terms  the  process  would  have  to 
be  continued. 

249,     In  continuii^g  the  operation  wa  must  add  such  a  quan- 
tity to  the  first  coliunn  as  to  obtain  there  thr§e  times  the  part  of 
the  root  already  found.     This  is  conveniently  ejected       „         _ 
thus :   we  have  already  in  the  first  column   3a  +  6 ;  ^ ,  | 

place  2b  under  the  b  and  add ;  so  we  obtain  3a  +  36,       

which  is  three  times  a  +  6,   that  is,  three  tinges  jJie       3*  +  ^^ 
part  of  the  root  already  found.     Moreover,  we  must  add  such  a 
quantity  to  the  sepond  column  as  to  obtain  there  three  times  the 
square  of  the  part  of  the  root  already  found. 
This  is  conveniently  effected  thug:   we  have  (3a+6;o 

already  in  the  second   column  (3a  +  b)  b,  and  ^^'  +  3a6  +  5* 

below  that  3a*  +  3ab  +  b' ;  place  6*  below  and 

add  the  expressions  in  the  three  lines  ;  so  we         3a*  +  ^ab  +  W 
obtain    3a*  +  ga6  +  36*,    which  is  three  times 
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(a  +  by,  that  ia,  three  timea   the  equuru  of  tho  part  of  tlie  i 
nlready   found. 


S50.     Eaamplo;  extract  the  cube  root  of 


-3m 

(6»'- 

3«) 

12i:'- 

ISa^ 

+  S.V 

12a;'- 

36«c' 

+  S7ty 

9«;  +  / 

12iB*-36ca:'+  33cV-9c'a:  +  c' 
Sas*  -  SCkb*  +  66cV  -  63(!"fl!'  +  33cV  -  Oc'a;  +  o'  (  2x'  -  3cx  +  c' 


w 


-  36eB'  +  66cV  -r  63oV  +  33cV  -  0<^x  + 
36Mi'+54cV-27cV 


12cV  -  36cV  +  33c^a;"  -  9c'x  +  c* 
12cV  -  36c'a^  +  33cV  -  Oe'a!  +  c' 


The  cube  root  of  8^  ia  2:i:'  which  will  be  the  first  term  of  tho 
nMt;  put  8a:'  under  the  given  espreasion  in  the  third  coluiun  and 
subtract  it.  Put  three  times  2a^  in  the  firat  coluiun,  and  three 
times  the  square  of  2}^  iij  the  secoq.d  column;  that  ia,  put  Gn^  in 
the  first  column,  and  12a!*  in  the  second  column.  Divide  —  SGisc* 
by  12a;',  and  thus  obtain  the  quotient  -Sex,  which  will  be  the 
second  term  of  the  root;  place  this  term  in  the  first  column, 
and  multiply  the  expression  now  in  the  first  column,  thnt  is, 
6ie'— 3cz  by  —See;  place  tlie  product  under  the  quantity  in  tho 
second  column  and  add  it  to  that  quantity;  Ihua  we  obtain 
ISa;*—  181^+  Qc'ji';  multiply  this  by  -  3cx,  and  plfico  the  product 
in  the  third  column  and  subtract.  Thus  we  have  a  remainder  in 
the  third  column,  and  the  pai-t  of  the  root  already  found  is 
2a:'-3c«. 
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We  must  now  adjust  the  first  and  second  columns  in  the 
manner  explained  in  Art.  249.  We  put  twice  —Sex,  that  is, 
—  6cx,  under  the  quantity  in  the  first  column,  and  add  the  two 
lines ;  so  we  obtain  Go:*  —  9cx,  which  is  three  times  the  pait  of 
the  root  already  found.  We  put  the  square  of  —  3cx,  that  is,  9c V, 
under  the  quantity  in  the  second  column,  and  add  the  last  three 
lines  in  this  column;  so  we  obtain  12a;*— 36ca;*+ 27cV,  which 
is  three  times  the  square  of  the  part  of  the  root  already  found. 

Now  divide  the  remainder  in  the  third  column  by  the  ex- 
pression just  obtained,  and  we  arrive  at  c*  for  the  last  term  of 
the  root;  proceed  as  before  and  the  operation  closes. 

251.  The  preceding  investigation  of  the  cube  root  of  an 
Algebraical  expression  will  enable  us  to  deduce  a  rule  for  the 
extraction  of  the  cube  root  of  any  number. 

The  cube  root  of  1000  is  10,  of  1000000  is  100,  and  so  on; 
hence  it  will  follow  that  the  cube  root  of  a  number  less  than 
1000  must  consist  of  only  one  figure,  of  a  number  between  1000 
and  1000000  of  two  places  of  figures,  and  so  on.  If  then  a  point 
be  placed  over  every  third  figure  in  any  number  beginning  with 
the  imits,  the  number  of  points  will  shew  the  number  of  figures 
in  the  cube  root. 

252.  Suppose  the  cube  root  of  405224  required. 

210  +  4       14700       405224(^70  +  4 

856       343000 


15556        62224 

62224 


Point  the  number  according  to  the  rule ;  thus  it  appears  that 
the  root  consists  of  two  places  of  figures.  Let  a  +  6  denote  the 
root,  where  a  is  the  value  of  the  figure  in  the  tens'  place,  and  b 
the  figure  in  the  units'  place.  Then  a  must  bo  the  greatest  multi- 
ple of  ten  which  has  its  cube  less  than  405000;  that  is,  a  must  be 
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70.  Place  the  culio  of  70,  that  ia  343000,  in  the  tliird  column 
Dnder  the  given  number  and  snbti'act.  Place  three  times  70,  that 
is  210,  in  the  first  column,  and  three  tiniea  the  square  of  70,  that 
is  14700,  in  the  second  column.  Divide  the  remainder  in  the 
tJurd  column  by  the  number  in  the  second  column,  that  is,  divide 
63234  by  U700;  we  thus  obtain  4,  which  is  the  value  of  6.  Add 
4  to  the  first  column;  multiply  the  sum  thus  formed  by  4,  that  is,. 
multiply  214  by  4;  we  thus  obtain  856;  place  this  in  the  second 
column  and  add  it  to  the  number  already  there.  Thus  we  obtain 
15556;  multiply  this  by  4,  pliice  the  pi-oduct  in  the  tliird  column 
and  subtract.  The  remainder  ia  zero,  and  therefore  74  is  the  re- 
quired root.  The  cyphers  may  be  omitted  for  brevity,  and  the 
8  'will  stand  thus : 


3  I  4 


1  47 


405324(74 
3  4  3 


6  2  224 
022  3  4 


F  853.     Example;  extract  the  cube  root  of  12812904. 

13  12  812904(334 


48  12 
4  1  C  T 


15  8  7 

2  7  7  6 

16  1476 


After  obtaining  the  first  two  figiirea  of  the  root  23,  we  adjust 
the  £nit  and  second  columns  in  the  manner  explained  in  Art.  249. 
We  place  twice  3  under  the  fii'st  column  and  add  the  two  lines 
giving  69,  aod  we  place  the  aquai'e  of  3  under  the  second  column 
and  add  the  last  tiiree  lines  giving  1537.  Then  the  operation  is 
continued  as  before.     The  cube  root  k 
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254.     Example;  extract  the  cube  root  of  144182818617453. 

152|  75  144182818617453(^52437 

304)  125 


:} 


1564)     7804^      19182 
8/         4'       15608 


15723^    8112        3574818 
6/       6256^      3269824 


157297    817456>      304994617 

leJ       247259907 


823728        57734710453 
47169^      57734710453 


82419969 
9- 

82467147 
1101079 

8247815779 

The  cube  root  is  52437. 

255.  If  the  root  have  any  number  of  decimal  places  the  cube 
will  have  thrice  as  many;  and  therefore  the  ntimber  of  decimal 
places  in  a  decimal  number,  which  is  a  perfect  cube,  and  in  its 
simplest  state,  will  necessarily  be  a  multiple  of  threCf  and  the 
number  of  decimal  places  in  the  root  will  be  a  third  of  that 
number.  Hence  if  the  given  cube  nimiber  be  a  decimal,  we 
place  a  point  over  the  imits'  figure,  and  over  every  third  figure  to 
the  right  and  left  of  it ;  then  the  number  of  points  in  the  decimal 
part  of  the  proposed  ntimber  will  indicate  the  number  of  decimal 
places  in  the  cube  root. 

If  a  number  have  no  exact  cube  root  we  may,  as  in  the  ex- 
traction of  the  square  root,   proceed  with   the  approximation  to 
anjr  desired  extent     See  Art.  243. 
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256.     Keqtdred  tlie  cube  root  of  1481*544. 
3  1  \  3  i  4  8  i  -5  4  4  (1  1  -4 


} 


2  J  3  n 


3  34  331 

IJ 


1 


48  1 
331 


363  150544 

13  3  6  150544 

3  7  6  3  6 
The  cube  root  is  11*4. 

257.  WTien  n  +  2  figures  of  a  cube  root  have  been  obtained 
by  the  ordinary  method^  n  more  may  be  obtained  by  division  only, 
tupposing  ^tl-^ 2  to  be  the  whole  number. 

Let  N  represent  the  number  whose  cube  root  is  required, 
a  the  part  of  the  root  already  obtained,  x  the  part  which  remains 
to  be  found ;  then 

UN^i^a-^Xy 

so  that  N=a^-k-  3a'a;  +  Zaa?  +  x^ ; 

therefore,  iV-  a"  =  Za'x  +  3aa*  +  «', 

and  ^  ^    =xA —  H . 

3a'  ^  a      3a' 

Thus  N-a'  divided  bj  3a'  will  give   the  rest  of  the  cube 

root  required,  or  aj,  increased  by  —  ■{-  -^-^ ;   and  we  shall  shew 

a      oa 

that  the  latter  expression  is  9^  pro-per  fraction,  so  that  by  neglect- 
ing the  remainder  arising  from  the  division,  we  obtain  the  part 
required.     For  by  supposition,  x  is  less  than  10",  and  a  is  not 

sc*  10*"  1 

less  than  10*"*' :  thus  —  is  less  than  -.,,.,,  that  is,  less  than  -^-z. . 

a  10  10 

a*  10*"  1 

^^  3fl^  "*  ^^  ^^^^^^  3x10*"*"  ^^^  ^  ^^  ^^^  3x  10"*''    "^^^^^ 

9?         of  11 

—  +  5--i  is  less  than  r^  +  ^ — TTyf+i  >  ^^'^  ^  ^^  l^ss  than  unity. 

Remarks  similar  to  those  in  the  latter  part  of  Art.  24G  apply 
herd 
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iSlAltPLES  OF  EYOLUTIOK. 

Extract  the  square  roots  of  the  expressions  contained  in  the 
following  examples  from  1  to  15  inclusive : 

\l.  a;*-2ic'  +  3«'-2a;  +  l.      ^2.     «*  -  4ic' +  8aj  +  4. 

V3.  4a;*+12«*  +  5«»-6«  +  l.       4.V  ix* -  isif  +  baf  -  2x  + 1. 

\5.  W  - 1 2aa?  +  25a*3^  -  2ia*x  + 1 6a\ 

^  6.  25a;*  -  SOaa^  +  49a V  -  24a'a;  +  16tt*. 

St.  «•  -  Qaaf  +  15aV - 20aV  +  15aV -  6a»a;  +  (f, 

Y8.  {a-by-2(a*-^b'){a-by+2{a*-\-b*). 

\/9.  4{(a«-5')a;+a5(c'-c?')}'  +  {(a«-ft«)(c«-c?*)-4aJc<fp. 

yHO.  a*  +  6*  +  c*  +  c;*-2«'(6«  +  e;')-26'(c'-c^")  +  2c'(a«-cl«). 

>(14.     a*  +  2(26-c)a»  +  (46»-46(J  +  3c«)a'  +  2c*(26-c)a  +  c*. 

/15.     (a-26)'a;*-2a(a-25)jB»+(a*  +  4a5-6a-8y+126)a* 

-  (4a6-  6a)aj  +  46«- 126  +  9. 

16.     Find  the  square  root  of  the  sum  of  the  squares  of  *2,  *4, 
•6,  -86. 

Extract  the  cube  root  of  the  expressions  and  numbers  in  the 
following  examples  from  17  to  23  inclusive : 

^^7.  a;'-9a;*  +  33«;*-63aj"  +  66a;«-36a;  +  8. 

\/18.  8a^  +  48ca;*  +  60cV  -  gOcV  -  90cV  +  lOSc'x  -  27c'. 

N(19.  8ic'  -  36ca*  +  102c  V  -  171cV  +  204cV  -  144c*«  +  64c'. 

N/20.  167-284151.  <S21.     731189187729. 

C3f22.  10970-645048.        Cs:23.     ]!37<74^10fi(367'62^890'260631. 

V    24.     Extract  ihe/ourih  root  of  (af  +  IV  -  4  ^«  +  iV  +  1 2. 


a      a      a*  «     a^ 

-i-+—  +-i-aa;~2+-i. 
4      a;      ar  a 
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25.     If  ft   number  contain  n  digits,  its  5C(uare   root  contain! 
i{2n  +  l-(-l}"ldigite. 

^  26,     Shew  that  tlio  following  expression  is  an  exact  aquare ! 

(a;*  -  ya)' +  (y*  -  aa/ +  (a*  -  32')' -  3  (a^  -  y«)  (y' -  m;)  (*•  -  ay). 

XVm.     THEORY    OF   INDICES. 


258.     "We  hare  defined  a",  where  m  is  a  positive  integer,  aa 
the  product  of  ni  factors  each  equal  to  a,  PQd  we  hare  shewn  that 

a"  X  a*  =  a"*',  and  that  —  =  a"~"  or  - 


n  IS  greater 

or  less  thaa  n.  Hitherto  tljeij  an.  exponpnt  haa  always  been  a 
positive  integer;  it  is  however  found  conTenient  to  use  exponents 
-which  are  not  positive  integers,  and  we  shall  now  explain  the 
meaning  of  such  exponents. 

S59,  As  fractional  indices  and  negative  indices  have  not  yet 
been  defined,  we  are  at  liberty  to  give  what  definitions  we  please 
to  them ;  and  it  is  found  convenient  to  give  siich  definitions  to 
them  aa  will  make  the  important  relation  a'  xa'  c^^a"*'  altoayt 
true,  whatever  m  and  n  jitay  be. 

For  example ;  required  tha  meaning  of  aK 

By  supposition  we  are  to  have  a'  x  a"  =  a'  =  a.  Thus  a'  must 
be  SQch  a  number  that  if  it  be  multi])lied  by  itself  tlie  i-esult  ia  a ; 
and  tiie  square  root  of  a  is  hj  definition  such  a  number ;  therefore 
o*  miiflt  lie  equivalent  to  the  square  root  of  a,  that  is,  o*  =  ^a. 

Again ;  required  the  meaning  of  a\ 

By  supposition  we  are  to  have  o*  x  a'  x  a*  =  a*'***  =  a'  =  a. 

Hencev  as  before,  o*  must  be  equivalent  to  the  cube  root  of  a. 


tbakiet^^l/a. 
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Again ;  i-eqnired  the  meaning  of  a*. 
Bj  supposition,  a*  x  a*  x  a*  x  a*  =  a' ; 

therefore  a'  =  ^/a*. 

These  examples  would  enable  the  student  to  understand-  what 
is  meant  by  any  fractional  exponent ;  but  we  will  give  the  defini- 
tion in  general  symbols  in  the  next  two  Articles. 

260.  liequired  the  ineoming  of  a*  where  n  is  any  positive  whole 
number. 

By  supposition, 

1  ^  i  ^  .      .  A  +  l+l.|....tonteniM  , 

a"  X  a"  X  a"  x  ...  to  w  factors  =  a*'***'  =a=aj 

•  1 
therefore  a»  must  be  equivalent  to  the  n^  root  of  a, 

that  is,  a»  =  H^a, 

261.  Required  the  meaning  of  a."*  wliere  m  and  n  are  any  posi- 
tive whole  numbers. 

By  supposition, 

~  —  —  ^  —  +  —  H —  ^-^ . .  to  n  toTHis 

a"  X  a"  X  a"  X  ...  to  n  factors  =  «**"*•  =  a*"  j 


m 


therefore  a*»  must  be  equivalent  to  the  n^  root  of  a", 
that  is,  a"  =  ^a"'. 

m 

Hence  a"  means  the  n^  root  of  the  m^  power  of  a ;  that  is, 
in  a  fractional  index  the  nvmierator  denotes  a  power  and  the 
denominator  a  root. 

262.  We  have  thus  assigned  a  meaning  to  any  positive  index, 
whether  whole  or  fractional;  it  remains  to  assign  a  meaning  to 
negative  indices. 

For  example,  required  the  meaning  of  a"*. 

By  supposition,      a*  x  a~*  =  a'"*  ^a^  =^ay 

therefore 


•9 

. 

a 

1 

a 

~^ 

? 

.^* 

»•• 

We  will  now  give  the  definition  in  general  symbols. 
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203,     Required  the  meaning  of  a~" ;  where  a  w  any  poeilm 
number  whale  or  fractional. 

By  suppositioiij  whatever  m  may  be,  we  are  to  hiiTe 


Now  we  may  suppose  m.  positive  and  greiiter  than  n,  and  then, 
by  what  has  gone  before,  we  have 

a"~"  X  m"  =  a" :         and  therefore    a"''  =  — ; . 


In  order  to  eipress  this  in  words  we  will  define  the  word 
reciprocal.  One  quantity  is  said  to  be  the  reciprocal  of  another 
when  the  product  of  the  two  is  equal  to  unity ;  thus,  for  example, 

X  ia  the  reciprocal  of  -  , 

Hence  a~'  is  the  reciprocal  of  a' ;  or  we  may  put  this  result 
symbolically  in  any  of  the  following  ways. 


264,  It  wiU  follow  from  the  meaning  which  has  been  given 
a  n^atvve  index  that  o^-ho'  =  a'~'  wiien  m  is  less  than  n,  as 
i\\  as  when  m  is  greater  than  ji.      For  suppose  m  less  than  n  ; 


Suppose  m  =  K  ;  then  a'-i-a'  is  obviously  =  1  ;  and  a"'"  =  a°. 
The  last  symbol  has  not  hitherto  received  a  meaning,  so  that  we 
are  at  liberty  to  give  it  the  meaning  which  naturally  presents 
itself  J  hence  we  may  say  that  a 
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265.     Thiis,  for  example,  according  to  these  definitioiis. 


1  -i-.^_l.  -J_l-1 


a" 


Thus  it  will  appear  that  it  is  not  absolutely  necessary  to  intro- 
duce fractional  and  negative  exponents  into  Algebra,  since  they 
merely  supply  us  with  a  new  notation  for  quantities  which  we  had 
already  the  means  of  representing.  It  is,  as  we  have  said,  a  can- 
venierU  notation,  which  the  student  will  learn  to  appreciate  as  he 
proceeds. 

(/^^-  The  notation  which  we  have  explained  will  now  be  used  in 
establishing  some  propositions  relating  to  roots  and  powers. 

2QQ.     To  shew  that  a^xh^=  ^a^V . 

1       1 
Let  a"  X  6"  =«;  therefore 

=  {or  X  b^y  =  ^a^y  X  (bA\   (by  Ai-t.  41),  =  a  X  b. 

Thus  a"  =  a&,  therefore  x  -  (aft  ]" ,  which  was  to  be  proved. 
In  the  same  manner  we  can  prove  that 

a«S-ft''  =  uV. 

267.  As  a©  exiWJiple  of  the  preceding  proposition  we  have 
^a  Xfjb  =  ^{ab),  Jfow,  as  we  have  seen  in  Aiii.  236,  a  square 
root  admits  of  a  dovhle  sign ;  hence  striptly  speaking  our  residt 
should  be  stated  thus :  the  product  of  one  of  the  square  roots  of 
a  into  one  of  the  square  roots  of  6  is  equal  to  one  of  the  square 
roots  of  ah.  A  similar  remark  applies  to  other  propositions  of  the 
present  Chapter.  In  the  higher  parts  of  mathematics  the  matter 
here  noticed  is  discussed  in  more  detail :  see  Theory  of  Equations^ 
Chapter  xi. 
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268.     Hence  a"  x  ft""  x  c«  =  (aby  x  c"  =  (ahcp. 

And  hj  proceeding  in  this  way  we  can  prove  that 

111  1      /  \l 

a*x6"xc"  X x^"  =  labc.,..kY. 

Suppose  now  that  there  are  m  of  these  quantities  a,  6,  c,  ...  k, 
and  that  each  of  them  is  equal  to  a ;  theQ  we  obtain 


But  fary  is,  by  Arts.  260,  261,  a^;  thus 


I  •  < 


Hence  comparing  this  with  Art.  261  we  see  that  the  n"*  root 
of  the  m^  power  of  a  is  equivalent  to  the  m***  power  of  the  n"*  root 
of  a. 


la*  j"  =  a"*". 


269.  To  shew  that 

/  l\i  i 

Let  a:  =  fa'*)";   therefore  aj**  =  a'*j  therefore  aj'""=a;  there- 

fore  X  =  o"^.     Thus  ( a"*)**  =  a*"",  which  was  to  be  proved. 

270.  To  shew  that  a**  =  a****. 

Let  a?  =  o"  ;  therefore  a?"  =  a"  j  therefore  a?^  =  a*"^  j  therefore 
as  =  a^\     Thus  a"  =  o"'',  which  was  to  be  proved, 

271.  The  student  may  infer  from  what  we  have  said  in 
Art.  265,  that  the  propositions  just  established  may  also  be 
establifihed  vnthaut  using  fractional  exponents.  Take  for  example 
that  in  Art.  2QQ ;  here  we  have  to  shew  that 
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Proceed  as  before ;  let  a;  =  ^a  x  y5 ;  therefore 

«"  =  (C^a  X  :^y  =  (»"  X  (^6)",  (by  Art  41),  =  a  x  6. 
Thus  7^  —  dh^  therefore  x=^{ah\  which  was  to  be  proved.  - 

272.  We  have  been  led  to  the  definitions  of  Arts.  260.. .265 
as  consequences  of  considering  the  relations  o"*  x  a"  =  a""'"''  and 
(a"')*=  a"^  to  be  universally  true,  whatever  m  and  n  msj  be ;  we 
shall  now  proceed  to  shew  conversely  that  if  we  adopt  these  defi- 
nitions the  relations  oTxa*-  a""^"  and  {dT)*  =  o""  are  universally 
true,  whatever  m  and  n  may  be. 

273.  To  shew  that  a^xa'=  a«  *. 

a^xa'  =  0^  X  a^  by  Ait.  270, 
.  =  Ta^y*  X  \aA^\  by  definition, 

=  [or  X  ary,  by  Art  266, 

274.  In  the  same  way  we  can  shew  that 

p      f      f  ^ 

275.  Thus  the  relation  arxa*  =  ar^*  is  shewn  to  be  true 
when  m  and  n  are  positive  fractions,  so  that  it  is  true  when  m 
and  n  are  any  positive  quantities.  It  remains  to  shew  that  it  is 
also  true  when  either  of  them  is  a  negative  quantity,  and  when 
both  are  negative  quantities. 

(1)     Suppose  one  to  be  a  negative  quantity,  say  n ;  let 

w  =  —  V. 

Then  a"*  x  a"  =  a*"  x  flt"*'  =  a"*  x  1,  =  ^  =  a"-",  (by  Art.  274), 
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(2)     Suppose  both  to  be  negative  quantitieb ;  let 

m  =  —  fjL  and  w  =  — v. 
Then 

a-xa-  =  a-'^xa-  =  lxi  =  ^^  =  A.,  (byArt.27£), 

276.     Similarly  a*  x  a"  x  a'  »  a"'^*  x  a"  =  a"^^  j  and  so  on. 

Thus  if  we  suppose  there  to  be  r  quantities  m,  Uy  p,  ...,  and 
that  each  of  the  others  is  equal  to  fit,  we  obtain 

{ary  =  a"**", 
whatever  m  may  be. 


277.     To  shew  that 


(»« V  =a«'. 


Let  a:=  (a«  V;  therefore  af=  f  a«  j  =a«,  by  Ai-t.  276  j  then 


f>r 


fore  3cf^  =  ar;  therefore  05  =  a«*,  which  was  to  be  proved. 

278.     To  shew  that  (a"*)*  =  a*"  universally. 

By  the  preceding  Article  this  is  true  when  m  and  n  are  any 
positive  quantities ;  it  remains  to  shew  that  it  is  true  when  either 
of  them  is  a  negative  quantity,  and  when  both  are  negative 
quantities. 

(1)  Suppose  n  to  be  a  negative  quantity,  and  let  it  =  -  v. 
Then        (ay  =  (a-)"'  =  ^.  =  ^  =  a"" '  =  a". 

(2)  Suppose  m  to  be  a  negative  quantity,  and  let  it  =  —  fu 
Then        (o-)"  =  (a-'')«=(iy  =  ^  =  a-'"  =  a-". 

(3)  Suppose  both  m  and  n  to  be  negative  quantities ;  let 

m^-fi  and  n  =  —  v. 


Then        (a')-^(a-r'=j^  =  ^  =  ar  =  ar. 


M 
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V  1.  Simplify  («*  X  aj^)T* 

yj  2.  Find  the  product  of  a%  a"  ,  a~\  and  a~*. 

^  3.  Find  the  product  of  (^\\  (^)*  and  (^.V. 

si  4.  Simplify  the  product  of 

a\  a-*    ^a\  a^,   ^aV,  and  ((*-^)i 

n/6.  Multiply  o*  +  5*  +  a"^6  by  oft""^  -  a^  +  6^. 

\J7.  Multiply  a*  -  a:^/^  +  xy  -  y*  by  a?  +  a;^y^+  y. 

/S.  Multiply  a*-a»  +  a*-a'+a*-ra  +  a*-l  by  J  +  l. 

V'Q.  Multiply  a?  -  a*  +  1  -^r  a~*  +  a"*  ty  a*  +  1  +  a"*. 

\10.  Multiply  -  3a"»  +  2a"*5-*  by  -  2a'*  -  8a-*6. 

/l  1.  Divide  a*  —  ary*  +  x^i/  —  y*  by  x^  —  y  \ 

\A  2.  Divide  x^  +  a;M  +  a}  by  a^  +  a;*a*  +  a\ 


8i»  tn 


y^l3.     Divide  a*--a  *   by  o«-a"«. 

y  14.     Divide  2a;*y"'  -  5a; V'  +  7«^y""^  -  S«*  +  2a;y 

by  aJ*y"'-a:V"'  +  «y"'. 
y  1 5.     Divide  a^  -  ak  +  aft*  -  2ak'  +  6^  by  a*  -  aft*  +  a*ft  -  ft* 

V/,^      c*-      IT                 a*-aaj'  +  a'a;~a:^ 
ift     Simplify  -j 7 J j J . 

a'  —  a  V  +  3a"a  -  3ax*  +  a'a^  ~  x' 


■ 

V 

1 

■ 
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w 

yls. 

Extract  the  square  root  of  ^  +  ^  +    ^  ^/^  . 

EKtract  lie  Bfjuare  root  of 

4o-12o'l.*  +  96'  +  IGo't'  -  246' o'  +  loA 

/'l9. 
25fo'- 

Extract  tte  square  root  of 
512a!  +  640a:'  -  SISa:*  +  304  -  128^^*  +  40a;-'  -  Sa;" 

+  :.-'. 

1/    20.     If  a'  -  b',  s 
that  6  =  2. 


0-"^-^ 


auJ  if  ( 


Six.   suRDa 


^^^P^79,  WLeii  a  root  of  ah  Algebraical  quantity  which  is  re- 
quired, cannot  be  exactly  obtainedj  it  is  called  an  irrational  or 
surd  quantity.  Thus  Jlja'  dr  a'  ia  called  a  surd.  But  ^a'  or  a', 
though  apparently  in  a  suixl  form,  call  bo  expreisseij  by  a',  and  so 
is  not  called  a  surd. 

The  rules  for  operations  with  suri^a  follow  from  the  proposi- 
tions established  in  the  pi-ecediiifj  Chapter,  as  will  now  be  seen. 

280.  A  rational  quantili/  laay  ha  expressed  in  the  form  of  a 
given  surd,  by  raising  it  lo  l/te  power  wJwse  root  the  surd  expresses, 
and  affixing  t/is  radical  sign. 

Thus  a  =  Ja*^Ua',  4c.;  and  a +a:  =  (a  +  a:)".  In  the  same 
nuuuier  the  form  of  any  surd  may  be  altered ;  tlius 

(a +  a=)S-(o  +  a,)i.  (»  +  .)* 

The  quantities  are  here  raised  to  certain  powers,  and  the  roots  of 
those  powei-a  are  again  taken,  so  that  the  values  ot  &»  oftfca^Y^Aiai 
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28 1*  The  coefficient  of  a  surd  may  he  introduced  under  the 
radical  sign,  by  first  reducing  it  to  the  form  of  the  su/rd  and  then 
midtiplying  according  to  Art,  271. 

For  example, 

ajx  =  Ja*  xjx  =  J(a*x)  ;      ay'  =  (a'y^* ; 
X  V(2a -a)  =  J{2aa?-7?)  j      a  x  (a-  «)*=  {»•  (a  - «)•}*; 
4V2  =  V(16x2)  =  V32. 

282.  Conversely,  any  quantity  may  he  made  the  coefficient  of 
a  surd,  if  every  part  under  the  sign  he  divided  hy  the  quantity 
raised  to  the  power  whose  root  the  sign  caresses. 

Thus    ^{a^-ax)  =  a'  x  J{a  - x) ;     ^(a*-  »*«)  =  a  fj{a''x)  ; 
{a'-T^f^a-xil-'^^n.      V60  =  V(^xl5)  =  2V15; 

/I  _^  \\i_  1  (       ^\i_  1  /«•_ ,\ J_ (a?* -5*)* 
W     W~ft\      «7~«\6'      )"      xb      ' 

283.  When  surds  have  the  same  irrational  part,  tlieir  sum  or 
difference  is  found  hy  affixing  to  that  irrational  part  the  sum  or 
difference  of  their  coefficients. 

Thus   ajx^hjx  =  {ad^h)jx'j 

J^00dt.5J3  =  l0j3^bJ3  =  l5J3  or  5^3; 
J{3a'h)  +  J{3x'b)  =  a  J{Zb)  +  x  J{3h)  =  (a-hx)  J(3h). 

284.  If  two  surds  Juzve  the  same  index,  their  product  is  found 
hy  taking  the  product  of  the  quantities  under  the  signs  and  retain- 
ing tJie  common  index. 

Ill 
Thus     a"  X  ft"  =  {ahy,  (Art.  266) ;      ^2xJ3  =  J6; 

{a  +  h)^  X  {a-b)^  =  (a' -'b')K 

285.  If  the  surds  have  coefficients,  the  product  of  tliese  coeffi- 
cients must  he  prefixed. 

Thus  a^xxbJy  =  dbJ(Qffy)  \     3  ^8 x  5  J2  =  15  ^16  =  60. 
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386.  If  the  indieeg  of  two  eurda  Jiave  a  common  denominator, 
let  the  gitantUieg  be  raised  to  t/ie  powers  expressed  by  their  reapectiva 
numcTotors,  and  llieir  product  may  be  found  as  before. 

ThuB  2*  X  3*  =  8* 

287.  Iftlte  indices  have  not  < 
he  trangformed  to  others  of  t/te  st 
mintUor,  and  their  product  found 

Thus   (a'  -  ^i  .=  (a  -  x)i  =  (a'  -  o^*  "  («  '  <^f  =  {{«'  -  ^O  («  -  <^)'}' 


<3*  =  (24)*j 

•omvum  denominator,  they  may 
e  value  vnth  a  common  deno- 
in  Art.  28G. 

1^1. 


(72)«. 

288.  If  two  surds  have  the  same  rational  quantity  undm-  the 
radical  signs,  their  product  is  found  ly  making  the  sum  of  t/ie 
indices  the  index  ofOiat  quantity. 


^2x^2  =  2*x2' 


,  (Art.  273); 
2*  =  3*"'*  =  2' 


Thus, 


If  the  induces  of  two  surds  luive  a  common  denominator, 

ft<  quotient  of  one  surd  divided  by  the  other  is  obtained  by  raising 

them  respectively  to  the  powers  expressed  by  the  nuToeratore  of  their 

indices,  and  extracting  that  root  of  lite  quotient  which  is  expressed 

^^^^^y  ifte  common  denominator. 

r  290.     If  the  indices  have  not  a  common  denaminoiae,  reduce 

them  to  others  of  the  same  value  with  a  eom/mon  denojainator,  and 
M  before. 


6" 

© 

,  (Ai-t 

266); 

r(? 

■: 

4*^2*  = 

(i) 

1 

© 

-©- 

©-■ 

160  SUBDS. 

291.  If  the  surds  have  the  same  rational  qtumtUy  under  the 

radical  signSj^their  quotient  is  obtained  by  making  the  difference  of 

the  indices  the  index  of  that  quantity. 

1       1        11, 
Thus,  a'^'^a''  =  a""",  (Art.  274) ; 

V2-^  y2  =  2*-f-2*  =  2*"*  =  2^ 

292.  It  is  sometiines  useful  to  put  a  fraction  which  has  a 
simple  surd  in  its  denominator  into  anotlier  form,  hj  multiplying 
both  numerator  and  denominator  by  a  factor  which  will  render  the 
denominator  rational.     Thud,  for  example, 

2  2^3        2J3 

J3''J3xJ3''     3    • 

If  we  wish   to  calculate  numerically  the  approximate  value  of 

-75  it  will    be  found  less  laborious  to  use  the  equivalent  form 

»Jo 

-y-  .     Similarly,  -^  =  ^-^  . 

293.  It  is  also  easy  to  rationalise  the  denominator  of  a  frac- 
tion when  that  denominator  consists  of  two  quadratic  stirds. 

For  «        ^        a(Jh^Jc)         ^ajjb^jc) 

Jb^Jc     Ub^Jc){Jb^Jc)  b-c       • 

So  also        ^      _       a(h^Jc)        _a{b^Jc) 
b^^c''(b^Jc){b^Jc)''     b'-c     • 

SimHarlv  ^  +  ^5      (3 4- ^5) (3  +  ^5)      U^6J5     7  +  3J5 
bimilariy  ^— ^  -  ^^ _ ^^^ ^^ ^^^^  -      9-6      "        2        * 

294.  By  two  operations  we  may  rationalise  the  denominator 
of  a  fraction  when  that  denominator  consists  of  three  quadratic 
surds.  For  suppose  the  denominator  to  be  ^a  +  Jb  +  Jc;  first 
multiply  both  numerator  and  denominator  by  J  a  -^Jb  —  Jcj  thus 
the  denominator  becoifles  o +&— c  +  2^(a6) ;  then  multiply 
both  numerator  and  denominator  by  a  +  b-c—2  J{pilf)t  and  we 
obtain  a  rational  denominator,  namely  (a  4-  6  —  c)'  —  4a5,  that  is, 

a'-f-  d'+  c'"  2ab  -ibc-  2ca. 
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295.   A  factor  may  heformd  which  will  rationalise  any  UnomiaL 

11  11 

(1)  Suppose  the  binomial  aF  +  lf^,     Put  a;  =  a«',  y  =  6«;    let 

n  be  the  least  common  multiple  of  p  and  q ;  then  af  and  y^  are 
both  rational.     Now 

{x  +  y)  (»""'  -  aj""V  +  aj""y  -  ...  *  y""*)  =  «"«*»  y", 

where  the  upper  or  lower  sign  must  be  taken  according  as  n  is  odd 
or  even.     Thus 

as""*  -  aj*~*y  +  x*'^y*- ±  y"~' 

is  a  factor  which  will  rationalise  x-\-y, 

1       1 

(2)  Suppose  the  binomial  o^  —  5« .     Take  a?,  y,  and  n  as  be- 
fore.    Now 

(x-y)(af^^  +  ar^y  +  ar*y^'h +  y""*)  =  a;"  -  y\ 

Thus  aT"^  ■{- af"^y -^  af^y^ -^ +y*"* 

is  a  &ctor  which  will  rationalise  x-y. 

Take,  for  example,  a*  +  6* ;  here  n  =  6.     Thus  we  have  as  a 
rationalising  factor 

aj'  -  x*y  +  x^y'  -  x'y^  +  xy*-  y^, 

5  4,1  8.9  «,S  1,4         ,6 

that  is,  a^-a^6^  +  a'6'-a^6^  +  a'6'-5^, 

that  is,  (^^a^\^  +  o^h^  -  a6  +  a^6*  -  6*. 

The  rational  product  is  a;'  —  y®,  that  is,  a^  -  6^,  that  is,  a'  —  6*. 

f 

^    296.     5%«  square  root  of  a  rational  quantity  cannot  be  partly 
rational  amd  partly  a  quadratic  surd. 

If  possible  let  ^n  =  a  +  ^m  ;    then  by  squaring  these  equal 
quantities  we  have  7i  =  cr  +  2a  Jm  +  m ;  thus  2a  fjm  —  n  —  a^  —  Tn^ 

and  Jm  = ^ ,  a  rational  quantity,  which  is  contrary  to 

the  suppofiitiaa     See  Art.  24£* 

T.A.  \\ 


«•.• 
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r''       297.     If  two  quadratic  sv/rda  cannot  he  reduced  to  others  which 
have  the  same  irrational  pwrt^  their  product  is  irrational. 

Let  Jx  and  ^y  bo  the  two  quadratic  surds,  and  if  possible 
let  »J{xy)  =  rXy  where  r  is  a  whole  number  or  a  fi:uction.  Then 
xy  =  f^oi?j  and  y  =  i^x,  therefore  kJy^T  ^Xj  that  is,  Jy  and  Jx 
may  be  so  reduced  as  to  have  the  same  irrational  part,  which  is 
contrary  to  the  supposition. 

298.  One  qvadratic  sv/rd  cannot  he  made  up  of  two  others 
which  have  not  the  same  irrational  part. 

If  possible  let  Jx^Jm-^Jn]  then,  bj  squaring,  we  have 
05  =  w  +  w  +  2  J{mn)y  and  J{mn)  =  J  (a;  —  «>  — w),  a  rational  quan- 
tity, which  is  absurd.     See  Art.  242. 

299%     In  amy  equation,  x  +  ^y  ==  a  +  Jh  which  involves  rational 
'    qua/ntities  a/nd  quadratic  surds,  the  rational  parts  on  each  side  are 
equal,  and  also  the  irrational  parts. 

Por  if  a;  be  not  equal  to  a,  suppose  x  =  a  +  m;  then 

so  that  m'hjy=^h;  thus  ^b  is  partly  rational  and  partly  a 
quadratic  surd,  which  is  impossible  by  Art.  296.  Therefore  x  =  a, 
and  consequently  ^y  =,^b. 


A' 


300,     If  ^(a  +  ^6)  =  aj  +  Vy»  t^en^(a-^6)  =  a;-^y. 
For  since  J  {a  +  Jb)  =  x  +  Jy,  we  have  by  squaring 

a  +  V^  =  a*  +  2a:^y +  y ; 

therefore        a  =  a"  +  y,  and    Jh  =  2xjy,  (Art  299). 

Hence  a-Jh  =  se^-2x^y  +  y, 

and  J{a'-Jh)  =  x-Jy. 

Similarly  we  may  shew  that  if 

^/(a  +  *yft)  =  ^/a:  +  ^/^, 

^^^^  J  {a  -  Jb)  =  J»  -  Jy. 


L  Jv 


301,  TJi6  square  root  of  a  binomial,  one  of  whose  terms  U  a 
giiodralic  surd  and  the  other  rational,  may  eometimes  be  expressed 

jfjf  a  birtomial,  one  or  each  of  whose  termt  U  a  quadreUic  mnl. 

Iiet  a+  t/bhe  the  given  binoOual,  and  suppose 

By  Art.  300,  J(a  -  Jh)  ^  ^x-  Jy. 

By  multiplication,         J{c^  —  6)  =  x  —  y. 

By  squaring  both  si<lea  of  the  first  equation, 

tiherefore  a  =  x  +  y. 

Hence,  by  addition  and  subtraction, 

tlerefore        .. . i {a  +  ^(a- - i)),        ,.}(<•- V(»'-')l- 

Thus  aj  and  y  are  known,  and  therefoi-e  ^(fi+^i),  which  ia 

Also  ^{a  —  ^h)  is  known,  for  it  ia  ^a;  -  Jy. 

302.  For  example,  find  the  square  root  of  3  +  2  J2. 
Here     a  =  3,  ^h  =  2^2,  a'-i=.0-8=l; 

therefore         a:=i{3  +  l)  =  2,         ;/  =  i{3-l)  =  l. 

Thus  ^(3  +  2  V2)  =  V2  +  ^1  =  s/2  +  1- 

13.     Again;  find  the  square  root  of  7^2^10. 

Instead  of  using  the  result  of  Art.  301  we  may  go  through  tlie 
whole  operation  as  follows  : 


^^— Xh 

^^■int 

r        whole 


then,  by  squaring. 


7-2^10. 1-2VW  + 
y  =  7.. 


w— ^ 
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and  2V(a^)  =  2V10; 

therefore  (a  +  y)*- 4a:y  =  49-(2V10)S 

that  is,  (a?-y)'  =  49-40=9, 

and  X'-y  =  3    (2); 

therefore,  from  (1)  and  (2),  x  =  5,  and  y  =  2. 

Thus  V(7-V10)  =  V5-V2. 

304.  It  appears  from  Art.  301  that 

hence,  unless  a*  —  5  be  a  perfect  squa/re,  the  values  of  ,Jx  and  Jy 
will  be  complex  surds,  and  the  expression  Jx  +  ,Jy  will  not  be  so 
simple  as  ^(a  +  ^6)  itself. 

305.  A  binomial  surd  of  the  form  ,J{a\)  +  Jh  may  be  written 
thus,  \/^(«+^/~)»     I^  *^®^  ^*  —  ^6  a  perfect  square,  the  square 

root  of  a+  /-  may  be  expressed  in  the  form  Jx-\-Jy]  and 
therefore  the  square  root  of  fj{ct'c)  +  ^5  will  be  ijc  {Jx  +  ^Jy), 

306.  For  example,  find  the  square  root  of  ^32  +  ^730. 

Here  ^32  +  ^30  =^2(4  +  n/15)  ; 

thus  V( V32  +  V30)  =  ^2  X  V(4  +  ^l^)  j 

and  it  may  be  shewn  that 

Hence  ^(^32  +  ^30)  =  ^2  (^ |  +  ^^  =  -1(^5  +  ^3). 
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307.  Sometimes  we  may  extract  the  square  root  of  a  quantity 
of  the  form  a  +  Jh-\-Jc  +  Jd  by  assuming 

then   'a  +  Jb  +  Jc  +  Jd=x-hy  +  z  +  2^{xi/)  +  2J(i/z)  +  2^(zx); 
we  may  then  put 

2V(a^)  =  N/^         2^(i/z)  =  ^c,         2J{zx)  =  ^d, 

and  if  the  vcdues  of  Ji,  y,  and  z,  found  from  these,  also  satisfy 
x  +  y  +  z  =  a,we  shall  have  the  required  square  root. 

308.  For  example,  find  the  square  root  of 

8  +  272  +  2^5  +  2710. 

Assume    7(8  +  2^2  +  2^5  +  27IO)  =  ^x-h^y  +  Jz;  then 

8  +  2  72  +  2  75  +  2710  =  a;  +  y  +  «  +  2  7(ajy)  +  2  7(y^)  +  2  7(«a:). 

Put     2^{xy)  =  2j2,         2J{yz)  =  2J5,         27(«a:)  =  2710 ; 
hence,  by  multiplication,  ^{xy)  x  J{yz)  =  JIO, 
and  J{zx)  =  710, 

therefore,  by  division,  y  =  1 ; 

hence  aj  =  2,  and  «  =  5. 

These  values  satisfy  the  equation  a;  +  y  +  «  =  8. 
Thus  the  required  square  root  is  J2  +  Jl  +  J5, 
that  is,  1  +  72  +  7^- 

309.  If  7(a  +  75)=a:  +  7y,    then  ^(a -  75)  =  a? - 7y. 
For  suppose  i/{a  +  Jb)  =  x  +  Jy ; 

then,  by  cubing,  a  +  7^  =  «'  +  ^05'  Jy  +  dxy  +  y  Jy ; 

therefore         a=af  +  3icy,         ^b  =  ^x' ^y  +  y  ^y,       (Art.  299); 

hence  a- Jb  =  a? -Zoi^  Jy-\-  3xy - y  Jy, 

and  ^(a-^b)  =  x-  ^y. 
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310.  The  cube  root  of  a  binomial  a^  ,Jb  may  be  sometimes 
found. 

Assume  Iji^*-^  >Jb)  =  X'\' Jy, 

then  ij{a-  fJb)  =  X''  tjy. 

By  multiplication,      */(«* -b)  =  a:^  —  y. 

Suppose  now  that  a'  —  6  is  a  perfect  cube,  and  denote  it  hj  c\ 
thus  C  =  a*-y; 

and,  as  in  Art.  309,  0  =  0^  •\'  Say. 

Substitute  the  value  of  y  j 
thus  a  =  a"  +  3aj  (05*  -  c) ; 

therefore  4aj'  —  3ca5  =  a. 

From  this  equation  x  must  be  found  by  tried,  and  then  y  ia 
known  from  the  equation  y  —  a^  —  c. 

Thus  it  appears  that  the  method  is  inapplicable  unless  a'  -  & 
be  a  perfect  cube ;  and  then  it  is  imperfect  since  it  leads  to  an 
equation  which  we  have  not  at  present  any  method  of  solving 
except  by  triaL  The  proposition,  however,  is  of  no  practical 
importance. 

311,  For  example,  find  the  cube  root  of  10  +  ^108. 

Assume  U{\0  +  Jl()^)  =  x  + Jy^iYiGn  fJ^lO- J\0%)  =  x- Jy. 

B7  multiplication,  1^(100-108)  =  a;*- y,  that  is,  -2  =  ix?^y. 
Also  10=a;'  +  3a^=aj'+3a:(ai"  +  2);  therefore  4aj'  +  6a;  =  10. 

We  see  that  this  equation  is  satisfied  by  «  =  1;  hence  y  =  3, 
and  the  required  cube  root  is  1  +  ^3. 

Again ;  find  the  cube  root  of  18  ^3  + 14  ^5. 
18^3+UV5  =  3V3(6  +  ^y|). 

The  cube  root  of  3  J3  is  J3 ;  and  the  cube  root  of  6  +  —  ^  /- 

3  V  3 

can  be  found.     For  here  a"-6  =  36--7r-  x^  =  -.~-;    so  that 

9       3        27 

c= —A-  *  Hence  we  have  the  equation  4aj"+  2x  =  6,  which  we  see  ia 
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satisfied  by  0?=  1.   Thus  the  required  cube  root  is  ^3  [  1  +     /  «  )  > 
that  is  V3  +  V^- 

312.  "We  will  now  solve  an  equation  involving  surds  which 
will  serve  as  a  model  for  similar  examples :  the  equation  resembles 
those  already  solved  in  the  circumstance  that  we  obtain  only  a 
single  value  of  the  unknown  quantity. 

Solve  V(aj  +  2)  +  J{x  -  U)  =  8. 

By  transposition,  ^{x  +2)  =  8-  J{x  - 14)  ; 

square  both  sides,  «  + 2  =  64-16  ^(aj-14)  +  aj-14] 

transpose,  16  ^(aj- 14)  =  48; 

divide  by  16,  J{X'-U)=^Z', 

square  both  sides,  05-14  =  9; 

therefore  a;  =  23.                      y^      ^ 

EXAMPLES  OP  SURDS.  (       -        *^  '    f^y 

V  1.     Find  a  factor  which  will  rationalise  a^  -  6*. 

V  2.     Find  a  fiustor  which  will  rationalise  J2  —  1/3. 
J  3.     Find  a  factor  which  will  rationalise  ^3  +  */6. 

^4.     Given  ^^  =  1  -7320508,  find  the  value  of  ^ -^ . 


J 


7.     Extract  the  square  root  of 

9?«24    /5  +  34-24     /?^+9?^. 

y       V  y  \/  X     X 

\   &    Bxtmct  ibe  square  root  of  (a -^  by ''i{fk-}i)^{pi})n 
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Extract  the  square  root  of  the  expressions  in  the  following 
examples  from  9  to  18  inclusive : 

(9.     4  +  2^3.  Y^.     7-4^3. 

7  +  2^10.  12.     18  +  8^5. 

75-12^21.  M4.     16  +  5^7. 

v^l7.     -9  +  6  V3.  "^18.     l  +  (l-0-». 

^19.     Find  the  value  of 

1+a        ,         1-x  J3 

wnen  x  =  •  i=- . 


V13. 


/ 


/ 

r 

i 


l  +  V(l+iK)      l  +  Va-a;)  2 

Y  20.     Find  the  value  of 

1+05  1-x  ,  ,/ 3 

^  l+V(l  +  *)'"l-V(l-a')  2"- 

"*'  21.  Extract  the  square  root  of  6  +  2^2  +  2^3  +  2^6. 

\  22.  Extract  the  square  root  of  5  +  ^yiO  -  ^6  -  J15. 

\^  23.  Extract  the  square  root  of 

15-273-2715  +  672-2^0  +  2^5-2^30. 

24.  Extract  the  cube  root  of  7  +  5  J2. 

^  25.  Extract  the  cube  root  of  16  +  8  7^- 

\    2Q.  Extract  the  cube  root  of  9  73  -  11  72. 

\  27.  Extract  the  cube  root  of  21  76  -  23  75. 

\i    28.  Shew  that  ^(75  +  2)  -  ^(75  -  2)  =  1. 

X/29.  Solve  the  equation  7(05  +  11)  —  7^  =  !• 

"^  30.  Solve  the  equation  7(3a;  +  4)  +  7(3iB  -  5)  =  9. 

/  31.  Solve  the  equation  aj(h  —  x)=h  J  (a  —  a). 

V  32,  Solve  the  equation  7(*  +  a)  +  J{x  +  5)  =  Jc, 
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313.  When  an  equation  contains  only  the  square  of  the 
unknown  quantity  the  value  of  thia  square  can  be  found  by  the 
rules  for  solving  a  simpie  equation  ;  then  by  extracting  the  square 
root  the  values  of  the  unknown  quantity  ai-e  found.  For  example, 
suppose 

8^~  72  +  lOa;' =  7  -  24x' +  89  : 

by  transposition,  42a:' =  168  ; 

by  division,  x'  =  i  ; 

therefore  x  —  ^4  =  ±  2. 

The  double  sign  is  used  because  the  square  root  of  a  quantity 
may  be  either  positive  or  negative.     {Art.  231.) 

It  might  at  first  appear  that  from  a^  =  4  we  ought  to  infer, 
not  that  a:  =  *  3,  but  that  ±  a:  =  *  2.  It  will  however  be  found 
that  the  second  fonn  is  really  coincident  with  the  first.  For 
*  a:  =  ±  2  gives  either  +  a:  =  4-  2,  or  -+  x  =  —  2,  or  —  a:  =  +  2,  or 
—  x=  —  2;  that  is,  on  the  whole,  either  a;  =  2,  or  a;  =  —  2,  Hence 
it  follows,  that  when  we  extract  the  square  root  of  the  two  meni- 
bera  of  an  equation  it  is  sufficient  to  put  the  double  sign  before 
the  square  root  of  one  of  the  members, 

314.  Quadratic  eqnations  which  contain  only  the  square  of 
the  unknown  quantity  are  called  }mre  quadratics.  Quadratic 
equations  which  contain  the  first  power  of  the  unknown  quantity 
ns  well  aa  the  square  are  called  ad/ecled  quadratics.  Wo  proceed 
now  to  the  solution  of  the  latter, 

315.  We  shall  first  shew  that  every  quadratic  equation  may 
1)6  reduced  to  the  form  a^  +  px  =  q,  whore  p  and  q  are  positive  or 
negative.  For  we  can  reduce  any  quadratic  equation  to  thia  form 
by  the  following  steps  :  biing  tlie  terms  which  contain  the  unknown 
quantity  to  the  left-hand  side  of  the  equation,  and  the  known 
quantities  to  the  right-hand  side;  if  the  coefficient  ol  x'Xjeiyis^- 
tfw»g&aqgB  tie  sign  of  eveiy  term  of  the  equ&Ucm  \  'Oassn.  ftsTniis. 
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every  term  by  the  coefficient  of  a?*.     Thus  we  may  represent  any 
quadratic  equation  by 

To  solve  this  equation  we  add  jp'  to  both  sides ;  thus 

The  left-hand  member  is  now  a  complete  square;  extract  the  squaro 
root  of  each  member ;  thus 


X 


*l-V(^0' 


p 

transpose  the  term  ^ ,  and  we  obtain 

'-fV(^')- 

316.  For  example,  suppose 

-  3a;'+ 36a;- 106=0  ; 

transpose,  —  3aj*  +  36a5  =  105 ; 

change  the  signs,  3a3*  —  36a;  =  —  105  ; 

divide  by  3,  a;«-12a;=-35j 

/12\« 
add  to  both  sides  ( "o" )  >  ^^^^  is,  36  ;  thus 

a;«-12a;  +  36  =  36-35=:l; 

extract  the  square  root  of  both  members ;  thus 

a;-6=ifcl. 

Therefore  a;  =  6  =fe  1 ;  that  is,  a;  =  7,  or  5.  If  either  of  these 
values  be  substituted  for  a;  in  the  expression  -  3a;*  +  36ar- 105,  the 
result  is  zero. 

317.  Hence  the  following  rule  may  be  given  for  the  solution 
of  a  quadratic  equation  : 

^y  iramposUian  and  reduction  arrange  the  equaiion  so  that 
^Ae  ^rms  involving  the  unknown  gruantit]/  arc  aloKiA  on  one  side^ 


r 
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attd  tite  coe£tcient  of  x.'  U  + 1 ;  add  to  both  sides  of  the  eqwUion 
tha  square  o/hal/  lite  coe^cienl  ofs,  and  extract  the  square  root  oj" 
both  sidet, 

318.     Aa  another  exumple  we  will  tiike 

03?  +  6a;  +  c  =  0 ; 

tnuspoBe,  aa!"  +  bx  =  -c; 

divide  by  a,  a;'  -i —  = ; 

hx      b'        b'       e      b'  —  itia 


add 


extract  the  square  rogt,  x  +  -^  ~ 


ia' 


-h^Jjh'-iac) 


The  particular  case  in  wMet  c  =  0  ahould  be  noted.     Then,  taking 
the  upper  aiga  we  hare  »  =  0  ;  and  taking  the  lower  sign  we  have 

te— .     In  feet  in  thia  case  the  equation  reduces  to  ax'  +  'bx  —  0, 

or  X  {ax  +  6)  =  0  :  ajid  it  ia  plain  that  this  is  satisfied,  either  when 

!B  =  0 ;  or  when  ax  +  b  =  G,  that  ia  when  x~  — . 


319,  When  an  example  ia  proposed  for  solution  instead  of 
going  through  the  process  indicated  in  Art,  317,  we  may  mate  uae 
of  the /ormu&[  in  Art.  318.  Thus,  take  the  example  in  Art.  316, 
namely,  —  3a:'+36a!— 105  =  0,  and  by  comparing  it  with  the  formula 
in  Art.  318  we  see  that  we  may  suppose  a-  —  Z,  6  =  36,  c«>  — 105. 
Hence  if  we  put  these  values  for  a,  b,  and  c  in  the  result  of 
Art  318,  we  shall  obtain  the  value  of  a;.  Here 
6" ,-  inc  =  (3G)'  -  1 2M05  =  36  ; 
^36* 


therefore 


-  =  7,  or  5. 
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320.  For  another  example  take  the  equation 

add(|y,  iB'-6iB  +  9  =  9-2  =  7; 

extract  the  square  root,       a:  -  3  =  ±  ^7, 

transpose,  as  =  3  ±  ^7. 

Here  Jl  cannot  be  found  exactly;  but  we  can  find  an  ap- 
proximate value  of  it  to  any  assigned  degree  of  accui*acy,  and  thus 
obtain  the  value  of  a;  to  any  assigned  degree  of  accuracy. 

321.  In  the  examples  hitherto  considered  we  have  found  tvx> 
different  roots  of  a  quadratic  equation ;  in  some  cases  however  we 
shall  find  really  only  one  root.  Take  for  example  the  equation 
53*  -  12a;  +  36  =  0 ;  by  extracting  the  square  root  we  have  a;  -  6  =  0, 
and  therefore  a;  =  6.  It  is  however  convenient  in  this  case  to  say 
that  the  quadratic  equation  has  two  equal  roots, 

322.  If  the  quadratic  equation  be  represented  by 

ox*  +  hx  +c=0, 
we  know  from  Art.  318  that  the  two  roots  are  respectively 

_  and  -^-  . 

Now  these  will  be  different  unless  6*  —  4a<j  =  0,  and  then  each  of 

them  is  —  rr- ,    This  relation  b'  —  iac  =  0  is  then  the  condition  that 
2a 

must  hold  in  order  that  the  two  roots  of  the  quadratic  equation 

may  be  equal. 

323.  Consider  next  the  example  a;*  —  10a;  +  32  =  0. 
By  transposition,        a;'  —  lOa?  =  —  32 ; 

by  addition,  a;*-  10a;  +  25  =  25-  32  =-  7. 

If  we  proceed  to  extract  the  square  root  we  have 
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But  the  negative  quantity  —  7  has  no  square  root  either  exact  or 
approximate  (Art.  232)  j  thus  no  real  value  of  x  can  be  found  to 
satisfy  the  proposed  equation.  In  such  a  case  the  quadratic 
equation  has  no  real  roots ;  this  is  sometimes  expressed  by  saying 
that  the  roots  are  imaginary  or  impossible.  We  shall  return  to 
this  point  in  Chapter  xxv. 

324.     If  the  quadratic  equation  be  represented  by 

Oic*  +  6a;  +  c  =  0, 

we  see  from.  Art.  318  that  the  roots  are  real  if  6'—  4ac  is  positive^ 
that  is^  if  6'  is  algebraically  greater  than  4ac,  and  that  the  roots 
are  impossible  if  6'  —  4ac  is  nega/tive,  that  is,  if  6'  is  algebraically 
less,  than  4ac. 
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>c  1.  a»-4a;  +  3  =  0.  ^2.     a:'-5a;  +  4  =  0. 

^3.  6a;'-13a;+6  =  0.  ^L     3aj'-7aJ=20. 

}^5.  2a*-7a;+3  =  0.  ;<  6.     3a;' -  53a;  +  34  =  0. 

x7.  a;*+ 10a; +  24  =  0.  x  8.     7a;*- 3a;  =  160. 

3 

/  9.  14a;-a;*  =  33.  ^10.     2a;" - 2a; - ^  =  ^• 

<11.  «*-3=^(a;-3).  /l2.     4  (a;' - 1)  =  4a;  -  1. 

vl3.  110a«-21a;  +  l=0.  \/l4.     780a;'- 73a;+ 1  =  0. 

V15.  (a;-l)(a;-2)=6.  \/l6.     (3a; -  2)  (a; -  1)  =  14. 

n/IT.  (3a;- 5)  (2a;-  5)  =  (a;+  3)  (a;-  1). 

na  (2a;+l)(a;  +  2)  =  3a;"-4. 

/l9.  (x  +  1)  (2a;  +  3)  =  4a;'  -  22. 

^20.  {X  -  1)  (a;  -  2)  +  (a;  -  2)  (x  -  4)  =  6  (2a;  -  5). 

>/21.  (2aj-3)'=8a;.  \/22.     (5a; -3)'- 7=  44a: +  5. 


/ 
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vS.    (,.|)(«-').(.-J)(«.l).(«.J)(,.>). 


y26. 


«     2  _aj     3 


27.  °*(aj+l)-i(2a,'  +  a!-l)=±(a:+l). 

•{'28.  8.+  ll  +  I=?l±^.         ^29.     «+"=i!^). 
'  OS  7  '  a>     6  4 

J  «       21       23  /  21       X     23 


•'32  1        ,      ^     _  ^  ^00  3  X  8 

N     ''•     2(a!-l)"^*«-l-4'         ^'*''-     2(a;'-l)'^4(«+l)~8* 


/  34      «  +       ^0  3(10  +  x) 

'    .     •     15*3(10-0!)"       96 

^|35. 


2*      3a!- 50      12a;  +  70 
r5  "^  3(10  +  *)  ~      190 


/„.      iB*-5«             -1  v/oN.  «!+2      i-x      7 

38.      «    =1+^1.  V39.  ^J+^=^. 

x-l     2        X  a;-4     «  +  4      3 

/.^     x  +  2     aj-2     5  /.- 


0?  IC4-1       13 

a-2     a;+2~6'  ^  "**    STT  "*"  "V  ""  6  ' 


V42.    ^«^-^  =  ^  V43. 


y 


x  —  12      x—6      6'  '       '     05  —  2     05  +  2     5* 

12  /  _         6        3       14 


^^-   z-rT  +  ;;:To  =  :rr^-  \  ^^• 


+  -  = 


x+l     x+2     aj+3'  ^      '     x+2     x     «  +  4' 

/   ifi     ^^-^     3a?~5_g  A,^      3a;~2     2g-5     8 

\    *•     3a;-5"*'2a;-.3"2'  .  N    ^'     2a;-5  "3«-2  "  3* 

\/^js?      ^-^^     ^-3     2a;~3  /.^     a;-2     a;  +  2     2(fl;+3) 

a^-h^     x-2      a?-l  ^          x  +  ^     «-^       x-^ 
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\l50.     10  (2a;+  3)  (aj-  3)  +  {1x  +  3)*  =  20  {x  +  3) (a -  1). 
V^l.     (7-4V3)«*  +  (2-V3)a;  =  2. 
aj*-2aa;  +  a«-6*=0. 


V52. 
\|63. 
\  54.     (3a«  +  2>»)  (»•-«+  1)  =  (36«  +  a")  (»» +  a;  +  1). 


»«-2aa;+6'  =  0. 


V  5o.     + 7  + =  0. 

1  x—a     x—o     x—c 

La     1 . 1„ 


\6^. 


(aj-6)(»-c)     (a  +  c)(a  +  6)     (a  +  c)(aj-c)     (a  +  6)(a?-6)* 


Jk^  1               111 

\57.    r — =-+r+-- 

>*  58.  (aiB-5)(5aj-a)  =  c*. 

;^-  a           6          2c 

\59.     + r  = . 

»  x—a     x—o     X- c 

3a*aj     6a*  +  a6  -  26'     6'a; 


J  60. 


060;*  + 


c  c' 


\/62 


^,      aj  +  a     x-\-h     x  +  c     ^ 

61.     + J-  + =  3. 

x—a     x—o     x—o 


^g^     a  +  (j(a  +  aj)     a  +  x a 

a  +  c{a-x)        X        a-  2cx " 


XXL     EQUATIONS  WHICH  MAY  BE  SOLVED 

LIKE  QUADRATICS. 

325.  There  are  many  equations  which,  though  not  really 
quadratics,  may  be  solved  by  processes  similar  to  those  given  in 
the  preceding  Chapter.     For  example,  suppose 

aj*-9a;*  +  20  =  0. 
Tnuupose^  a?^  -  Pa?*  =  -  20  ; 
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by  addition,  a:*  -  Ox'  +  QJ=  Q'-  20  =  ~ ; 

extract  the  square  root,         ^-•o='*o^ 

9     1 
therefore  jc*  =  -  *  -  =  5,  or  4 ; 

therefore  x  =  ^J5,  or  ±2. 

326.  Similarly  we  may  solve  any  equation  of  the  form 

oic*"  +  fta"  +  c  =  0. 

Transpose,  aa?^  +  hx*  =  —  c ; 

divide  by  «,  «-  +  *^=-i; 

a         a 

byaddition,  a*.  +  _  +  y  =y  "^=-1^' 

extract  the  squaa.  root,       «.  .  ^  =  ^^(^I^)  . 

therefore  of  = ^ . 

2a 

Hence  by  extracting  the  n^  root  the  value  of  x  is  known. 

327.  Suppose,  for  example, 

x+  i  jsjx  =  2l ; 

therefore  a;  +  4  ^x  +  4  =  25  ; 

therefore  ^x  +  2  =  ±  5 ; 

therefore  Jx  =  ~2±5  =  3,  or  -7; 

therefore  a?  =  9,  or  49. 

328.  Again,  suppose 

x'^  +  «"*  =  6 ; 

therefore  x"^  +  aj"a  +     =       j 

therefore  x"^  '^'^^"9.   ' 
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therefore  »"'  =  —  ^sfc;r  =  2,  or-3; 

therefore  »"*  =  4,  or  9, 

and  «  =  T»  or  tt. 

4  l^ 

329.     Suppose  we  require  the  solutions  of  the  equation 

By  transposition,     ^{^x  +  10)  =  8-05; 
square  both  sides  j  thus 

5a;  +  10  =  64-16a;  +  a:'; 
therefore  ar  -  21a3  =  —  54  ; 

therrfore  ai«  -  21a;  +  ^^ V  =  (y)  -  54  =  ^^ ; 

therefore  *  —  -tt  ^  *  "o"  ^ 

iu  2 

therefore  a;  =  -^  ±  — -  =  18,  or  3. 

Substitute  these  values  of  a;  in  the  left-hand  side  of  the  given 
equation;  it  will  be  found  that  3  satisfies  the  equation  but  that  18 
does  not ;  we  shall  find  however  that  18  does  satisfy  the  equation 

a? -^(5a;+ 10)  =  8. 

In  fSsM5t  the  equation  5a;  +  10  =  64  —  16a;  +  a*  which  we  obtained 
from  the  given  equation  by  transposing  and  squaring  might  have 
arisen  also  fix)m  x  —  J{px  +  10)  =  8.  Hence  we  are  not  sure  that 
the  values  of  x  which  are  finally  obtained  will  satisfy  the  proposed 
equation ;  they  may  satisfy  the  other  form. 

330.     Again,  consider  the  example 

a;- 2^(a;»  + a;  +  5)  -  14  =  0. 
By  transposiilon,  x— 14:^2  J {in^  +  a;  +  5)  j 

T.  A.  XI 
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by  squaring,         »*  -  28a;  +  196  =  4aj*  +  4a;  +  20 ; 

therefore  3ic"  +  32a;  =  1 76. 

-44 
From  the  last  equation  we  shall  obtain  as  =  4,  or  — «— .     It  will, 

o 

however,  be  found  on  trial  that  neither  of  these  values  satisfies  the 

proposed  equation ;  each  of  them  however  satisfies  the  equation 

a;  +  2^{a;*  +  a;  +  5)-14  =  0. 

From  this  and  the  preceding  example  we  see  that  when  an 
equation  has  been  reduced  to  a  rational  form  by  squaring,  it  will 
be  necessary  to  examine  whether  the  roots  which  are  finally 
obtained  satisfy  the  equation  in  the  form  originally  given.  This 
remark  applies  for  instance  to  equations  like  those  solved  in 
Arts.  312,  327,  and  328. 

331.  Suppose  that  all  the  terms  of  an  equation  are  brought  to 
one  side  and  the  expression  thus  obtained  can  be  represented  as 
the  product  of  simple  or  quadratic  factors,  then  the  equation  can 
be  solved  by  methods  already  given.     For  example,  suppose 

(a?  -  c)  (a;*  -  3aa;  +  2a')  =  0. 

The  left-hand  member  is  zero  either  when  a;  —  c  =  0,  or  when 
a;'  —  3aa;  +  2a'  =  0 ;  and  in  no  other  case.  But  if  a;  -  c  =  0,  we 
have  x  =  c;  and  if  x'  —  3ax  +  2a'  =  0,  we  shall  find  that  a;  =  a,  or  2a. 
Hence  the  proposed  equation  is  satisfied  by  x  =  c,  or  a,  or  2a; 
and  by  no  other  value*. 

332.  Facility  in  separating  expressions  into  factors  will  be 

acquired  by  experience ;  some  assistance  however  will  be  furnished 

by  a  principle  which  we  will  here  exemplify.     Consider  the 

example 

X  (a;.—  c)*  =  a{a  —  c)*. 

Here  it  is  obvious  that  x  =  a  satisfies  the  equation ;  and  we  shall 
find  that  if  we  bring  all  the  terms  to  one  side  x  —  a  will  be  a  factor 
of  the  whole  expression.     For  the  equation  may  be  written 

a;*- a' -  2c(a;'- a')  +  c«(a;-a)  =  0 ; 

tliat  18,  (x  -  a)  {a?'  +  aa;  +  a"  -  2c  (x  -v  aJj-v  c'\=0. 
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Hence  the  other  roots  besides  a  will  be  found  by  solving 
the  quadratic 

a?  +  ax  +  a*-  2<?  (a;  +  a)  +  c*  =  0. 

In  this  manner  when  one  root  is  obvious  on  inspection,  we 
may  succeed  in  arranging  the  equation  in  the  manner  indicated  in 
Art  331. 

333.  We  will  now  add  some  miscellaneous  examples  of  equa- 
tions reducible  to  quadratio^* 

(1)  Suppose 

a*  -  7a;  +  ^(ic^  -  7a;  + 18)  =  24. 

Add  18  to  both  sides ;  thus 

a^-7a;+18+^(ar'-7a;+18)  =  42; 
complete  the  square ;  thus 

a«-7a:  +  18+V(a^-7a;+lS)  +  j  =  42i  =  ^-^^ 

1         13 
therefore  ^^(a;^  -7a;  +  18)  +  2  =  =^-2-; 

therefore  ^(a;-  -  7a;  +  18)  =  6,  or  -  7  ; 

therefore  a?  -  7a;  +  18  =  36,  or  49. 

Hence  we  have  now  two  oydiijary  quadratic  equations  to 
solve.  We  shall  obtain  from  the  first  a;  =9,  or  -2,  and  from  the 
second  a;=  ^  (7  ±  ^^173).  It  will  be  found  on  tiial  that  the  fii-st 
two  only  are  solutions  of  the  proposed  equation  : '  the  others  apply 
to  the  equation 

jc«- 7a;- ^(a;* -  7a;4- 18)  =  24. 

(2)  Suppose 

a;*  +  aj'  -  4a;'  +  a;  +  1  =^  0. 

Divide  by  a? ;  thus 


>!      1       1      A 
X       X 


VI— \ 
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or  ar  +  -|  +  aj  +  —  4:=:0: 

thereforo  (*  "*■  ")  +(*  +  -)-  6  =  0 ; 

therefore  f «  +  -)  +  (05  +  -  j  =  6, 

and  (*  +  ^)'+(*  +  i)+i  =  6i=TJ 

therefore  a;  +  -  +rr  =  ±^: 

a;     2         2 

therefore  a?  +  -  =  2,  or  —  3. 

X 

First  suppose  a;  +  -  =  2  : 

a; 

thei-efore  a'  -  2a;  + 1  =  0 ; 

therefore  a;  =  ] . 

Next  supiK)so  a?  +  -  =:  —  3 ; 

therefore  a;'  +  3aj  =  —  1 ; 

therefore  a5*  +  3a5  +  y=^  —  1=-: 

4     4  4 

therefore  «;  +  ^  =  * ^,  and  x  = ""    .,        . 

(3)     Suppose 

4 
ac^  +  3a;  4  1  =  3a;'  +  3  a;'. 

„  4a;* 

Transpose  a;*  -  3a;*  +  3a;  +  1  =  —-  ; 


therefore 


/  ,     3a;V     ^^     ^       ^      i7? 


.J^erefor.  (-"-I)'"  2  (a^^^)  -  J.l  =^^; 
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therefore       [af  — tt)  —2\oc^  — =- 1  + 1  =  —  A = . 

\        2/         \        2/  4       9        36 

Extract  the  square  root,  then 

"We  have  now  ordinary  quadratics,  namely,  ^*  —  "o"  ^  ^  =  '^' » 

3aj  5aj 

and    a^  — —  —  1=_.  From    the    former   we    shall    obtain 

Ji  o 

x:^i  (7^  ^85),  and  from  the  latter  a;  =  J  (1  db  ^10). 
(4)     Suppose 

We  may  write  the  equation  in  the  form 

{x^  3  Jx)'  +  2  {x-  3  Jx)  +  1  =oc^. 
Hence  a;  -  3  fjx  + 1  =  sfc  a;. 

Take  the  upper  sign ;  thus 

a?— 3^a;  +  l  =0!; 

therefore  ,Jx  =  « ,  and  «  =  q  . 

Take  the  lower  sign ;  thus 

iB-3^a:  +  l  =-»; 
therefore  2a:  -  3^a:  +  1 «  0. 

From  this  we  obtain  ^x  =1,  or  ^ ,  and  therefore  a;  =  1,  or  j . 


(5)     Suppose 


g  +  c  +  ^(g*-c*)  _  9  (a; -K?)  ... 


In  solving  this  equation  we  shall  employ  a  ^jrincv^l^  whifik 
oftao  Abbtvviates  a^braical  work. 


i 
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Suppose  that 

a     p 
h-q' 

then  will 

rt+6     p+q 
b     -     q     ' 

a-b     p-q 

a  +  h     p-hq 
a-b ~  p-q 

For  the  first  of  these  three  results  is  obtained  by  adding  unity 
to  each  of  the  given  equal  quantities,  the  second  is  obtained  by 
subtracting  unity  from  each  of  the  given  equal  quantities,  and  the 
third  result  is  obtained  by  dividing  the  first  by  the  second.  Each 
result  is  sometimes  serviceable.  For  the  present  example  we 
employ  the  third.     Thus  from  (1)  we  deduce 

2(x  +  c)        9a;  +  17c 


Square  both  sides,  and  simplify  the  left-hand  member ;  thus 

x  +  c     (9a;  +  17c)* 


a;  —  c        (9a;  +  c)* 


(2). 


Again,  by  employing  the  third  of  the  above  results  we  deduce 
from  (2) 

a;  _  (9a;  4- 1 7c)'  +  (9a;  +  c)'  _  (9a;  +  17c)'  -f  (9a;  -f  c)' 
c  ~  (9a;  +  17c)'  -  (9a;  +  c)'  "       16c  (18a;  +  18c)       " 

By  reducing,  we  obtain 

63a;'-.18a;c--U5c'  =  0, 

and  from  this,  a;  =  -„-  ,  or  a;  =  —  -^ry . 

(6)     Suppose 

Transpose;  thus 

j^(l  -  ix)  -     /(^  -  x'j  =  J(Sax-  «V 
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B7  squaring,  -j-(l -4aj)-3a^(l-4aj)     /(-r- ""^j  =  ^^*"X 


=  -^^(l-4.> 


Divide  by  J{1  -  ix)  ;  thus 
9a*  +  3a 


v(i-4.)=3«y(^-..). 


4 

By  squaring,       (1  +  3a)»  (I  -  ix)  =  16  (^  ^  xY, 

therefore       ix  {(1  +  3a)*  -  4}  =  (1  +  3a)*  -  12a  =  (1  -  3a)' ; 
therefore  4a;  (3a  +  3)  (3a  -  1)  =  (3a  -  1  )* ; 

therefore  x  = 


12(a+l)- 


Also  corresponding  to  the  factor  ^(1-  4a;),  which  was  removed, 

we  have  the  root  a;  =  7  . 

4 

This  example  is  introduced  in  order  to  draw  the  attention  of 
the  student  to  the  circumstance  that  when  both  sides  of  an  equa- 
tion are  to  be  squared,  an  advantageous  aiTangement  of  the  terms 
on  opposite  sides  of  the  equation  should  be  made  before  squaring. 
If  in  this  example  as  it  originally  stands  we  square  both  sides,  no 
terms  will  disappear ;  bat  by  transposing  before  squaring  we  ob- 
tain a  result  in  which  —  x  occurs  on  both  sides,  and  may  therefore 
be  cancelled. 

(7)     Suppose 

We  have  identically 

a.«  +  9-(a,-'-9)  =  18  =  34-16. 

Hence,  dividing  the  members   of  this  identity  by  the  cor- 
responding members  of  the  proposed  equation,  we  obtain 

^(:c'+  9)  -Ji??-  9)  =  V(34)  -  4. 
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Tberefore,  by  addition,  J{x*  +  9)  =  ^(34)  ; 

therefore  x*  =  25,    and  aj  =  «fc  5. 

This  equation  is  introduced  for  the  sake  of  illustrating  the 
artifice  employed  in  the  solution.  This  artifice  may  often  be  em- 
ployed with  advantage  j  for  instance,  example  (6)  may  be  solved 
in  this  way. 

(8)  J(2x^i)-2^{2-x)  =  J^^l\^y 

"We  may  write  this  equation  thus, 

The  factor  J{2x  +  4)  -  2  ^(2  -  a;)  can  now  be  removed  from 
both  sides ;  thus  we  obtain 

J{9af  + 16)  =  2  y{2x  +  4)  +  2  V(2  -  x)}. 

By  squaring,       9aj'  + 16  =  4 {12  -  2a:+  4^(8 - 2as^} ; 

therefore  a;*+ 8a?  =  4(8-2a?')  +  16^(8-2a:*); 

therefore       »»  +  8a;  +  16  =  4  (8  -  2iB^  +  16  ^(8  -  2a;')  + 16. 

Extract  the  square  root ;  thus 

-=(a;  +  4)  =  2V(8-2a;")  +  4. 

The  solution  can  now  be  completed ;  we  shall  obtain 

a;  =  ±  — ^  , 
3    ' 

and  also  a  pair  of  imaginary  values. 

Also,  by  equating  to  zero  the  factor  J{2x  +  4)  —  2  ^(2  -  a;), 
which  was  removed,  we  shall  obtain  «  =  |. 

It  will  be  seen  that  very  artificial  methods  are  adopted  in  some 
of  these  examples;   the  student  can  acquire  dexterity  in  using 
such  transformations  only  by  practice.     More  examples  will  be 
found  in  Chapter  uv. 
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EXAMPLES  OP  EQUATIONS  REDUCIBLE  TO   QUADRATICS. 

3a;  +  2V«-l=0.  V2.     »'"  +  31aj' =  32. 


'■ 


3a;'  +  42a:t  =  3321.  \/4.     ici-13aA  =  14. 

aj«- 35a;' +216  =  0.  V6.     ic»»  -  ic«  +  2  =  0. 

aj  +  2.^(aa;)  +  c  =  0.  V8.     3a;* -7iB*  =  43076. 

a;*-14a;«  +  40  =  0.  VlO.     a;* +-^  =  34. 

2a;* 

Vfl.     iy(2a;)-7a;  =  -52.  Vf2.     3af»  ^a;"  +  |^  =  16. 


a;  +  5-^(aj  +  5)  =  6.  Vl4.     2^a;+-y-=5. 


\15.  a;*  +  5a;*  -  22  =  0.  \l6.     3a;* -4a:*  =  7. 

\l7.  2a;  +  ^(4aj  +  8)  =  |.  Vls.     2  (a^  +  a;""«)  =  5. 

V'l9.  V(2aj  +  7)  +  V(3a;-18)  =  ,y(7a;+l). 

V40  -^(^"^^>l  Jfa.3)-       ^ 

y  21.  V(a  +  a)  +  V(a  -  a;)  «  ^6. 

v^2.  V(a;+9)  =  2Va;-3. 

\k3.  a;  +  ^(5a;  +  10)  =  8.  \    24.     2'+»  +  4'  =  80. 

V^5.  ^+?:4=39. 

^  a;-2       a;  +  l 


/-        J(x-¥2a)-~'J(x-2a)  ^  x^ 
J(x  -  2a)  +  J{x  +  2a)     2a ' 
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\/  30.     2x  +  V(2  +  2a?)  =  c(l  -  a). 

r 

Ja-^Jia-x)     Ja  +  J{a-\-x)~'^^' 

J 

Y  32. 

N33.     V{a:  +  8)-^/(«+3)  =  ^/a;. 

Y  34.     ;/(»  +  3)  +  ^(«  +'8)  =  5  Jx. 

\/  ■^'i      '»^_-»*     ^  +  a*_34 
^    36.     J{a  +  h3g')-Ja  =  eJ(f>3f). 

V38.     ^A-a'-\-0.  V39.     §1?=^?^. 

^  X  a  *  931        X  —a 

,  V(^  +  l)  +  V(x«-l)     V(:«'  +  l)-V(a.'-l) 

v/. ^       /  i        i^i      /I        *vi        --     \.\.^      a*  +  a^     a*  — a;* 

V41.     (a^  +  jc-i)^  =  (aT  +  a;T^\^.  — -     \/42.     + 

V  /\  ^  a  +  aj^-ir. 

V 43.     ^(1  -  a;  +  a*)  -  ^(1  +  a;  +  ic«)  =  m. 
a:  +  V(a;»^l)      x-^(x^^l)        ' 

Y  45.     ^(a,-*  -  3aaj  +  a«)  +  ^(«*  +  3aa;  +  a*)  =  J (2a*  +  2b*). 

\47.     'i3^(a5^)  - ^  ( V«^ 4  ^a:)  =  0. 

,48.  Va;  +  V{a;-V(l-«:)}  =  1. 
'■•^-  49.  (a;  +  a)*  -  (a;  -  a)'  =  242a*. 
/'         a/' -hi  /e 


=  4a^ 
a+x       a—x 
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25a;'-16      3(a:'-4)a; 
>  10^-8    ~     2a:-4     • 

y  63.  J{2x  +  9)  +  J{3x  -15)  =  J{7x  +  8). 

55.  V(«'  +  2a:-l)+V(a:*  +  a;  +  l)-V^+V^.  — 

66.  fj(x'+ax-l)  + J{a^-\-bx^l)=Ja  +  Jb, 

>  57.  (a:»+l)(a;-f2)  =  2.      V58.  (a;*  +  a) (a;  +  5)  =  a6. 

I  50.  {x-a){x'-b){x-c)-habc=0. 


)/ 


60. 

/ 


1     1     ix 


l^x     l  +  x     1  +  x'' 


^  61.   J  + ^  + .  + =  =  0. 

x  +  a-ho     x  —  a  +  b     x  +  a-b     x-a-b 

\     CO      (c^^^){x  +  ^)      (a  +  x){x^m) 

,    u  J,  = • 

x-¥n  x  —  n 

\a  —  xj  ab 

N/c^.  2»  + 1  +  a;  Jix"  +  2)  +  (a;  +  1)  J{x''  +  2a;  +  3)  =  0. 
V65.  a*  +  3  =  2  ^(a;*  -  2a;  +  2)  +  2a;. 
y  06.  a;*  +  5a;  +  4  =  6  ^(a;*  +  5a;  +  28). 


a;' 


V67.  V(a^-2a;  +  9)-^=3-a;. 

V'OS.  3a;«+  15a;-  2  ^{^  +  5a;  +  1)  =  2. 

\y69.  (a;+5)(a;-2)+3  7{a;(a;4-3)}-0. 

\[10.  a'  +  3-V(>'-3aJ+2)  =  |(a;  +  l). 

vAtI.  a;(a;  +  1)  +  3  V{2a;*  +  6a;  +  5)  =  25  -  2a;. 
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\/  30.    2aj  +  V(2  +  2x)  =  c(l  -a). 


J  Qi  a  —  x  a  +  x  ^    . 

\/qo  J{x+2a)^{os~^2a)  _ ^ 

V     ^*  ^{a;  -  2a)  +  ^(a  +  2a)  "  2a  • 

N33.  V(«  +  8)-^(a;+3)  =  ^a;. 

/34.  V{«  +  3)+7(a;+'8)  =  5Va?. 

\,    «^  iB*-a*     a*  +  a*      34 

V     35.  -r^ 5+-^ •  =  Tk- 

^  x*  +  a*     XT -a*      15 

\    3G.  ^{a-\'bx'')-Ja  =  c^{bxr). 

9 

\  37.  ,/(«  +  4)-V«-y(«  +  3- 

V38.  ^a-«--i.-o.  .    \  39.  ts-'-^:^. 


05  a 


931        a;*-a* 


\ 


V(.:».-l)4.V(a;«-l)  ^0^^1)-V(a:«-1) 
v^""-     V(^+l)-V(«''"-'l)^V(^  +  l)  +  ^(a:'-l)"*^^^'^     '>' 

V41.     (a3  +  ic-V  =  (a^  +  a;^)3.  — ^      ;42.     + =  4a. 

^  '       ^  '  a  +  a5       a-x 

V43.     V{l-a;  +  a^)-V(l  +  a+aJ*)  =  wa. 

^+^(^-J)^^V(^-l)__ 
aJ-V(^-l)     «^  +  V{^-l)"" 
' .  45.     Jix"  -  3aa;  +  a»)  +  J^jc"  +3ax  +  a«)  =  V(2a*  +  26*).  \ 

47.  W-"^)  -  ^^  (V* +-:/•«)  =  0- 

48.  V*  +  n/{«  -  V(l  -  «)}  =  ■'• 
.  49.     («  +  oy-(x-a)'-243a'. 


,.„      ;r'+i  /6 
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f  25a:'- 16  _  Z{7?-i')x 

V  lOx-S    ~     2a;-4    • 

# 

\/53.  Ji^x  +  9)  +  V(3a;  -  15)  =  V(7a:  +  8). 

y56.  J{x^+ax-\)-¥  J(x*-¥hx^\)=Ja  +  Jb, 

y  57.  (a:»+l)(a;  +  2)  =  2.              \/ 58.     (a;*  +  a)  (a;  +  5)  =  a6. 

1^/50.  (a;  -  a)  (a;  -  6)  (a;  -  c)  -f  a&c  =  0. 

/go. 

V  61.    J  + ^  + j,  + i  =  0. 

a?  +  a-f6     a;-a  +  6     x  +  a-h     x-a-o 

^  (a  -  a?)  (a;  4- m)  _  (a  +  a)  (aj  -  m) 
a;4-7j                    x  —  n 


1  1  4a; 


1  -aj     1  +  a;     1  +  »*' 


-     ex 
ab' 


N/g^.     2aj  +  1  +  a;  J(x*  +  2)  +  ^a;  +  1)  J{x'  +  2a;  +  3)  =  0. 
\/Q5.     a;"  +  3  =  2  J{oc^  -  2a;  +  2)  +  2a;. 
y  66.     a;*  +  5a;  +  4  =  6  ^(a;*  +  5a;  +  28). 


V67.     V(^-2a;+9)-^=3-a;. 


V68.  3a;«+  15a;-  2  ^{^  +  5a;  +  1)  =  2. 

\yC9.  (a;  +  5)(a;-2)+37{a;(a;+3)}«0. 

V^70.  a;»  +  3-V(2a;'-3a;+2)  =  |(a;4-l). 

/7I.  a;(a;  +  1)  +  3  J{2x'  +  6a;  +  5)  =  25  -  2a;. 

^72.  a:«-.2v'(3^-5^-f4)  +  4  =  :^(x  +  ^  +  lV 
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73.    a:"-.a;  +  3^(2a:«-3aj  +  2)  =  f  +  7. 

9 

.  74.    -^ i  =  5-»-iB». 

1  +  aj  +  a; 

75.     (a;  +  a)(a;  +  2a)(aj  +  3a)(a;+4:a)=c*. 

/  76.     16a;  («+ 1)  (a?  +  2)(a;  +  3)  =  9. 

,  ^^      a*  +  aa;  +  a;*     a*  ^^  ^     ,, 

V77.    —^ rx;s  =  -5-  78.     «  =  aj*  +  (l-a;)*. 

\  79.  x^-^x^  +  x^a.  \^4o.     a;*-2aj»  +  aj=132. 

y'Sl.  ^a;  +  V(a;  +  7)  +  2  J{a^  +  7x)  =  35-  2aj. 

V82.  a;"-  8  (a;  +  1)  ^a;  +  18aj  +  1-0. 

\/83.  2{x*  ■{-  ax)^  +  Jx  +  ^{a  +x)  =  h-2x. 

y  84.  a;*  +  2a?'  - 1 !«'  +  4a:  +  4  =  0.  85.     a*  +  4a'aj  =  a*. 

V9I.  a;'  +  l=0.  92.     wa"  +  aj  +  w  +  l  =  0. 

93.  (a;-  2)  (a;-  3)  (a;-  4)  =  1 .  2 .  3. 

94.  (a;  -  1)  (a:  -  2)  (a;  -  3)  -  (6  -  1)  (6  -  2)  (6  -  3)  =  0. 

95.  (a;-l)(aj-2)(a;-3)=24. 

96.  6a;»-5a;*  +  a;  =  0.  97.     a«  +  a*-4a;- 4  =  0. 

98.  -  +  - +- =  l+_ +-_. 
a     a;     ar  a     a 

99.  8a;"  +  16a;  =  9.  100.     aj'-A^i^. 

3a;       ^ 

101.     3x' +  8x*  -  8ix?  ^  Z. 


86.     a;*  +  aa;'  +  6a;*  +  ca;  +  —  =  0. 

ar 
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102.  x{a^-2)  =  m{ix^  +  2mx  +  2). 

103.  (a^-'aF){x  +  a)h-h{a'-h*){a  +  h}x-^{b*-x^{b  +  x)a  =  0. 

104.  «» -\-pa^  +  A>  -  1  +  — ^t)  a  + 1  =  0. 

105.  (p-l)*a;»+p«»  +  ^p~l  +  -43)  a;  +  1  =  0. 


XXn.     THEORY  OF  QUADRATIC   EQUATIONS   AND 

QUADRATIC  EXPRESSIONS. 

334.     A  qitadratic  equation  cannot  have  more  than  two  roots. 

For  any  quadratic  equation  will  take  the  form  ax'  +  bx  +  c  =  0 
if  all  the  terms  are  brought  to  one  side  of  the  equation ;  and  then 
by  Art.  318  the  value  of  x  must  he  either 

2i  ^"^  2a 

that  is  the  value  of  x  must  be  one  or  the  other  of  ttoo  quantities. 

The  result  is  sometimes  obtained  thus.  If  possible  let  three 
different  quantities  a,  j9,  y  be  roots  of  the  quadratic  equation 
oaf  +hx  +  e  =  0 ;  then,  by  supposition, 

aa*+ha  +  c  =  Oy     aj8*  +  5)8  +  c  =  0,     a/  +  6y  +  c  =  0. 
By  subtraction, 

divide  by  a  -  j8  which  is,  by  supposition,  not  zero ;  thus 

a(a+j8)  +  6  =  0. 
Similarly  we  have       a  (a  +  y)  +  6  =  0. 

By  subtraction,  « (i^  —  y)  =  0  ; 

this  however  is  impossible,  since  by  supposition  a  is  not  zero,  and 
j8  — y  is  not  zero.  Hence  there  cannot  be  three  different  roots 
to  a  quadratic  egnation. 
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335.  In  a  quadratic  equation  where  the  coeJicierU  of  the  first 
term  is  unity  and  the  terms  a/re  all  on  one  side,  the  sum  of  the  roots 
is  equal  to  the  coefficient  of  tlie  second  term  with  its  sign  changed, 
and  the  product  of  the  roots  is  equal  to  the  last  term,. 

For  the  roots  of  aa?  -f  6a;  +  c  =  0  are 

-h  +  J{h'-iac)  -b-J{h'-iao) . 

hence  the  sum  of  the  roots  is  — ,  aad  the  product  of  the  roots  is 
i— ^ -,  that  is,  -.     And  by  dividing  by  a  tiie  equation 

UOC       c 

may  be  written  of  ■{ —  •4--  =  0;  and  thus  the  proposition  is  esta- 
blished. 

336.  Let  a  and  (3  denote  the  roots  of  the  equation 

aaf  -i-bx  +  c^O ; 

h  c 

then  a-k-p  —  —  and  a^  =  - .    These  relations  are  useful  in  finding 

the  values  of  expressions  in  which  a  and  p  occur  in  a  symmetiical 
manner.     For  example, 


(a-)8)«=(a  +  )3)«-4a)3  = 


a       a 
b'-iac 


a 


a      ^        a/5  a  *  a        c* 

The  relations  demonstrated  in  Art.  335  are  useful  in  verifying 
the  solution  of  a  quadratic  equation;  of  course  if  the  roots  ob- 
tained do  not  satisfy  these  relations  we  are  certain  that  there  is 
some  error  in  the  work. 

When  we  know  one  root  of  a  quadratic  equation  we  can 
deduce  the  other  root  by  the  aid  of  either  of  these  relations.  Take 
for  example  the  equation 

a  +  c      6  +  c     2(a  +  6  +  c) 
x  +  a     03  +  5        x-\-tt-vb 


r 
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1<1I 


k 


Here  x=e  obviously  satisfies  the  equatioE;  clearing  of  fi-actiona 
obtain 


- ;  and  n, 


B  i-oot 


6a:  +  e  is  identical  witli  tlio  expres- 
,  the  two  eipi'essions  are  equal  for 


Thus  the  product  of  the  roots  ii 

s  a  the  other  must  bo  — ■ ,- . 

a-t-b 

337.  We  have 

(  .     bx     c) 
ax  -hbx  +  c  -a<Lar  +  —  +-) ; 

now  put  for  -  and  -  their  values  in  terms  of  a  and  ^ ;  thus 

™;'  +  6>,  +  t.»(^-(.  +  ffl>i  +  a«.»(.r-a)C.-«. 

Thua  the  expression  ox 
aion  a(x  —  a)(x  —  p);  that 
all  values  of  x. 

Hence  we  can  prove  the  statement  of  Ai-t.  334  iu  (uiother 
manner.  For  no  other  value  of  x  besides  a  and  j8  can  make 
{x  —  a)  {x  —  P)  vanish ;  since  the  product  of  two  quautltiea  cannot 
vanish  if  neither  of  the  quantitios  vanishes. 

The  student  may  naturally  ask  if  the  identity 
ax"  +  bx  -h  e  =  a{x-a)  {x  -  fi) 
holds  in  those  cases  alluded  to  ii>  Art.  333,  whei-o  the  roots  of 
fa?  +  bx  +  e  =  (i  ere  impomble;  we  shall  return  to  this  point  in 
Chapter  xxv. 

338.  The  titudciit  must  be  caveful  to  distinguish  between  a, 
quadratic  equation  and  a  quadratia  expression.  In  the  quadiiitic 
equalion  ox'  +  ie  +  c^O  we  must  suppose  x  to  have  one  of  two 
definite  values,  but  when  w^e  speak  of  the  quadratic  expreesion 
ax'+bx  +  c,  without  saying  that  it  is  to  be  equal  to  zero,  we  may 
suppose  X  to  have  any  value  we  please, 

339.  We  have 


'lhiJ^i-!.h'lk^^- 


w   V 
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Now  first  suppose  that  h^  —  iac  is  negative;  then  — -r—^ —  £a 

also  negative;   hence  (^  +  9-) a  *  "  ^  necessarily  positive 

for  all  real  values  of  x.  In  this  case,  005'  +  6aj  +  c  being  equal  to 
the  product  of  a  into  some  positive  quantity  must  have  the  same 
sign  as  a.  Thus  if  6*  -  iac  be  negative,  cmc"  +  hx  +  c  has  the 
same  sign  as  a  for  all  real  values  of  x, 

Next  suppose  that  6'  —  4ac  is  zero  ;  then 


ax'  +  bx-{-c 


=«('=^^y- 


Here,  as  before,  aa^  +  hx  +  c  has  the  same  sign  as  a ;  in  this 
case  the  expression  aa^  +  hx  +  c  is  a  perfect  square  with  respect 
to  x,  and  its  square  root  is 

Last,  suppose  that  b'  -  Aac  is  positive ;  then 

i        2a  2a       j\        2a  2a       ) 

=  a  (a;  -  a)  (a?  —  )8), 

where  a  and  ^  are  both  real  quantities,  namely, 

2a  ^  2a 

The  expression  a(aj  — a)(a?— )8)  must  have  the  same  sign  as 
a  except  when  one  of  the  factors  x  —  a  and  x  —  fiia  positive,  and 
the  other  is  negative ;  and  we  shall  now  shew  that  this  can  only 
be  the  case  when  x  lies  in  value  between  a  and  j8.  Of  the  two 
quantities  a  —  )8  and  fi  —  a  one  must  be  positive ;  suppose  the 
foi-mer,  so  that  a  is  algebraically  greater  than  j8.  Now  if  as  is 
algebraically  greater  than  a,  then  a;  -  a  is  positive,  and  therefore 
also  x  —  fi  is  positive,  and  if  as  is  algebraically  less  than  ^,  then 
35  —  ^  is  negative,  and  therefore  also  a;  —  a  is  negative.  But  if  x 
lies  between  a  and  j3,  then  a;  —  a  is  negative,  and  a?  -  jS  is  positive. 


AND   QUADRATIC   EXPRESSIONS. 

For  fiuch  a  value  of  x  the  sign  of  tLo  eipresaion  ax^  A 
the  contrary  to  the  sign  of  a. 

The  eoncluBiou  of  the  investigation  of  the  three  cae 


■whatever  real  value  a;  may  have  i 
sign,  except  when  the  roota  of 
different,  and  x  is  takea 

3i0.     The  roots  of 


fc  =  0  are 
to  lie  between  them. 


lever  differ  in 
poaeible   and 


and  the  roots  of 


-lx  + 


bd.J(b'--iac) 


It  13  obvious  that  the  latter  roots  are  the  aame  aa  the  former  with 
their  signs  changed.  Hence  if  two  quadratic  equations  differ  only 
in  the  sign  of  the  second  term,  the  roots  of  one  may  be  obtained 
by  changing  the  signs  of  the  roots  of  Uie  other. 

341,  Suppose  we  want  to  divide  ax'  +  bx  +  c  by  a: -A.  The 
first  term  of  the  quotient  is  aa:,  and  the  next  term  ah  +  b,  and 
there  ia  a  remainder  aJi'  +  bh  +  c.  If  this  remainder  vanish,  so  that 
aJi.'  +  bk +  c  =  0,  then  7t  ia  a  root  of  the  equation  oar' +  Ja:  +  c  =  0. 
Thus  the  expreeiion  aa?  +  bx  +  a  ia  diviaible  by  x  —  h  only  when 
root  of  the  equation  ax'  +  ua;  -i-  c  =  0. 


(  842.     Some  pai-ticular  Ciiaes  of  the  equation   as> 
f  now  be  investigated.     The  roots  of  the  equation 


I  AIS  ( 

I 

^■^Stb  'will  £rat  examine  the  results  of  Bupposmg  a  =  Q. 

The  numerator  of  the  first  root  becomes  —6  +  6, 
thus  this  root  takes  the  form  - ,     The  numerator  o: 
-26 


+  Jj;  +  c  =  0 


that  is,  0; 
the  second 


root  becomoa  —  26 ;  thus  this  root  takea  the  form  -tj— .     If 
origin^   eqnatiea    wa  pat  a^O,  it  becomes  bn-veB^l,  m  '^lah 
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c 


X 


=  — -;   and  we  may  arrive  at  this  result  from  the  expression 


^hich  takes  the  form  ^r  by  a  suitable  transformation.     For  mul- 

tiply  both   numei-ator  and   denominator  of  ^ ^^| by 

—  2c 
h  4-  J  (J)*  -  iac) ;   thus  we  obtain  r jrj^ — - — : ,  and  if  we  now 

put  a  =  0,  we  obtain  -^r- ,  that  is,  -r- .    If  the  root ^ 

be  transformed  by  multiplying  its  numerator  and  denominator  by 

b  —  J{b'  —  4:ac)  it  becomes  =■ jrj^ — - — r ,  and  the  smaller  a  is 

the  smaller  is  the  denominator  of  this  fraction,  and  the  greater  the 
fraction  itself:  an  equivalent  result  may  obviously  be  obtained 
without  effecting  any  transformation  of  the  root.  Thus  we  may 
enunciate  our  results  as  follows  :  in  the  equation  aac^  +  6a5  +  c  =  0, 
if  a  be  very  small  compared  with  b  and  c,  one  root  is  very  large 

G 

and  the  other  root  is  nearly  equal  to  —  ^ ,  and  the  smaller  a  is, 
the  larger  one  root  becomes,  and  the  nearer  the  other  root  ap- 
proaches to  — , . 

343.  Next  suppose  both  a  and  6  to  be  zero ;  then  the  ordi- 
nary expressions  for  both  roots  take  the  form  -x.  By  trans- 
forming the  roots  as  in  the  preceding  Article,  we  shall  see  that 
when  a  and  6  are  both  small  compared  with  c,  both  roots  are  very 
large,  and  become  greater  the  smaller  a  and  b  are. 

344.  Last,  suppose  a,  b  and  c  to  be  zero;  then  the  roots 
take  the  form  ^ .     In  this  case,  if  we  transform  the  roots  as  in 

0 
Art.  342,  w.e  shall  still  obtain  the  form  -;  we  may  say  here  that 

,pIio  value  of  X  ia  really  indeterminate. 
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345.     We  will  give  an  example  of  the  application  of  tlie 
Tesalta  of  Art  339. 

liet  it  be  required  to  ascertain  if  the  fraction  — ;; —, —  can 

oa;— 14: 

assume  any  value  we  please  by  suitably  choosing  the  value  of  af. 

* 

-,  ,  as* -2a; +21 

therefore  a^—  2a;  +  21=y  (6x  -  14) ; 

therefore  «*-2(l  +  3y)a  + 21  +  14y  =  0. 

By  solving  the  quadratic  we  obtain 

aj=l  +  3y±V{?y'-8y-20). 
Hence  if  a;  is  to  be  real  the  quantity  9^*  —  8y  —  20  must  be 
positive;  that  is,  9(y  —  2)(y  +  -Q-J  must  be  positive.     Therefore 

f/  cannot  lie  between  2  and  —  -^ ,  but  may  have  any  other  value. 
We  conclude  then  that  by  suitably  choosing  the  value  of  aj,  the 
fraction  — ^ =-j —  may  have  any  value   we  please,   except 

values  between  2  and  ~  -^ . 

9  .  '    . 


•J 


EXAMPLES  ON  THE  THEOBT   OF  QUADRATIC  EQUATIONS   AND 

QUADRATIC  EXPRESSIONS. 

Besolve  the  following  four  quadratic  expressions  into  the  pro- 
due^  of  simple  factors : 

yi.     3»*-10a;-25.  Y^3l    a:«  +  73aj  +  780. 
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V^.  Form  the  quadratic  equation  whose  roots  are  6  and  8. 

V/  6.  Form  the  quadratic  equation  whose  roots  are  4  and  5. 

V  7.  Form  the  quadratic  equation  whose  roots  are  1  and  —  2. 

^8.  Form  the  quadratic  equation  whose  roots  are  1  ±^^5. 

^9.     Find  the  sum,  difference,  and  product  of  the  roots  of 

a''- 42a; +  117  =  0. 

10.  For  what  value  of  m  will  the  equation  2x*  +  Sx  +  m  =  0 

have  equal  roots  ] 

11.  K  a  and  fi  be  the  roots  of  x^-px  +  q  =  Oy  find  the  value 

of^+^andofa'  +  ^^ 

V  12.     If  a  and  ^  be  the  roots  of  ax'  +  hx  +  c  =  0,  construct  the 

equation  whose  roots  are  -  and  -^ . 

a  p 

13.  Shew  that  the  roots  of  x'  +  px  +  q  =  0  will  be  rational  if 

p  =  k  +  j^,  where  p,  q,  h  are  any  rational  quantities. 

14.  Shew  that  if  aa?  +  5aj  +  c  =  0  and  a'jc'  +  6'a;  +  c'  =  0  have 

a  common  root,  then  {ac - acY  =  {ah  —  ah')  (p'c  —  c'h), 

2a;  — 7 

15.  If  a;  be  real,  prove   that  ^-^ — ^ ^  can  have  no   real 

^X  "~  MX  ~~  o 

value  between  ^r  and  1, 

16.  li  p  be  greater  than  unity,  then  for  all  real  values  of  x 

n^ 2a;  -}- 1?*  i?  —  1 

the    expression    — r — ^ ^«    ^^    between    - — ^     and 

^  a;*  +  2aj+p*  ^  +  1 

jp  +  1 
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XXm     SIMULTANEOUS   EQUATIONS  INVOLVING 

QUADRATICS. 

34 G.  We  will  now  give  some  examples  of  simultaneous  equa- 
tions where  one  or  more  of  the  equations  may  be  of  a  degree 
iigher  than  the  first;  various  artifices  are  employed,  the  proper 
application  of  which  must  be  learned  by  experience. 

(1)  Suppose      a*- 2/ =  71,     iC4-y  =  20. 

From  the  second  equation  y  =  20  —  a; ;  substitute  in  the 
first,  thus 

a;»-2(20-a;)'  =  71; 

therefore  -  a'  +  80a;  -  800  =  7 1 , 

therefore  a;'- 80a;  =  - 871. 

From  this  quadratic  we  shall  obtain  a;  =13  or  67;  then  from 
the  equation  y  =  20  —  a;  we  obtain  the  corresponding  values  of  y, 
namely,  y  =  7  or  —  47. 

(2)  Suppose        a?'  +  y'  =  25,     icy  =  12, 
Here  a;*.+  y*  =  25, 

2a;y  =  24 ; 
therefore,  by  addition, 

a*  +  2a;y  +  y'  =  25  +  24  =  49  ; 
that  is,  ,{x  +  yf  =  49  ; 

therefore  a;  +  y  =  =*=  7, 

Similarly,  by  subtraction, 

.     .    (a;-yy  =  25-24  =  l; 
therefore  a;  — y  =  =fcl. 

We  have  now  four  cases  to  consider ;  namely, 

a;  +  y  =  7,     aj-y=     1;         a;  +  y  =  -7,     x-y=    1; 
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By  solving  these  simple  equations  we  obtain  finally 
a;  =  «fc3,         y  =  ±4;         ora;  =  ±4,         y  =  db3. 

(3)  Suppose    2/-4ay  +  3a;*=17,   y*-a:'=16. 
Let  y  =  va5,  and  substitute  in  both  equations ;  thus 

ic^(2i;'-4v  +  3)  =  17,         «'(v'-l)  =  16; 
therefore,  by  division, 

t;«-l       "16^ 
therefore  32v'-  64v  +  48  =  ITi/'- 17  ; 

therefore  1 5v'  -  64v  +  65  =  0. 

5        13 

From  this  quadratic  we  shall  obtain  v  =  «  ^^  "r"  •     Take  the 

1  fi 
former  value  of  t? :  then  o^  =  -^ — =-  =  9  :  therefore  a?  =  ±  3  :  and 

t;  —  1 

y  =  ric  =  st=5.     Again,   taking    the   second  value   of  v  we  have 

,     25     ^,       .  5         ^  13 

a?  =-^;  therefore,  0?  =  *^;  and  y  —  ^-^* 

The  artifice  here  used  may  be  adopted  conveniently  when  the 
terms  involving  the  unknown  quantities  in  each  equation  consti- 
tute an  expression  which  is  homogeneous  and  of  the  second  degree; 
see  Art.  24. 

(4)  Suppose  »»  +  ajy-62^  =  24,  a;'  +  3icy- 10/  =  32. 

Let  y^vx\  substitute  in  both  equations,  and  divide ;  thus 

l  +  3t;-10t>'_32_4^ 
l+„_,6t;'    "24  "3' 

therefore  Gv*  —  5t;  +  1  =  0, 

1        1       _  , 

From  this  quadratic  we  shall  obtain  v  =  g  ^^  q'     The  value 

t;s~  we  shall  find  to  be  inapplicable;  for  it  leads  to  the  inad- 

missible  result  ic*  x  0  =  24.     In  fact  the  equations  from  which  the 
values  of  v  were  obtained  may  be  written  thus. 


SnnJIiTANEOUS  EQUATIONS  INVOLVIKG  QUADRATICS.      199 
and  heooe  we  see  that  the  value  of  v  found  from  1  -  2v  »  0  is 

inapplicable,   and  tliat  we  can  only  have   ■= -^  =  -  - ,   which 

•^  1  +  5«;     32 ' 

1 
gives  «>  =  3  • 

Then  a:'(l-|)(l  +  l)  =  24; 

therefore  «*  =  36 ;  therefore  a;  =  =*=  6  ;  and  y  =  tt  2. 

(5)     Suppose        x  +  t/  =  a,    oc^  +  y^  =  b\ 

By  division,  ~  =  —  : 

•^  «  +  y       a 

that  is,  X*-  0^2/  +  afy'—xi^  4- y*  =  -  ; 

or  flc*  +  y*  -  ay  (ai*  +  y^  +  aj^"  =  — . 

Now  since  «  +  y  =  a, 

af  +  ^  =  a^-2xy; 
therefore  a;*  +  y*  +  2«*y'  =  (a'  -  2icy)'  =  a*  -  4a'ay  +  4a;*y* ; 
therefore  x*  -hi/^^a*  —  ia^ocy  +  27^y^, 

By  substituting  the  values  of  as*  +  y*  and  ic*  +  y*  we  obtain 

a*  —  ia^ocy  +  2afy  -  xy  {a^  —  2xy)  +  a V  =  -  > 

that  is,  Sa^y  —  5a*ajy  =  —  —  a*. 

We  may  obtain  this  result  also  in  another  way.     It  may  be 
shewn  that 

a»  =  ic»  + y' +  5icy  (ic'  +  y')  +  lOxy  (ic  +  y) ; 

thus  a*  -  6*  =  5a;y  {of  +  y')  +  1  Oaa;*y ' ; 

and  a'  =  ar'4-y'+3a;y(a3  +  y) 

=  fc'  +  y'  +  3axy : 
therefore  »*  -  6*  =  5a;y  (a'  -  3aocy)  +  1  Oax^y\ 

or  5aa;Y  "  ^^'^  =  6*  -  a\ 
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From  this  quadratic  we  can  find  two  values  of  ajy;   let  c 
denote  one  of  these  values,  then  we  have 

aj  +  y  =  a,  xi/  =  c; 

thus  {x  +  yY  —  4ajy  =  a*  —  4c, 

that  is,  (x  —  yY  ^a'  —  ic; 

therefore  a;  —  y  =  rt  ^(a*  —  4c). 

Thus  since  x  +  y  and  a?  —  y  are  known,  we  can  find  immediately 
the  values  of  x  and  y. 

Or  we   may  proceed   thus.      Assume    x  —  y  =  Zy   then    since 
flj  +  y  =  a,  we  obtain 

Substitute  in  the  second  of  the  given  equations ;  thus 

{a  +  zY  +  (a  -  zY  =  326*, 
therefore  5a«*  +  1  Oa V  =  1 66*  -  a*. 

From  this  quadratic  we  may  find  «*,  and  hence  z,  that  is, 
x-y ;  and  hence  finally  a;  and  y. 

More  examples  will  be  found  in  Chapter  liv. 

EXAMPLES   OP  SIMULTANEOUS  EQUATIONS   INVOLVING   QUADRATICS. 

v^l.     4iB'  +  7/  =  148,         3a;" -2/'=  11. 
>(2.     a;+y  =  100,         a;y  =  2400. 

"^'3.     05  +  2/ =  4,         -+-  =  1. 

X     y 

V4.     a  +  y  =  7,         a;"  +  2y"=34. 
V5.     a:-y  =  12,         a;'  +  y  =  74. 

^  2  '         "^      a;  +  2 

\7.     a*  +  2/'  =  65,       a;y  =  28. 
V8.     rry=l,     3a;~5y=2. 

1      1 

V9.     -+-=2,         a; +  3^  =  2. 
X     y       '  ^ 
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/lO.  «*+ajy+2y"  =  74,         2a:«  +  2«y  +  y' -  73. 

1      1      14 

%/ll.  2«  +  3y=37,        -+-=  —  . 

%/l2.  »'  +  3a:y  =  54,         a^  +  4y*=115. 

i/l3.  »*  +  a;y  =  15,        a;y_y"  =  2. 

^4.  »"  +  a;y4-4/=6,         3a;*  +  8y'=14. 

^5.  a;*  +  a^  =  12,         a?y-2y'=l. 

^6.  a:»-a;y  +  y*  =  21,         y*-2i»y  +  15  =  0. 

/17.  a;'-4y'  =  9,        a;y  +  2/  =  3. 

08.  7aj*-8a:y  =  159,         5aj  +  2y  =  7. 

09.  aj*-2ary-y*=l,         «  +  y  =  2. 

a;  — y     oj  +  y     2 

yl22.  'If/ + 'I25x  =  y -  X,        y- •5a;  =  '75a;y-3a;. 

V23.  •3a;  +  -1 25y  =  3a;  -  y,         3a;  -  •5y  =  2  •25a;y  +  3y. 

V24.       y*-    4a;y  +  20a;*+    3y-   264a;  =  0,| 
5y'  -  38a;y  +      a;'  -  12y  +  1056a;  =  0.  J 

^25.  x  +  i/  =  x*,         3y  -  a;  =  y*. 

/  5  1 

>/26.  a;"  +  y"  =  ^«y,         x-^y^^xy. 

^/27.  a;  +  2y  +  — =  16,         3a;4-y  +  — =  23. 

V  ^    y  y 

\/28.  4  (a;  +  y)  =  3a^,         a;+y4-a;*4-y*  =  26. 

>/29.  X''y=:2,         a;'-y'  =  8. 

n/30.  a;  +  y  =  5,         a;'  +  y's=65. 

y31.  a;  +  y  =  ll,         a;»  +  y»  =  1001. 

v/32.  ay(a;  +  y)  =  30,         a;"  +  y'  =  35. 


/ 
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/33.  -+3^  =  18,        aj  +  y  =  12. 

V  34.  a;  +  y=18,        ai"  +  y'  =  4914. 

k/>^  »"     y'     />  113 

1/35.  -+?^  =  9,  -4--=y. 

y      03  «     y     4 

^36.  a«(a;  +  y)  =  80,         a' (2aj  -  3y)  =  80. 

•37.  ajV+y'a  =  20,         1+1  =  ? 
y  ^  '        a     y     4 

V38.  a;'  +  y*  =  7  +  flcy,         oj' 4-^*  =  6a:y- 1. 

v4o.  a;  +  y  =  4,         a;*  +  y*  =  82. 

41.  a;*-y'=  3093,         a-y=3. 

/42.  f3--^y+(3  +  -^y=82,        «:y=.2. 

\      aj  +  y/      \      a-y/ 

V/43.  a;"-a;y  +  y'  =  19,         a:-a5y  +  y  =  4. 

/45.  a;'  +  a;y  +  y*  =  49,         aj*  +  ajy +  y*=  931. 

V46.  a;*-a:*4-y*-y"  =  84,         a*  +  ^y  +  y"  =  49. 

^^47.  aj  (1 2  -  xy)  -y^xy-  3),        icy  (y  +  4aj  -  ay)  =  1 2  (a  +  y  -  3). 

^48.  a5  +  y  +  ^(icy)  =  14,        a' +  y"  +  ay  =  84. 

\/49.  «  +  y-V(a^)  =  7,  a'  +  y'  +  a;y  =  133. 

1/50.  aj+y  =  72,         ^a;4-4/y=6. 

\/ll.  aJ4-V(«'-y')=8,         a;-y=l. 
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If  v\      ^/        v\       iff     J{x-yy  xy        15 

V56.     ^(3  4-a;')4-2y  =  8,         2a;"+V(5y'  +  4»')==9. 

i/57.    -+f  =  l,        -  +  -  =  4, 
V  a     6      '        «     y 

\/58.     a:"-/  =  a*,        cry  =  6*. 

(/69.    aj  +  y  =  a,        05*+ y*  =  6*. 

/62.    _^+^L=^\        ?+f  =  2. 
y  +  o     a;  +  a       2    '        a     o 

V63.    a!-y  =  a,        <B'-y*  =  6'.         /""'^j^  ■^^' 

Y66.    2a6{«  +  6)a!  +  y*  =  a&iB'+2a6y,        a&B+(a  +  6)y  =  «y. 

\/66.     2V(a:'-y')  +  a!y  =  l,        ^-!  =  «- 

y     Jc 

67.    x  +  y  =  aj{xy),        x-y  =  c     f'^. 
V68.    J{x  +  y)  +  J{x-y)  =  Ja,        J{»?  +  l/^+J{??-y^  =  h. 

V70.    a?  +  i^-{x  +  y)  =  a,        x*+i^  +  x+y-2{9?  +  y')=h. 


y, 


y»  =  6c,        -+?  =  lf         -+-  =  1. 


72.    l+i+-=9,        -+-=13,        8x-v3yt=.5. 
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s/rs. 

74. 
75. 

76. 

77. 

78. 

79. 

80. 
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X 


z  +  x=  -, 

y 


1 

^      Z 


xyz  =  a*  (y  +  «)  =  6*  («  +  a:)  =  c'  (ic  +  y). 
x'  +  yz^y'  +  zx^c,        z'-^  xy  =  a. 


hi''-'l)  =  Ti{^''f}-h     ^^y^--^^' 


1117 

x  +  y  +  z=~  +--  +-  =H, 
^  a;     y     «      2 


a;?/^;  =  1. 

x'  +  y^  +  z'  =  x'  +  y*  +  z^  =^  X  -\-  y  -h  z=  I. 

x(x  +  y  +  z)  =  a',        y{x  +  y  +  z)  =  b*, 

xy  +  xz  +  yz  =  26, 

xy  {x  +  y)+  yz  (y  +  z)  +  zx  {z  +  x)  =  162, 

xy  {x'  +  y*)  +  y«  {y*  +  z')  +  xz  {x\+  «')  =  538. 


z(x-^y  +  z)  = 


c\ 


XXIV.     PROBLEMS  WHICH  LEAD  TO  QUADRATIC 

EQUATIONS. 

347.  We  shall  now  solve  and  discuss  some  problems  which 
lead  to  quadratic  equations. 

A  man  buys  a  horse  which  he  sells  again  for  £24;  he  finds 
that  he  thus  loses  as  much  per  cent,  as  the  horse  cost;  required 
the  price  of  the  horse. 

Let  X  denote  the  price  in  pounds ;  then  the  man  loses  x  per 

X  Cu 

cent,  and  thus  his  total  loss  is  tttk  x  a;,  that  is,  -^-p^ ;  but  this 


100 


100 


loss  is  also  a;  -  24 ;  thus 


X 


100 


=  01-245 
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^ihei-efore  sb«  - 1 00a?  =  -  2400, 

and  a;'-100aj+ (50/ =  2500 -2400  =  100; 
lience  a;-50  =  =tl0, 

and  re  =  60  or  40. 

Thus  all  we  can  infer  is,  tliat  the  price  was  either  £Q0  or  £iO, 
for  each  of  these  values  satisfies  all  the  conditions  of  the  problem. 

348.  Divide  the  number  10  into  two  parts,  such  that  their 
product  shall  be  24. 

Let  X  denote  one  part,  and  therefore  10  — a?  the  other  part; 

then 

sc(10-a;)  =  24; 

therefore  sc'  —  1  Oic  =  —  24, 

and  x'  -  10a;  4-  5'  =  25  -  24  =  1 ; 

hence  a  —  5  =  =fc  1, 

and  a;  =  4  or  6. 

Here  although  x  may  have  either  of  two  values,  yet  there 
is  only  one  mode  of  dividing  10,  so  that  the  product  of  the  two 
parts  shall  be  24 ;  one  part  must  be  4  and  the  other  6. 

349.  A  person  bought  a  certain  number  of  oxen  for  ^80; 
if  he  had  bought  4  more  for  the  same  sum  each  ox  would  have 
cost  £1  less ;  find  the  number  of  oxen  and  the  price  of  each. 

80 
Let  X  denote  the  number  of  oxen,  then  —  is  the  price  of  each 

X 

in  pounds ;  if  the  person  had  bought  4  more,  the  price  of  each  in 

80 

pounds  would  have  been j :  thus,  by  supposition, 

a;  T"  Tc 

80       80     , 


X-h^        X 

iherefore  80a; «  80  (a;  -f  4)  -  a;*  -  4ac, 
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therefore 

»*  +  4«  =  320, 

and 

a«  +  4a:  +  2«=320  +  4  =  324; 

hence 

aj  +  2=±18, 

and 

a:  =16  or -20. 

Only  the  positive  value  of  a;  is  admissible,  and  thus  the  number 
of  oxen  is  16,  and  the  price  of  each  ox  is  £5. 

.  In  solving  problems,  as  in  the  proposed  example,  results  will 
sometimes  be  obtained  which  do  not  apply  to  the  question  actually 
proposed.  The  reason  appears  to  be  that  the  algebraical  mode  of 
expression  is  more  general  than  ordinary  language,  and  thus  the 
equation,  which  is  a  proper  representation  of  the  conditions  of  the 
problem,  will  also  apply  to  other  conditions.  Experience  will 
convince  the  student  that  he  will  always  be  able  to  select  the 
result  which  belongs  to  the  problem  he  is  solving,  and  that  it  will 
be  sometimes  possible,  by  suitable  changes  in  the  enunciatioii  of 
the  original  problem,  to  form  a  new  problem,  corresponding  to  any 
result  which  was  inapplicable  to  the  original  problem.  Thus  in 
the  present  case  we  may  propose  the  following  modification  of  the 
original  problem :  a  person  sold  a  certain  number  of  oxen  for 
J&80 ;  if  he  had  sold  4  /ewer  for  the  same  sum,  the  price  of  each 
ox  would  have  been  £1  more ;  find  the  number  of  oxen  and  the 
price  of  each. 

Let  X  represent  the  number;  then  by  the  question  we  shall 

have 

80       80     - 

1  05—4         X 

The  roots  of  this  quadratic  will  be  found  to  be  20  and  — 16'; 
thus  the  number  20  which  appeared  with  a  negative  sign  as  a 
result  in  the'  former  case,  and  was  then  inapplicable,  is  here  tho 
admissible  result. 

350.     Find  a  number  such  that  twice  its  square  increased  by 
tihree  times  the  number  itself  may  amovrnt  \o  ^5. 


QUADRATIC  EQUATIONS. 
Let  X  denote  tlie  number  j  then,  by  the  question, 

2s^+3x  =  65. 
The  root«  of  tliia  quadratic  will  be  found  to  be  5  and 


13 


the  first  value  satisfies  the  conditions  of  the  question.  In  order  to 
interpret  the  second  value,  we  obsen'e,  that  if  we  write  —a;  for  x 
in  the  equation,  it  becomes 

3a^  -  3a!  =  65 ; 

and  the  roots  of  the  Iatt«r  equation  arc  —  and  —5,  as  will  be 
found  on  trial,  or  may  be  known  fivm  Ai-t.  340.  Hence  -^  ia  the 
Answer  to  a  new  question,  miniely  :  find  a  number  such  that  twice 
ita  square  diminviked  by  three  times  the  number  itself  may 
nt  ia  G5. 

[$1.    Divide  a  given  line  into  two  parts,  such  that  twice 

i  one  port  may  be  equal  to  the  rectangle  contained 

e  whole  line  mid  tha  other  ]jart. 

Let  a  denote  tlio  length  of  the  line,  and  x  the  length  of  one 

part,  then  n  —  x  is  the  length  of  the  other  part ;   thus,  by  the 

question, 

therefore  Ix'  -^ax-a", 


'■♦t- 
'<i)' 


[ere  ^  ia  the  required  length.  The  negative  answer  sug- 
gests the  following  problem :  produce  a  given  line,  so  that  twice 
tJl»  a^nare  on  the  jjart  produced  may  bu  e^ual  to  "^  T«»^tASki^ 
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contained  hj  the  given  line,  and  the  line  made  up  of  .the  given 
line  and  the  part  produced ;  the  result  is,  that  the  part  produced 
must  be  equal  to  the  given  line. 

352.  In  the  examples  hitherto  given,  both  roots  of  the  quad- 
ratic equation  have  applied  to  the  actual  problem,  or  to  an  allied 
problem  which  was  easily  formed.  Frequently,  however,  it  will 
be  found  that  only  one  root  applies  to  the  problem  proposed,  and 
that  no  obvious  interpretation  occurs  for  the  other. 

353.  Problems  may  be  proposed  which  involve  more  than 
one  imknown  quantity,  and  thus  lead  to  simtdtcmeoTis  equations; 
we  will  give  an  example. 

Two  men  A  and  B  sell  a  quantity  of  wheat  for  £28.  Ss, 
B  sells  four  quarters  more  than  A^  and  if  he  had  sold  the  quan- 
tity A  sold,  would  have  received  £10  for  it;  while  A  would  have 
received  16  guineas  for  what  B  sold.  Find  the  quantity  sold  by 
each,  and  the  rates  at  which  they  sold  it. 

Let  a;  denote  the  number  of  quarters  which  A  sold,  and  there- 
fore  03  +  4  the  number  which  B  sold ;  and  suppose  that  A  sold  his 
wheat  at  y  shillings  per  quarter,  and  that  B  sold  his  at  z  shillings 
per  quarter.  Then  since  the  value  of  the  wheat  sold  is  568  shil- 
lings, we  have 

ay  +  (a;  +  4)«  =  568 (1). 

If  B  had  sold  the  quantity  A  sold,  he  would  have  received 
200  shillings ;  thus 

a:«  =  200 (2). 

Similarly,  (a;  +  4)y  =  336 (3). 

From  (3)  we  have  ajy  =  336-4yj  by  substitution  in  (1)  we 
have 

336-4y  +  200  +  4«  =  568; 

therefore                            4  («  -  y)  =  32, 
^d  «-y  =  8 ; (4V 
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and  ironi  (3)  we  have 


209       ^ 


SO      84 

and  —  =  — -1  (5). 

ay 

We  may  now  find  y  and  8  from  (4)  iuid  (5),     Substitute  in 

(5)  tte  valne  of  s  from  (4) ;  thus 

60    ^84     ^  . 

y+a       y ~     ' 

therefore  50y  =  84  {y  +  8)  -  {y'  +  8(/), 

hence  2/'-26!/-672  =  0. 

From  this  quadratic  we  fihal]  find  y  =  43  or  -  1(1.      The  former 

ia  the  only  admiHsible  result ;  thus  s  =  aO  ;  and  a;  =  4. 


EXAMPLEa  OF  PEtiBLiaia. 

1.      Find  two  numbers  such  that  their  sum   may  be  39,  and 
the  sum  of  their  cubes  17199. 

^  2.  A  certain  number  la  formed  by  the  product  of  three  con- 
secutive numhera,  and  if  it  be  divided  by  each  of  them  in  turn, 
the  aum  of  the  quotients  ia  47.     Find  the  numher. 

v'  3.  The  length  of  a  rcctangulnr  field  exceeds  tho  breadth  by 
one  yard,  and  the  area  is  three  acres  :  find  the  length  of  the  eides. 

•  4.  A  boat's  crew  row  3J  miles  down  a  river  and  back  again 
in  1  hour  ami  40  minutcB  :  Bupposing  the  river  to  have  a  current 
of  2  mileB  per  hour,  find  the  rate  at  which  the  crow  would  row  in 
Btill  water. 

3:  A.  \-V 
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V     5.     A  fjarmer  wishes  to  enclose  a  rectangular  piece  of  land 
contain  1  acre  32  perches  with  176  hurdles,  each  two  yards  longs 
how  many  hurdles  must  he  place  in  each  side  of  the  rectangle  f 

V  6.     A  person  rents  a  certain  number  of  acres  of  land  for  £84:^ 
he  cultivates  4  acres  himself,  and  letting  the  rest  for  10^.  an  aci^ 
more  than  he  pays  for  it^  receives  for  this  portion  the  whole  rent^ 
j£84.     Find  the  number  of  acres. 

V  7.  A  person  purchased  a  certain  number  of  sheep  for  J&35  r 
after  losing  two  of  them  he  sold  the  rest  at  10  shillings  a  head 
more  than  he  gave  for  them,  and  by  so  doing  gained  XI  by  the 
transaction.     Find  the  number  of  sheep  he  purchased. 

V  8.  A  line  of  given  length  is  bisected  and  produced :  find  the 
length  of  the  produced  part  so  that  the  rectangle  contained  by 
half  the  line  and  the  line  made  up  of  the  half  and  the  produced 
part  may  be  equal  to  the  square  on  the  produced  part. 

V  9.  The  product  of  two  numbers  is  750,  and  the  quotient 
when  one  is  divided  by  the  other  is  3  J  :  find  the  numbers. 

^10.  A  gentleman  sends  a  lad  into  the  market  to  buy  a  shil- 
ling's worth  of  oranges.  The  lad  having  eaten  a  couple,  the 
gentleman  pays  at  the  rate  of  a  penny  for  fifteen  more  than  the 
mai'ket-price ;  how  many  did  the  gentleman  get  for  his  shilling  1 

y'll.  What  are  eggs  a  dozen  when  two  more  in  a  shilling's 
worth  lowers  the  price  one  penny  per  dozen? 

VI 2.  A  shilling's  worth  of  Bavarian  ki-euzers  is  more  nume- 
rous by  6  than  a  shilling's  worth  of  Austrian  kreuzers;  and  15 
Austrian  kreuzers  are  worth  Id,  more  than  15  Bavarian  kreuzers. 
How  many  Austrian  and  Bavarian  kreuzers  respectively  make  a 


shilling  ] 


\^  13.  Find  two  numbers  whose  sum  is  nine  times  their  differ- 
ence, and  whose  product  diminished  by  the  greater  number  is 
eqUjal  to  twelve  times  the  greater  number  divided  by  the  less. 

Vl4.     Two  workmen  were  employed  at  different  wages,  and 
paid  at  the  end  of  a  cei-tain  time.    Tli^  ^irat  received  £4.  16^., 
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Wii  (Le  eecooJ,  who  hatl  \Foi'ked  for  C  days  leas,  received  £2.  Ha. 
jf  the  BKond  hail  worked  all  the  time  and  the  first  had  omitted 
piayB,  they  would  have  received  the  same  sum.  How  many  days 
W  each  work,  and  wliat  were  the  wages  of  each  1 
*IB.  A  party  at  a  tavern  spent  a  certain  sum  of  money.  If 
tiiereliad  been  five  more  in  the  party,  and  each  person  had.  spent 
ssiiUing  more,  the  bill  would  have  been  X6,  If  there  had  beea 
•tree  less  in  the  party,  and  each  pei-aon  had  spent  eightpenoe  less, 
the  bin  would  have  been  £2.  12s.  Of  how  many  did  the  party 
coBfflat,  and  what  did  each  person  spend  t 

16.  A  person  bought  a  number  of  £20  railway  shares  when 
they  were  at  a  certain  rate  per  cent,  discoimt  for  .£1600;  and 
afterwards  when  they  were  at  the  same  rate  per  cent,  premium 
Bold  them  all  but  GO  fov  .£1000.  Hoi?  majfy  did  he  buy,  and  what 
did  he  give  for  each  ef  them  1 
y  17.  Pind  that  Bumber  whose  sqiuu-e  added  to  ito  cube  is  nine 
times  the  next  higher  numlier. 

18.  A  pei-son  has  £1300,  which  he  diyides  into  two  portions 
and  lends  at  different  ra'es  of  interest,  so  tJiat  the  two  portions 
produce  equal  i-etums.  If  the  first  portion  had  been  lent  at  the 
second  rate  of  interest  it  would  have  produced  £36;  and  if  the 
second  portion  bad  been  lent  at  tlie  fii'st  i-ate  of  interest  it  would 
have  produced  £i9,     Find  the  rates  of  intei-est. 

19.  A  person  liaving  travelled  5G  miles  on  a  railixKwl  and  the 
rest  of  his  joiu-ney  by  a  coach,  observed  that  in  the  train  he  liad 
perfoi-med  a  quarter  of  his  whole  jonmey  in  the  time  the  coach 
took  to  go  5  miles,  and  that  at  the  instant  he  an-ivea  nt  homo 
the  train  must  have  reached  a  point  35  miles  further  than  he  was 
from  the  station  at  which  it  left  him.  Compare  the  rates  of  the 
coach  and  the  ti-ain,  and  find  the  nuirbor  of  miles  in  the  rest  of 
the  jonraey, 

20.  A  seta  o£f  from  London  to  Tort,  an.!  B  at  the  same  time 
from  York  to  London,  and  they  travel  uniformly;  A  reaches 
York  IS  Iioiii-^,  nnd  B  resiciL^  London  36  homa,  aitei  ^^■^^\a-N». 
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met  on  the  road.     I^d  in  what   time  each  has  performed  the 
journey. 

21.  A  courier  proceeds  from  one  place  F  to  another  place  Q 
in  14  hours ;  a  second  courier  starts  at  the  same  time  as  the  first 
from  a  place  10  miles  behind  F,  and  arrives  at  Q  at  the  same  time 
as  the  first  courier.  The  second  courier  finds  that  he  takes  half 
an  hour  less  than  the  first  to  accomplish  20  miles.  Find  the  dis- 
tance of  Q  from  F. 

22.  Two  travellers  A  and  J^  set  out  at  the  same  time  from 
two  places  F  and  Q  respectively,  and  travel  so  as  to  meet,  "When 
they  meet  it  is  found  that  A  has  travelled  30  miles  more  than  F^ 
and  that  A  will  reach  Q  in  4  days,  and  F  will  reach  P  in  9  days, 
after  they  meet.     Find  the  distance  between  F  and  Q, 

23.  A  vessel  can  be  filled  with  water  by  two  pipes ;  by  one 
of  these  pipes  alone  the  vessel  would  be  filled  2  hours  sooner 
than  by  the  other ;  also  the  vessel  can  -be  filled  by  both  pipes 
together  in  1 1  hours.  Find  the  time  which  each  pipe  alone  would 
take  to  fill  the  vessel. 

24.  A  vessel  is  to  be  filled  with  water  by  two  pipes.  The 
first  pipe  is  kept  open  during  three-fifths  o£  the  time  which  the 
second  would  take  to  fill  the  vessel ;  then  the  first  pipe  is  closed 
and  the  second  is  opened  If  the  two  pipes  had  both  been  kept 
open  together  the  vessel  would  have  been  filled  6  hours  sooner, 
and  the  first  pipe  would  have  brought  in  two-thirds  of  the  quantity 
of  water  which  the  second  pipe  really  brought  in.  How  long  would 
each  pipe  alone  take  to  fill  the  vessel  1 

25.  A  certain  number  of  workmen  can  move  a  heap  of 
stones  in  8  hours  from  one  place  to  another.  If  there  had  been 
8  more  workmen,  and  each  workman  had  canied  5  lbs.  less  at  a 
time,  the  whole  work  would  have  occupied  /  hoiu's.  If  however 
there  had  been  8  fewer  workmen,  and  each  workman  had  carried 
1 1  lbs.  more  at  a  time,  the  work  would  have  occupied  9  hours. 
Find  the  number  of  workmen  and  the  weight  which  each  carried 

at  a  time. 


^^^^^k' 
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y.     IMAGINARY  EXPUESSIONS. 

354.  Althougt  the  square  root  of  a  negative  quantity  is  tho 
symbol  of  aji  impoasible  operation,  yet  these  squivre  roots  are  fre- 
queatly  of  use  in  Mathematical  investigations  in  consequence  of  a 
few  ccmventions  which  we  shall  now  explain. 

355.  Let  a  denote  any  real  quantity;  then  tho  square  rootfl 
of  the  negative  quantity  —a'  are  expressed  in  ordinary  notation 
by  Jr^f-o*),  Now  —a'  may  he  considered  as  the  product  of 
n'  and  —  1 ;  so  if  we  suppose  that  the  square  roots  of  this  product 
can  be  formed,  in  the  same  laanner  as  if  both  factors  were  posi- 
tive^  by  multiplying  together  tho  square  roots  of  tho  iactors,  the 
square  roots  of  —a'  will  be  expressed  by  'fc«^(— 1).  We  may 
therefore  agree  that  tho  expi-rasions  ±  J(—  a')  and  *  a  ^(—  1)  shall 
be  considered  equivalent.  Thus  we  shall  only  have  to  use  one 
imaginary  expression  in  our  investigations,  namely,  ,J(—  1), 

356.  Suppose  we  have  such  an  expression  aa  o  +  jS^(— 1), 
where  a  and  j3  are  real  quantities.  This  expression  may  be  said 
to  consist  of  a  real  part  a  and  an  imaginary  part  ^  ^/(-  1) ;  or  on 
account  of  the  presence  of  the  latter  tuna  we  may  speak  of  the 
whole  expression  aa  imaginary.  "When  fi  is  zero,  the  term 
^^(—1)  ia  considered  to  -oanieh;  this  may  be  regarded  then  as 
another  convention.  If  a.  and  ^  are  both  zero,  the  whole  expres- 
sion vanishes,  and  not  otherwise. 

357.  By  means  of  the  conventions  already  made,  and  the 
additional  convention  that  such  terms  aa  P  J{—  1)  shaU  be  subject 
to  the  ordinary  rules  which  hold  in  Algebraical  transformations, 
wc  may  establish  some  propositions,  as  will  now  be  seen. 

358.  In  order  tluit  two  imaginary/  expressions  may  he  equal, 
it  ia  necessary  and  guffieient  that  ihe  real  parts  shovld  bo  eq^ud, 

that  Ihe  eo^ieais  <{fj(~  1)  sAould  be  equal. 
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For  suppose         a  +  ^J{-- 1)  =  y  +  S  ^(- 1); 
then,  by  transposition*   a-y  +  (fi-S)  ^(- 1)  =  0  ; 
thus,  by  Art,  356,  a~y  =  0,    and/3-8  =  0; 

that  is,  a  =  y>  aJid  ^  =  8. 

Thus  the  equation 

a+)3^(-l)  =  y+8V(-l) 
may  be  considered  as  a  symbolical  mode  of  asserting  the   ttco 
equalities  a  =  y  and  ^  =  S  in  one  statement. 

359.     Take  now  two  imaginary  expressions  a  +  )8^(— 1)  and 
y  +  8  J{-- 1),  and  form  their  sum,  difference,  product,  and  quotient. 

Their  sum  is 

a+y  +  03  +  S)V(-l). 

If  the   second   expression  be  taken   from   the   first,   the   re- 
mainder is 

a-y  +  ()8-8)V(-l). 

Their  product  is 

{a  +  /3V(-l)}{y  +  8V(-l)}  =  ay-)S8  +  (aS+)8y)V(-l); 
for  J(-  1)  X  J(-  1)  is,  by  supposition,  ~  1. 

The  quotient  obtained  by  dividing  the  first  expression  by  the 
second  is 

r+8s/(-i)" 

This  may  be  put  in  another  form  by  multiplying  both  numerator 
and  denominator  by  y  —  8  ^(- 1).     The  new  numerator  is  thus 

ay  +  i98-f(/3y-a8)^/(-l); 
and  the  new  denominator  is  y*  +  8' ;  therefore 

a  +  )8V(-l)_ay  +  ig8      gy-a8     ,       . 
y  +  8^(-l)"  /+8-  ^  /  +  8-  ^^    '^• 

360.  We  will  now  give  an  example  of  the  way  in  which 
imaginary  expressions  occur  in  Algebra.  Suppose  we  have  to 
solve  the  equation  as'  =  1.     We  may  write  the  equation  thus, 

a;'- 1  =  0; 
or  in  factors,  (x  -  1)  (a*  +  a;  +  1)  =  0. 
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Thus  we  satisfy  the  proposed  equation  either  by  putting 
a;  -  1  =  0,  or  by  putting  a*  +  a;  +  1  =  0.  The  first  gives  x  =  l; 
the  second  may  be  written 

x'  +  x  =  —l, 


therefore 


therefore  a:  +  l=^=fc^(^-|^  =± ^^^(-1) ; 

and  x^-l^'^^Ji-^l). 

Thus  we  conclude  that  if  either  of  the  imaginary  expressions 
last  written  be  cubed,  the  result  will  be  unity.  This  we  may 
verify ;  take  the  upper  sign  for  example,  then 

{-^4^v(-i)}'=(-i)V3(-^y^,(-i) 

\    V         8' 


Now 


K-D{f^(-)}'=(-l)(-!)=^ 

{f  V(-i)}''  =  {^V(-i)}'^V(-i) 

Thus  the  result  is  unity. 

If  ic'ssl,  we  have  x  =  (lr;   it  appears  then   that  there  are 

1      v/3 
three  cube  roots  of  \mity,  namely,  1  and  -  «  =^  ^r  sfi"  ^)' 
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361.  We  hare  seen  in  Art.  337,  that  the  quadratic  expression 
ax*  +  hx  +  c  is  always  identical  with  a  (x  —p)  (x  —  q),  where  p  and  q 
are  the  roots  of  the  equcUion  aa?  +  6a5  +  c  =  0.  If  the  roots  are 
imaginary,  p  and  q  will  be  of  the  forms  a  ±  ^  ^(^  1) ;  thus  .we 
have  then 

aa:'  +  5aj+c  =  a{a;-a-^;y(-l)}{a;-a  +  ^;y(-l)}. 

This  will  present  no  difficulty  when  we  remember  the  conven- 
tion that  the  usual  algebraical  operations  are  to  be  applicable  to 
the  term  ^  J(—  1).  For  the  second  side  of  the  asserted  iden- 
tity is 

a  {(a; -a)' +  /?*},         that  is,  a  {aj" -  2aaj  +  a*  +  )8"}, 
and  from  the  values  of  a  and  ^  we  have 

2a  =  —  ,         and  a'+  B'  =  -  : 
a  *^      a 

thus  the  second  side  coincides  with  the  first. 

362.  Two  imaginary  expressions  are  said  to  be  conjugtUe  when 
they  differ  only  in  the  sign  of  the  coefficient  of  J(^—  1).  Thus 
a  +  P  ,J{—  1)  and  a  —  PJ{—  1)  are  conjugate. 

Hence  the  sum  of  two  conjugate  imaginary  expressions  is  real, 
and  so  also  is  their  product.  In  the  above  example  the  sum  is 
2a,  and  the  product  is  a*  +  j8*. 

363.  The  positive  value  of  the  square  root  of  a*  +  )8*  is  called 
the  modulus  of  each  of  the  expressions 

a  +  /3V(-l)  and  a-pj{-l). 

From  this  definition  it  follows  that  the  modulus  of  a  real 
quantity  is  the  numerical  value  of  that  quantity  taken  positively. 

In  order  that  the  modulus  J(a'  +  p')  may  vanish,  it  is  neces- 
sary that  a  ^  0  and  )3  =  0 ;  in  this  case  the  expression! 

vanish.     And  conversely,  if  these  expressions  vanish,  then  a  =  0 
and  j3=  0,  and  thus  the  modulus  vanishes. 
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36i.  If  two  imiigiiiary  expressions  are  equal,  their  moduli 
e  equal.  It  is  not  however  necessarily  true,  that  the  expressions 
e  equal  if  the  moduli  are  equal. 


+  /!V(-1)   loii 


365.  The    modulus    of    the    product    of    i 
T  +  SVC-l)!- 

^|(ay  -  flSy  +  {/3y  +  a8)-|  j    {»e  Art.  359). 
But  (ay-;8S)'  +  (;8y  +  o8)'.(a"  +  ^){/  +  8'); 

tlniB  the  modulus  is 

Hence  iAe  modulin  of  Uie  product  of  two  imoffinari/  expra- 
gions  is  equal  to  the  product  of  their  moduli. 

Therefore  the  product  of  two  imaginary  expresaions  cannot 
vanish  if  neither  fector  vamshes. 

It  will  follow  from  this  that  the  modulus  of  the  quotient  of 
two  imaginary  exjiroasiona  ia  the  quotient  of  their  moduli.  Tliis 
can  also  be  shewn  by  forming  the  modulus  of  t!ie  expression  for 
the  quotient  given  in  Art.  359. 

366.  It  is  often  necessary  to  consider  the  powers  of  ^/{-  1). 
I          Wc  may  foim  them  by  successive  mid.tiplication ;  thus, 

^K     W-l»'-,/(-I).       W-1))-  — 1, 

^M  l,/(->)!"-W-i)l'-V(-i)  =  -V(-i).      W(-i))'-i- 

~  If  we  proceed  to  obtain   higher   powers  we   shall  have  a  re- 

currejice  of  the  results  ^(-1),  —1,  -  V(- ')i  ^-  ^^  may  then 
express  all  tlie  powers  by  four  formulte.  For  every  whole  number 
must  be  of  one  of  the  four  forms  in,  iu+l,  4n  +  2,  4rt+3, 
accoriling  as  it  is  exactly  divisible  by  4,  or  leaves,  when  divided 
by  i,  a  remainder  1,  3,  3,  respectively.      And 


w-i)r->. 


u{-i)r"= 
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367.  The  square  root  of  an  imaginary  eocpression  of  the  form 
a  +  p  ^(—  1)  may  he  expressed  in  a  similar  form. 

For  suppose     ^{a  +  fi  J{-  l)}  =  x  +  y  ^(- 1 )  ; 
then       a  +  pJ(-l)  =  {x  +  yJ{-l)Y  =  xl'-f  +  2xyJ{-^iy 
Hence,  by  Art.  358, 

«'-y'  =  a ••••(1), 

2xy  =  P (2); 

therefore  from  (1)  and  (2) 

thus  x' +  1/ =  J{a' +  fi') (3). 

From  (1)  and  (3)  we  obtain 

hence       ...{^M±f±^f,       y  =  .{^M±P^y, 

Since  the  values  of  x  and  y  are  supposed  real,  x'  +  y'  is  posi- 
tive, and  thus  the  positive  sign  must  be  ascribed  to  the  quantity 
J(a*  +  P'),  And  since  the  values  of  x  and  y  must  satisfy  the 
equation  2ijsy  =  )8,  they  must  have  the  sam>e  sign  if  )3  be  positive, 
and  dijerent  signs  if  )3  be  negative.  On  account  of  the  double 
sign  in  the  values  of  x  and  y,  we  see  that  a-hfi  J(- 1)  has  two 
square  roots  which  differ  only  in  sign. 

368.  We  may  obtain  the  square  roots  of  ±  ^(—  1)  by  sup- 
posing that  a  =  0  and  )8  =  ±  1  in  the  results  of  the  preceding 
Article.     Thus  we  shall  obtain 

If  we  suppose  that  «*  =  —  !,  we  deduce  «*  =  ±  ^(—  1) ;  thus 

«  =  ±  J{^  J{- 1)}.     And  since  «*  =  -!,  we  have  «  « (- 1)  .     Thus 
there  are  four  fourtli  roots  of  —  1,  namely,  the  four  expressions 
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l=fc    /(-I) 
contained  in  ^ ^ — ^.     There  are  also  four  fourth  roots  of  1, 

since  if  we  put  z*=^l,  we  find  «*  =  ±1,  and  z  =  ^  J\  or 
^  =  =*=  \^(-  !)•  Similarly  th6re  are  eight  eighth  roots  of  1  or  -  1, 
and  so  on. 


MISCELLANEOUS    EXAMPLES. 


I 


1.     Simplify  ^^__^^^^_^^+^^_^^^^__^^+^^__^^^^__^^ 

f2.     K  ,^5±^  +  ,^11^  =  0,  shew  that 

a  —  d       b  —  c        .   a  +  c        h-{-d 

and 


l+ad     1+bc  \  —  ac      l  —  bd' 

yf    3.     Shew  that 

\/       a»  +  5»  +  c'-3a6c  = 
I  {(a  _  hy  +  (&  -  c)"  +  (c  -  a)«}  {a  4-  6  +  c}, 

(a  +  6  +  c)»-3{a(6-cy  +  5(c-a)'  +  c(a-5n, 
\/      (a  +  6+c)'-27a6c  = 
|{(a  +  6  +  7c)(a-6)'  +  (&  +  c+7a)(6-cy  +  (c  +  a  +  7&)(c-a)*}, 

;4a+  46  +  c)  (a-  6)*  +  (4&  +  4c  +  a)  (6  -  c)*  +  (4c  +  4a  +  6)  (c  -  a)*. 

4.     Shew  that  if  a  +  6  +  c  is  zero  the  following  expression  is 
also  zero. 


V5.     If 


-1. 


the  square  root  of  the  product  of  two  quantities  is 
rafcionaly  shew  that  the  square  root  of  the  quotient  obtained  by 
dividing  one  by  the  other  is  also  rational. 
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V     6.     Exti-act  the  square  root  of  {1  +  as}  {1  +  OJ*  +  2  (1  -  a^  Jx}. 

^   7.     Express  in  the  form  of  the  sum  of  two  simple  surds  the 
roots  of  the  equation  a;*  -  2aaj'  +  6*  =  0. 

8.     Express  in  the  form  of  the  sum  of  two  simple  surds  the 
roots  of  the  equation  4a5*  -  4  (1  +  w*)  a'a*  +  w*a*  =  0. 

/ 

V  9.  By  performing  the  operation  for  extracting  the  square 
root,  find  a  value  of  x  which  will  make  x^  +  GaJ*  +  lias'  +  3a5  +  31 
a  perfect  square. 

10.     Shew  that  if  a?*  +  cwj*  ■\-hx^ -k-cx  +  d  be  a  perfect  square, 
the  coefficients  satisfy  the  relations 

8c  =  a  (46 -a")  and  (46  -  a*)"  =  64f^ 

Y  11.     If  the  values  of  as,  y,  x\  y  be  all  possible,  and 

shew  that  x  =  x'  and  y  =  y. 

\l     12.     Shew  that  the  equation 

a'h*  (a;  -  aO*  +  a*b'  (y  -  yO'  +  {^'^  +  ^V  -  »'^')  (^'^"  +  ^V '"  «'^')  =  ^ 
is  equivalent  to  the  two  a'b'  —  cfyy'—  h^xocf  =  0  and  asy'—  x'y  =  0. 

/     13.     A  man  sells  a  horse  for  X24.  12^.,  and  loses  18  per  cent, 
on  what  the  horse  cost  him  :  find  the  original  cost. 


y 


14.  Divide  the  number  16  into  three  such  parts  that  the  dif- 
ference of  the  two  less  shall  be  the  square  root  of  the  greatest,  and 
the  difference  of  the  two  greater  shall  be  the  squai^  of  the  least. 

15.  Shew  that 


j^^j.^j,Wfci)y 


is  equal  to  2  if  n  be  a  multiple  of  3,  and  equal  to  - 1  if  n  be  any 
other  integer. 
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Solve  the  following  equations : 

OJ+l       05+2      ^x+S 


/l6.    ^+^  =  2 


a  — 1     x  —  2       aj  — 3' 
2 


sxr  —  2xsir  —  x 

/l9.     a?*-  8aj'  +  12aj'+  16a;  -16  =  0. 

V  20.    V(2«-l)+N/(3«-2)  =  ^(4a;-3)+V(^a;-4). 
2U    25{^(aj  +  a)-5}  +  2c{^(a;-a)  +  c}  =  a. 

22.     {J {a  +  a)  -  ^a}  { V(a  -  «)  +  V®}  =  wa?. 

y  23.     x  +  y  =  a  +  h.        -+-  =  2. 

;         aj     y 

Y  a  +  a:     6  +  y     a  +  6  +  c  ^ 

y.5.   eg-g...6(Ul). 

26.  x{bc^xy)  =  y{xy'-ac\  xy{ay  +  hx-xy)  =  ahc(x  +  i/-c)» 

27.  faj-3y  +  -Vaj  +  «)  =  6,     (x-^-)l  =  9,     1+1+1=^. 

28.  (t?  +  a;)  (y  +  «)  :;=  5  +  c  -  a, 

(t?  +  y)  («  +  a;)  =  c  +  a  —  5, 
(t?  +  »)  (a;  +  y)  =  a  +  6  —  c, 

»■  +  a*  +  y*  +  «*  =  3  (a  +  6  +  c). 
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XXVL     ILA.TIO. 

369.  Ratio  is  the  relation  which  one  quantity  bears  to 
another  with  respect  to  magnitude,  the  comparison  being  made 
by  considering  what  multiple,  part,  or  parts,  the  first  quantity  is 
of  the  second. 

Thus  in  comparing  6  with  3,  wo  observe  that  6  has  a  certain 
magnitude  with  respect  to  3,  which  it  contains  twice ;  again,  in 
comparing  6  with  2,  we  see  that  6  has  now  a  different  relative 
magnitude,  for  it  contains  2  three  times;  or  6  is  greater  when 
compared  with  2  than  it  is  when  compared  with  3. 

370.  Tlie  ratio  of .  a  to  5  is  usually  expressed  by  two  points 
placed  between  them,  thus,  a  :  h;  and  a  is  called  the  antecedent 
of  the  ratio,  and  b  the  conseqTient  of  the  ratio. 

371.  A  ratio  is  measured  by  the  fraction  which  has  for  its 
numerator  the  antecedent  of  the  ratio,  and  for  its  denominator 
the  consequent  of  the  ratio.     Thus  the  ratio  of  a  to  6  is  measured 

by  J- ;  then  for  shortness  we  may  say  that  tite  ratio  of  a.  to  h  is 

,  .    a         .   a 
equal  ^o  r  >  or  is  r* 

372.  Hence  we  may  say  that  the  ratio  of  a  to  5  is  equal  to 

the  ratio  of  c  to  d  when  t  =  -?  • 

0     a 

373.  If  the  terms  of  a  ratio  he  multiplied  or  divided  by  (lie 
sam^  quantity  the  ratio  is  not  altered. 

For  f  =  ^,  (Alt.  135). 

0     mo     ^ 

374.  We  may  compare  two  or  more  ratios  by  reducing  the 
factions  which  measure  these  ratios  to  a  common  denominator. 
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ThoB  auppc»e  one  ratio  to  be  that  of  a  to  &,  and  another  ratio  to 

be  that  of  c  to  d;  then  the  firat  ratio  t  =  n>  ^^^  the  second 
'  b      bd' 

Rttio  J  =  ij ■     Hence  the  first  ratio  ia  gi-eater  than,  equal  to,  or 

less  than,  the  second  ratio,  according  aa  ad  is  greater  than,  equal 

to,  or  less  than  be 

375.  A  ratio  is  called  a  ratio  of  greater  incquaHhj,  of  less 
inequality,  or  of  equality,  according  as  the  antecedent  ia  greater 
than,  less  than,  or  equal  to,  the  consequent, 

376.  A  ratio  of  greater  inequaliiy  ie  diminisJied,  and  a  ratu) 
of  less  inequality  ia  increased,  by  adding  any  quantity  to  bol/i 
terms  of  the  ratio. 

Let  the  ratio  be  -,  and  let  a  new  ratio  be  formed  by  adding 

X  to  both  terms  of  the  original  ratio  :  then  t — -  is  greater  or  less 

than  Y I  according  as  — r  is  greater  or  less  than  ^-4 — ~\  ',  that 

6  0  [0  +  3!)  b{o  +  x) 

ia,  according  as  b(a  +  x)  ia  greater  or  less  than  o  {6  +  a;) ;  that  is, 

according  as  xb  m  greater  or  less  than  xa ;  that  is,  according  as  b 

is  greater  or  less  tlian  a. 

377.  A  ratio  of  greater  inequality  is  increased,  and  a  ratio  of 
less  inequality  is  diminialted,  by  taking  from  both  term»  of  the  ratio 
any  quantity  ichich  is  less  than  each  of  those  terms. 

Let  the  ratio  be  t  ,  and  let  a  new  ratio  be  fonned  by  taking 

X  from  both  terms  of  the  original   ratio  ;  then  f ifl  greater  or 

less  than  ;- ,  accordinff  as  ^-71 ;  is  greater  or  less  than  ^4; ' ; 

6  °        b(b-~a:)      "  b{b-x) 

that  is,  according  as  J  {a  —  a;)  is  greater  or  less  than  a(b  —  x);  that 

ia,  according  as  bx  is  less  or  greater  than  ax ;  that  is,  according  oh 

b  is  lass  or  greater  thaa  a. 
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369.  Ratio  is  the  relation  which  one  quantity  bears  to 
another  with  respect  to  magnitude,  the  comparison  being  made 
by  considering  what  multiple,  part,  or  parts,  the  first  quantity  is 
of  the  second. 

Thus  in  comparing  6  with  3,  wo  observe  that  6  has  a  certain 
magnitude  with  respect  to  3,  which  it  contains  twice ;  again,  in 
comparing  6  with  2,  we  see  that  6  has  now  a  different  relative 
magnitude,  for  it  contains  2  three  times  j  or  6  is  greater  when 
compared  with  2  than  it  is  when  compared  with  3. 

370.  The  ratio  of  a  to  h  is  usually  expressed  by  two  joints 
placed  between  them,  thus,  a  :  h;  and  a  is  called  the  antecedent 
of  the  ratio,  and  b  the  consequent  of  the  ratio. 

371.  A  ratio  is  measured  by  the  fraction  which  has  for  its 
numerator  the  antecedent  of  the  ratio,  and  for  its  denominator 
the  consequent  of  the  ratio.     Thus  the  ratio  of  a  to  6  is  measured 

by  T-  j  then  for  shortness  we  may  say  that  the  ratio  of  o.  to  h  is 

,  .    a  .   a 

equal  ^o  r »  or  is  t-' 

372.  Hence  we  may  say  that  the  ratio  of  a  to  5  is  equal  to 

the  ratio  of  c  to  c?,  when  ^  =  -;  - 

0     a 

373.  If  the  terms  of  a  ratio  he  multiplied  or  divided  by  (lie 
samA  quantity  the  ratio  is  not  altered. 

For  ?  =  ^,  (Alt.  135). 

0     mo     ^ 

37  L  We  may  compare  two  or  more  ratios  by  reducing  the 
fractions  which  measure  these  ratios  to  a  common  denominator. 
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ThoB  suppose  one  ratio  to  be  that  o{  atob,  and  another  ratio  to 

be  that  of  c  to  d;   tbea  the  firgt  ratio  7=7—,,  and  the  second 
b      bd' 

ratio  -j  —  Tj-     Hence  the  first  ratio  Ja  greater  than,  equal  to,  or 

leas  thait,  the  second  ratio,  according  as  (u^  is  greater  than,  equal 

io,  or  less  than  he, 

375.  A  ratio  is  called  a  ratio  of  greater  inequality^  of  Usa 
inBqualit,y,  or  of  equa/Ut/,  according  as  the  antecedent  ia  greater 
thAc,  Usa  than,  or  equal  to,  the  consequent 

376.  A  ratio  0/ greater  inequality  ia  diminielied,  and  a  ratio 
of  lets  ineqiiolity  ia  incrmsed,  by  adding  any  quantity  to  both 
tarma  o/t/te  ratio. 

IiCt  the  ratio  be  j- ,  and  let  a  new  ratio  be  formed  by  adding 

a;  to  both  terms  of  the  original  ratio  :  then  t is  greater  or  lesa 

than  Y .  according  aa  -j-^. ;  is  greater  or  leas  than  -r\ \ ;  that 

6  °       b{b  +  x)      °  b{b  +  x) 

is,  according  as  6  {a  +  a:)  ia  greater  or  leaa  than  a{b  +  x);  that  la, 

according  as  a;6  is  greater  or  less  than  xa  ;  that  ia,  according  as  6 

ia  greater  or  less  tlian  a. 

377.  A  ratio  0/ greater  inequaliiy  ia  increased,  and  a  ratio  of 
leaa  inequality  ia  diminiahed,  by  taking  from  both  terms  of  the  ratio 
amy  quantity  which  ia  leaa  than  each  ofthoae  terms. 

Let  the  ratio  be  t  ,  and  let  a  new  ratio  he  formed  1)7  taking 

X  from  both  terras  of  the  original  ratio ;  then  ;—   is  gi-eater  or 

,       ,,        a  ,.  bla-x)  .  ,  ,       ,,       a{b~x) 

less  than  j  ,  ncoordin"  aa  -r4i — — {  la  greater  or  leas  than  ^, ;  : 

0  b{ft~-x)  b(b  —  X) 

that  ia,  according  aa  6  (b  -  ir)  ia  greater  or  leea  than  a{b-~x);  that 

is,  according  aa  bx  is  less  or  greater  than  ax;  that  is,  according  lm 

b  is  loss  or  greater  than  a. 
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378.  K  the  antecedents  of  any  ratios  be  multiplied  together 
and  also  the  consequents,  a  new  ratio  is  obtained,  which  is  said  to 
be  compounded  of  the  former  ratios.  Thus  the  ratio  ac  :  bd  i& 
said  to  be  compounded  of  the  two  ratios  a  :  h  and  c  :  d. 

379.  The  ratio  compounded  of  two  ratios  has  sometimes  been 
called  the  sum  of  those  two  ratios.  "When  the  ratio  a  ibia  com- 
pounded with  itself,  the  resulting  ratio  a*  :  6'  is  sometimes  called 
the  double  of  the  ratio  a  :  b.     Also  the  ratio  a"  :  &"  is  called  the 

triple  of  the  ratio  a  :  b.     Similarly,  the  ratio  a  :  b  ia  sometimes 

1       1 
said  to  be  half  of  the  ratio  a'  :  6',  and  the  ratio  a"  :  6"  is  some- 
times said  to  be  -  ^Ar  of  the  ratio  a  :  b. 

n 

This  language,  however,  is  now  not  used ;  the  following  terms 
are  in  conformity  with  it,  and  some  of  them  are  still  retained. 
The  ratio  a*  :  &'  is  said  to  be  the  duplicate  ratio  of  a  :  &,  and 
the  ratio  a*  :  6*  the  triplicate  ratio  of  a  :  6.  Similarly,  the  ratio 
Ja  :  fjb  is  called  the  subduplicate  ratio  of  a  :  5,  and  the  ratio 

^a  :  ijb  the  subtriplicate  ratio  of  a  :  6.     And  the  ratio  a*  :  6* 
is  called  the  sesquiplicate  ratio  of  a  :b, 

380.  If  the  consequent  of  the  preceding  ratio  be  the  antecedent 
of  the  succeeding  raiio,  and  any  number  of  such  ratios  be  taken,  the 
ratio  which  arises  from  their  composition  is  that  ofthefrst  antece- 
dent to  the  last  consequent. 

Let  there  be  three  ratios,  namely  a  :  5,  &  :  c,  c  :  J;  then  the 
compound  ratio  is  ax6xc  :  bxcy.  d  (Art.  378),  that  is,  a  :  d 
Similarly,  the  proposition  may  be  established  whatever  be .  the 
number  of  ratios. 

381.  A  ratio  of  greater  inequality  compounded  with  another 
increases  it,  and  a  ratio  of  less  inequality  compounded  with  amother 
diminislies  it. 

Let  the  ratio  x:  y  be  compounded  with  the  ratio  a  :b;  the 
compound  ratio  is  oca  :  yb,  and  this  is  greater  or  less  than  the 


°        1/b        °  b'  ' 

acoording  as  a:  is  greater  or  leas  tlion  y. 

382.  J f  ilia  diffe-renae  between  the  antecedent  and  the  consequent 
rj  a  ratio  he  small  compared  with  either  of  them,  t/ie  ratio  of  their 
$qaarea  xa  nearly  obtained  by  doubling  iJiis  difference. 

Let  the  jn-opoaed  ratio  be  a  +  x:a,  whei-e  a;  is  email  compared 
witti  a  J  then  a'  +  2ax  +  x' :  a'  ia  the  ratio  of  the  squares  of  the 
antecedent  and  consequent.  But  x  is  small  eompared  ■with  a,  and 
therefore  a;'  or  a:  :o:  ia  small  compai-ed  with  2a  x  x,  and  ni\ich 
smaller  than  ax  a.  Hence  a'  +  Sua: :  a',  that  is,  tt  +  Sa: ;  a,  will 
neady  axpreas  the  ratio  (o  +  x)'  :  a'. 

Thus  the  ratio  of  the  B-juare  of  1001  to  the  square  of  1000  is 
nearly  1002  :  1000.  The  real  ratio  ia  1002'001  :  1000;  in  which 
the  antecedent  diifera  from  its  approximate  value  1002  only  hy 
one-thousandth  part  of  unity. 

383.  Henoa  we  may  infer  that  the  j-atio  of  the  square  root  of 
a+  Zx  to  the  square  root  of  a  is  the  j-atio  a-vx:  a  neai'ly,  when 
X  ia  small  compai-ed  with  a.  That  is ;  if  the  difference  of  two 
ipiantities  be  small  compared  with  either  of  tliem,  l/te  ratio  of  tlieir 
square  roots  is  nearly  obtained  hy  halving  this  difference. 

In  the  same  manner  as  in  Art.  382  it  may  be  shewn  when  x  in 
small  compared  with  a,  that  a  +  3j!  :  a  is  nearly  equal  to  the  ratio 
(a  +  x)' :  a',  and  a  i-4x  i  a  ia  neai-ly  erjual  to  the  ratio  (a  +  x)*  :  a\ 

These  results  may  be  generalised  by  the  student  when  he  is 
jicqiiainted  with  the  Binomial  Theorem. 

384.  We  will  place  here  a  theorem  i^especting  mtioa  which 
ia  often  of  use. 


jal  to 


\^^d--Vrf-}  •  ^'^"'''''  P'  ?'  '■■  "  '^'■^  ^"^  tl'i^t'ties  whaU^vcr 


For  let  k  =  Y  =^-w=  -?  l  then 
0     d     / ' 

hb-a,   kd  =  Cf   kf=  e; 
therefore      p  {Jebf  +  q  {kdy  +  r  (Jcf)*  =  pa*  +  qd"  +  re* ; 

XI.      r       7«    pa* -^^  qc* -k- re*  ,    ,      /jtw"  +  g-c"  +  re"  Nj 

therefore  ^=^,^^^,^^^.,     ^<^   ^=  (g-^-ge^-HrW  ' 

The  same  mode  of  demonstration  may  be  applied,  and  a  similar 

result  obtained,  when  there  are  more  than  three  ratios  =-.  -,  -:; 

^  h' d' f 

given  equal.     It  may  be  observed  that  p,  q,  r,  n  are  not  nece&* 

BSisHlj  positive  quantities. 

-A!s  a  particular  example  we  may  suppose  w  =  1,  then  we  see 

that  if  -r  =  -=  =  r;  each   of  these   ratios  is  equal  to  "^f — ^ ' 

b     d     f  ^  pb-hqd-hrf* 

and  then  as  a  special  case  we  may  suppose  p=:q=rj  so  that  each 
of  the  given  equal  ratios  is  equal  to  . — -^ — >  • 

I 

385.     Suppose  that  we  have  three  unknown  quantities  x,  y,  z 
connected  by  the  tioo  equations 

oaj  +  6y  +  c«  =  0,    ax+  Vy  +  ij'»  =  0 ; 

these  equations  are  not  sufficient  to  determine  the  imknown  quan- 
tities, but  they  will  determine  the  ratios  subsisting  between  them. 
For  multiply  the  first  equation  by  (/,  and  the  second  by  c,  and 

subtract:  thus 

{wi - a'c)aj  +  {bo  -yc)y=^Oy 

X  y 

therefore  t-t — rr  =  — 7 — "J"  • 

be -be     ca-ca 

Again,  multiply  the  first  equation  by  b\  and  the  second  by  6, 

and  subtract :  thus  we  shall  obtain 

Hence  we  may  write  the  results  in  this  form : 

X  y       _        » 

l)Q  -  Uc     ca'  -  c  a     ab'  -  a'b  * 
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Tbese  reaults  are  very  impoi-tant,  and.  should  be  carefully  i-e- 
liembeved;  the  second  denominator  may  be  derived  from  the  first, 
and  the  third  from   the   second,    in   the   manner   explained  in 
tSll. 
Denote  the  common  value  of  these  fractions  by  k;  then 

x  =  k{bo'~b'c),  y  =  k{ca-&a),  z^h{ab' -a'b). 
Saw  suppose  that  we  have  also  a  third  equation  connecting 
the  unknown  quantities  x,  y,  s;  then  by  substituting  in  it  for 
X,  J/,  g  Hm  expreBsions  just  given,  wo  shall  obtain  an  equation 
vhich.  'will  determine  k :  thus  the  values  of  x,  y,  z  become 
Jmo'wn. 

Suppose,  for  example,  the  third  equation  is 
Ix'  +  my*  +  na"  —  I, 
then  h  is  d^rmined  by 

i'  J/ (6c'  -  6'c)'  +  ■m{c<x'-  c'a)'  +  n  (ab'  -  a'i)'}  =  1. 


l 

^^^V  1.     Write  down  the  duplicate  ratio  of  2  :  3,  and  tlie  sttb- 
duplicate  ratio  of  100  :  Hi, 


Y  2.     Write  down  the  ratio  which  L 
3  :  5  and  7  :  9. 


compounded  of  the  ratios 


3.     Two  numbers  are  in  the  ratio  of  2  to  3,  and  if  9  be  added 
to  each  they  are  in  the  ratio  of  3  to  4,     Find  the  numbers. 

V  i.     Shew  that  the  ratio  a  :  6  is  the  duplicate  of  the  ratio 
a  +  c  -.b  +  e  i£  e'  =  ab. 

\/S.  Thei-e  are  two  roads  from  A  to  S,  one  of  them  14  miles 
longer  than  the  other,  and  two  roads  ii-om  B  to  C,  one  of  tliom 
8  miles  longer  than  the  other.  Tbe  distances  from  ^  to  .S  and 
from  S  to  C  along  the  shorter  roads  are  in  the  ratio  of  1  to  2, 
and  the  distances  along  the  longer  roads  are  in  the  ratio  of  2  to  3. 
0  tiia  dietaaoea. 
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6.  Solve  ihe  equations 

ax  4- by     cz  A-  ax     by  +  cz 

^  =  — ;—  =  — -x  +  y  +  z. 

cz  by  ax 

7.  Prove  that  if  "■  "^  "'^  =  ^1±S^  =  ^±^,  each  of  these 

a,  +  a^y     a^  +  a,y     ai  +  ajif 

1  4-  flJ 

ratios  is  equal  to  r ,  supposing  a^-{-a^  +  a^  not  to  be  zero. 

-T.^a-5         b-c         c-a  a  +  b  +  c       ,.  ,. 

8.  If  r-  =  7 = =  i »  them  each  of 

ay  +  ox     oz  +  cx     cy  +  az     ax+  oy  -^cz 

these  ratios  = ,  supposing  a  +  5  +  c  not  to  be  zero. 

X  "T  y  'T'  z 

^      Oil        .-1    .  .^ay  —  bx     cx-az     bz—cy      .       x     y     z 

9.  Shew  that  if  -^ =  — r —  = -,  then-=f  =  -. 

c  6  a  a     b     c 

10.  If    , — 7,  =  f7 — 77/=  -r — 77  >   then    each  .  of   these    ratios 

a -a       b-b       c  -  c 

aV—  a'b        be  —b'c  _  ca  ^c'a       a  +  5  4-  c  —  {a  +  6'  +  c') 
a 6  —  a  6      be  —b  c      ca  —c  a      a  +  b+c-{a+b  +c^ 

11.  Solve  the  equations 

2x  +  y-2z  =  0,    7a:+6y-9«  =  0,    a'  +  2/'  +  «»=  1728.' 

12.  Solve  the  equations 

ax-hby  +  cz  =  0,   6ca;  +  cay  +  abz  =  0,   xyz  f  a5c  (a'ic  +  b^y  +  c'i)  =  0. 


XXVn.     PROPORTION. 

386.     Four  quantities  are  said  to  be  proportionals  when  the 
first  is  the  same  multiple,  part,  or  parts,  of  the  second,  as  the 

third  is  of  the  fourth;  that  is,  when  r  =  ;,)  the  four  quantities 

a,  6,  c,  dj  are  called  proportionals.     This  is  usually  expressed  by 
BB^ying,  aistoftascistoc?,  and  is  represented  thus,  a:bi\c\d, 
or  thus,  a  :dsc:d. 
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The  terms  a  and  d  arei   called   the  exiremes,  and  th^  terms 
&  and  c  are  called  the  meaiu, 

387.     WTien  /our  quantities  are  proportionals,  the  product  of 
^  I      ^  extremes  is  equal  to  the  product  of  the  means. 

Let  a,  5,  c,  d  be  the  four  quantities;  then  since  they  are  pro- 
porfcionals  ^  =^(Art.  386);  and  by  multiplying  both  sides  of 
the  equation  by  hd,  we  have  ad  =  he. 

Hence  if  the  first  be  to  the  second  as  the  second  is  to  the  third, 
the  product  of  the  extremes  is  equal  to  the  square  of  the  mean. 

388.  If  any  three  terms  in  a  proportion  are  given,  the  fourth 
may  be  determined  from  the  equation  ad  =  he, 

389.  If  the  product  of  two  quantities  he  equ^  to  the  product 
of  two  others^  the  four  are  proportionals;  the  terms  of  either 
product  heing  taJcen  for  the  means,  and  the  terms  of  the  other 
product  for  the  extremes, 

OB        h 

Jjet  xy  ==tahy  divide  by  ay,  thus,  -  =  - ; 

or  x:a  \',h  ly  (Art.  386). 

390.  li  a  :h  :\  e  ',  d,  and  c  :d  ::  e  if  then 

a  ih  ::  e  \f 

Because     r  =  -»  and  -i  =  -ji ,  therefore  r  =  ->  i 
b     d         d-  f  ^     f 

or  a  ',h  :\  e  :f, 

391.  If  four  quantities  he  proportionals,  they  are  proportionals 
when  taken  inversely.    . 

K        a  :h  ::  €  :  d,  ;     then   h  :  a  ::  d  :  c. 

a     c 
For  T  =  -yy   divide   unity  by  each  of  these  equal  quantities, 

ft     d 

thtui  —  =  -  ;  or  h  :  a ::  d :  c. 
a     e 
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392.  Iffowr  qtMmtUies  he  propdrtumals,  ihey  mre  proportionals 
when  taken  alternately. 

If        a  :  h  :.  c  :  d,        then  a  :  c  ::h  :  d. 
For  r  =  -1 ;  multiply  by  - ;  thus  -  =  -jI 

or  a  :  c  ::b  :  d. 

Unless  the  four  quantities  are  of  the  same  kind  the  alter- 
nation cannot  take  place;  because  this  operation  supposes  the 
first  to  be  some  multiple,  part,  or  parts,  of  the  third.  One  line 
may  have  to  another  line  the  same  ratio  as  one  weight  has  to 
another  weight,  but  there  is  no  relation,  with  respect  to  magni- 
tude, between  a  line  and  a  weight.  In  such  cases,  however,  if  the 
four  quantities  be  represented  hy  numbers,  or  by  other  quantities 
which  are  all  of  the  same  kind,  the  alternation  may  take  plaooi 

393.  When  four  quoMities  a/re  proportionalsy  the  first  together 
with  the  second  is  to  the  second  as  this  third  together  with  the/ourth 
is  to  the/ourth. 

If        a  :h  ::  c  id,        then  a  +  &  :b  ::  c-\-d  :  d. 

A         C 

For  i  =  -; :  add  unity  to  both  sides  :  thus 
b      d^  ^  ' 

j  +  l=^  +  l;thatis,  -g-=-^; 

or  a  +  b  I  b  ::  c  +  d  ',  d. 

Thts  operation  is  called  componendo. 

394.  Also  the  excess  of  the  first  above  the  second  is  to  the 
second  as  the  excess  of  the  third  above  the  fourth  is  to  the  fourth. 

For  1-  =  -T ;  subtract  unity  from  both  sides  :  thus 
b      d'  - 

^-1=^-1;  that  18,  -J- =  -^; 

or  a^b  :  b  ::  e-d  :  d. 

This  operation  is  called  dividendo. 
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^1  395.    Also  the  first  is  to  the  excess  of  the  first  ahove  the  second 

09  ih/6  third  is  to  the  excess  of  the  third  above  the  fourth. 

By  tlie  last  Article,      —7—  =  —7-  ; 

,  b      d 

also  -  =  -  I 

a      e 

.,     «  a  —  b     b      c-d     d  a—b     c-  d 

tnerefore  ,—  x  -  =  — ~  x  -  ,  or  = ; 

bade  a  c 

or  a  —  b:a::c  —  d:c^ 

and  inversely,  a  :  a  -b  :i  c  :  c  —  d. 

This  operation  is  called  convertendo, 

396.  WTien  four  qiiantities  a/re  proportionals,  the  sum  of  the 
first  and  second  is  to  their  difference  as  tJie  sum  of  the  third  and 
fourth  is  to  their  difierence. 

If        a  :  b  ::  c  :  d,         then  a  +  b  :  a-b  ::  c-\-d  :  c  —  d- 
By  Art  393,  ^^^     ^"^-^ 

and  by  Art  394, 

therefore 

that  is,  ,  -        , . 

a-b     c—d 

or  a-\-b  ',  a-b  \v  c  +  d  \  c  —  d, 

397.  When  any  nwmher  of  quantities  are  proportionals,  oa  one 
oMecedent  is  to  its  consequent,  so  is  the  sum  of  all  the  a/ntecedents  to 
the  siwm  of  all  the  consequents. 

Let  a  :  b  ::  c  :  d  ::  e  :  f; 

then  a  :  d  ::  a  +  c  +  e  :  5  +  d  +  /. 


b     " 

d    ' 

a  —  b 

e  —  d 

b     ~ 

d    ' 

a  +  b 
b 

a  —  b 
0  +  6 

C  +  d 

d      ' 

c  +  d 

-                     • 

d 

d 

m 

y 
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For         ad=bc,         and    qf=-he,  (Art.  386), 
also         ah  =  ha  I     hence  ah-\-ad  +  af=^  ha^hc^he\    ' 
that  is,  a{h  +  d  +/)  =  h(a-hc  +  e). 

Hence,  by  Art.  389,     a:6::a  +  c  +  e:6  +  c?+/. 

Similarly  the  proposition  may  be  established  vhen  more  quan- 
tities are  taken. 

398.  When  four  quantities  are  proportionah,  if  the  first  and 
second  he  multiplied,  <yr  divided,  hy  any  quantity y  as  also  the  third 
and  fourth,  the  resiUting  quantities  wiU  he  proportionals. 

Ijet         a  \h  w  c  I  d,         then    ma  :  mh  : :  wc  :  nd. 

1^ or  ?  =  -7 ,    therefore  — r  =  — - ,; 

0      a  mo     nd 

or  ma  :  mh  ::  nc  :  nd, 

399.  If  the  first  and  third  he  midtiplied,  or  divided,  hy  any 
quantity,  and  also  tlie  second  and  fourth,  the  resulting  quantities 
will  he  proportionals. 

Let         a  :h  v,  c  :  d,         then   ma  :  nb  ::  mc  :  nd. 

—  a      c      ,,         ■       ma     mxs         _  ma     mc 

For         r  =  -7  i   therefore  -y-  =  -i- ,  and  - ,   =  — - ; 
0      d  0        a  no      rut 

or  7na  :  nh  ::  mc  :  nd, 

400.  In  two  ranks  of  proportionals,  if  the  corresponding  tej^is 
he  multiplied  together,  the  products  wiU  he  proportionals. 


Let 

a  :  5  ::  c  :  d. 

and 

e  \  f  :i  g  \  h. 

then 

as  :  hj  ::  eg  :  dh. 

For         ,  =  -,  and  >  =  ?  ;  therefore  rr.  =  ^  ; 
0      a  J      h  bj      dtk 

or  oe  :  5/  :;  eg  ;  dh. 
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This  is  called  compounding  the  proportions.     The  proposition 
is  true  if  applied  to  any  number  of  proportions. 

401.  If  four  quantities  he  proportionals,  ilie  like  powers,  or 
roots,  of  these  quantities  unU  he  proportionals. 

Let        a  :  h  ::  c  :  d,        then   a*  :  6"  ::  c"  :  d\ 

!For  r  =  J ,  therefore  r;-  =  js  >  where  n  may  be  whole  or  fi-ac- 
0      a  u       a 

tional;  thus 

a"  :  6"  ::  c"  :  cT. 

402.  If  a  :  6  ::  5  :  c,         then  a  :  c  ::  a*  :  I*. 
ah  ,..  ,     ,      ^     .-        a     a     a     h 


For  ^=-;   multiply  by  ^,  thus  ^  x  ^- =  ^ 


^  -> 


that  IS,  T7  =  -  ; 

or  a  :  c  ::  a'  :  6*, 

The  three  quantities  a,  h,  c  are  in  this  case  said  to  be  in 
corUinued  proportion ;  and  h  is  said  to  be  a  mean  pi^oportional 
between  a  and  c. 

403.  Similarly  we  may  shew  that  i!£  a  ih  \\h  \e  w  c  :  d,  then 
a  :  c? ::  a'  :  6*.  Here  the  four  quantities  a,  h,  c,  d  are  said  to  be 
in  continued  proportion, 

404.  It  is  obvious  from  the  preceding  Articles,  tliat  if  four 
quantities  are  proportionals,  we  may  derive  from  them  many 
other  proportions.     "We  will  give  another  example. 

li  a  :  h  V,  c  \  d,  then 

ma  ■{■Tih  :  pa-^  qh  ::  mc  +  nd  :  pc  +  qd. 

For  i  =  -J,  therefore  -r    =  -.-  : 

o     a  0        d 
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add  n  to  both  sides ;  thns 

ma  +  nb     mc  +  nd 
b       ^       d 

pa  -hqb     pc-\-  qd 


Similarly 


d 


j^  ma  +  w6      pa+  qb     inc-\-nd      pc-\-  qd 

ilence  —^       s^  — ^       =  — ^—  -^  — ^  -  ; 


that  is, 


rna  +  nb      mc  +  nd 


pa  +  qb       pc-\-qd  ' 
or  m,a  -^-rih:  pa  +  qb  : :  mc-^-nd  \  pc  +  qd. 

405.  In  the  definition  of  Proportion  it  is  supposed  that  one 
quantity  is  some  determinate  multiple,  part,  or  parts,  of  another  ; 
or  that  the  fraction  formed  by  taking  one  of  the  quantities  as  a 
numerator,  and  the  other  as  a  denominator,  is  a  determinate 
jB^action.  This  will  be  the  case  whenever  the  two  quantities  have 
any  common  measure  whatever.  For  let  a;  be  a  common  measure 
of  a  and  6,  and  let  a  =  ma?  and  b  =  nx',  then 

a     mx     m 


b      nx      n* 
where  m  and  n  are  whole  numbers. 

406.  But  it  sometimes  happens  that  quantities  are  inccynv- 
m^nsurahle,  that  is,  admit  of  no  common  measure  whatever.  If, 
for  example,  one  line  is  the  side  of  a  square,  and  another  line  is 
the  diagonal  of  the  same  square,  these  lines  are  incommensurable. 

In  such  cases  the  value  of  j-  cannot  be  expressed  by  any  fraction 

m  ,     -  .        .      . 

—  where  m  and  n  are  whole  numbers  :  yet  a  fraction  of  this  kind 

a 
may  be  found  which  will  express  the  value  of  ^  to  any  required 

decree  of  accuracy. 
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For  let  6  =  nx,  Vhere  n  is  an  integer ;  abo  let  a  be 
greater    than    mx  but  Ims   than   (jn  +  l)a;;    then   v   ia  greater 

tli-^n   —  ,   but  leas  thaji   .      Thus    the   difference   between   -- 

and  —  13  lesa  tban  - .     And  eince  nx  =  h,  when  x  ia  diminished 

n  19  increused  and  -   is  diminiEhed.     Hence  by  taking  x  BmaU 

enough,    -   can   be  made   lesa   than   any  assigned   fraction,  and 

therefore  the  difference  between  —  and  -  can  bo  made  less  tiian 
any  assigned  fraction. 

407.  If  <J  and  d  as  well  aa  a  and  h  oxa  incommenaurable, 
and  if  when  j  lies  between  —  and ,  then  -•  alao  Uea  be- 
tween —  and  - —     however  the  numbers  m  and  n  are  increased, 

"For  if  T-  and  -,  are  not  equal,  they  must  havo  some  assignable 

Jiflerenoo,  and  because  each  of  them  lies  between  —  and , 

this  difference  must  be  leas  than  - .     But  since  n  am-y,  by  anp- 

poaition,  be  increased  without  limit,  —  may  he  diminished  without 
limit ;  that  is,  it  may  be  made  lesa  than  any  assigned  magnitude ; 
therefore  j-  and  j  have  no  assignable  difference,  so  that  we  may 

say  that  t  = -,•  Hence  all  the  propositions  respecting  propor- 
«B«Mte*ra(inrooftae/ogr  quantities  a,  b,  c,  d. 
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408.  It  will  be  useful  to  compare  the  definition  of  prc^rtion 
which  has  been  given  in  this  Chapter  with  that  which  is  given  in 
the  fiflh  book  of  Euclid.  The  latter  definition  may  be  stated 
thus ;  four  quantities  are  proportionals  when  if  anj*  equimtdtiples 
be  taken  of  the  first  and  third,  and  also  any  equimultiples  of  the 
second  and  fourth,  the  multiple  of  the  third  is  greater  than-, 
equal  to,  or  less  than,  the  multiple  of  the  fourth,  according,  as  the 
multiple  of  the  first  is  greater  than,  equal  to,  or  less  than,  the 
multiple  of  the  second. 

We  will  first  shew  that  the  property  involved  in  Euclid's 
definition  follows  from  the  algebraical  definition. 

For  suppose  a  :  b  ::  c  :  d :  then  t  --n  therefore  ^  =  ^, . 

0      a  qb      qd 

Hence  pc  is  greater  than,  equal  to,  or  less  than  qd,  according  as 

pa  is  greater  than,*  equal  to,  or  less  than  qb. 

409.  Next  we  will  shew  that  the  property  involved  in  the 
algebraical  definition  follows  from  Euclid's.  Let  a,  6,  c,  d  be  four 
quantities  which  are  proportional  according  to  Euclid's  definition  : 

then  shall  j-  =  ,.     For  if  =-  be  not  equal  to   -,%.  one  must  be 
b      d  b  ^  d 

greater  than  the  other,  and  it  will  be  possible  to  find  some  fraction 
which  lies  between  them.     Suppose  ^  greater  than  -. ;  and  let  ~ 

lie  between  them.     Then  ^  is  greater  than  -  ;   therefore  qa  is 

greater  than  pb  :  and  -.  is  less  than  -  ;  therefore  qc  is  leaa  than  pd. 
Thus  a,  5,  c,  d  are  not  proportionals  according  to  Euclid's  defini- 
tion;  which  is  contrary  to  the  supposition.  Therefore  t  and  -^ 
cannot  be  unequal  j  that  is  they  are  equaL 

410.  It  is  usually  stated  that  the  common  algebraical  defini- 
tlon  of  proportion  cannot  be  \ised  in  Geometry,  because  there  is  no 

method  of  representing  geometrically  fti©  t«svxV^  ot  ^^  o^jec^iaix 
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of  division.  Straight  lines  can  be  represented  geometrically,  but 
not  the  abBtract  number  wliich  espreasea  how  often  one  Btraight 
line  is  contaiaed  in  another.  But  it  should  also  be  noticed  that 
Buclid'a  definition  is  rigorous  and  can  be  applied  to  ineommen- 
rtvrable  as  well  as  to  eommensurahle  quantities,  while  the  alge- 
braical definition  ia,  strictly  speaking,  confined  to  the  latter  quan- 
tities. Hence  this  considei-ation  ftlono  would  furnish  a  sufficient 
reason  for  the  definition  adopted  by  Euclid. 


EXAMPLES   OF    I'KOrORTION. 

1.  The  last  three  tei-ms  of  a  proportion  being  i,  6,  8,  what  is 
the  first  term ! 

2.  Pind  a  tliird  propoi-tional  to  26  and  400. 

^^V  ,3.     If  3,  a^  10S3  are  ia  continued  proportion,  find  x. 

^f^  4.     If  2  men  working  8  hours  a  day  can  copy  a  inanuscript  in 

32  days,  in  how  many  days  can  x  men  working  y  hours  a  day 

copy  it  I 

5.     If  X  and  y.be  unequal  and  x  have  to  y  the  duplicate  ratio 

of  a:  +  a  to  y  +  z,  prove  that  s  is  a  mean  proportional  between  x 


7.  If  four  quantities  are  proportionals,  and  tlie  second  is  a 
mean  proportional  between  the  third  and  fourth,  the  third  will  be 
a  mean  proportional  between  the  firat  and  second. 

8.  If 

(fl  +  6  +  c+rf)(a-6-c  +  rf)  =  (a-B  +  c-rf)((H-6-c-t;), 
prove  that  (t,h,  c,d  are  proportionals. 

9.  Shew  that  when  four  quantities  of  the  same  kind  are  pro- 
portional, the  sum  of  the  greatest  and  least  U  gteatei;  ^iVwv'Ooawrai. 
oftbe  other  two^ 
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10.  Each  of  two  Tessels  contains  a  miaLtnre  of  wine  and 
water;  a  mixture  consisting  of  equal  measores  from  the  two 
vessels  contains  as  much  wine  as  water,  and  another  mixture 
consisting  of  four  measures  from  the  first  vessel  and  one  from 
the  second  is  composed  of  wine  and  water  in  the  ratio  of  2  :  3. 
Find  the  proportion  of  wine  and  water  in  each  of  the  vessels. 

11*  A  and  B  have  made  a  bet;  the  money  which  A  stakes 
bears  the  same  proportion  to  all  the  money  A  has  as  the  money 
which  B  stakes  bears  to  all  the  money  B  has.  If  A  wins  he  will 
have  double  what  B  will  have,  but  if  he  loses,  B  will  have  three 
times  what  A  will  have.  All  the  money  between  them  being 
XI 68^  determine  the  circumstances. 

12.  If  the  increase  in  the  number  of  male  and  female  crimi- 
nals be  1*8  per  cent.,  while  the  decrease  in  the  niunber  of  males 
alone  is  4*6  per  cent.,  and  the  increase  in  the  number  of  females 
is  9*8  ;  compare  the  number  of  male  and  female  criminals  re- 
spectively. 


XXVIII.     VARIATION. 

411.  The  present  Chapter  consists  of  a  series  of  propositions 
connected  with  the  definitions  of  ratio  and  proportion  stated  in  a 
new  phraseology,  which  is  convenient  for  some  purjwses. 

412.  One  quantity  is  said  to  va/r^  directly  as  another  when 
the  two  quantities  depend  upon  each  other,  and  in  such  a  man- 
ner that  if  one  be  changed  the  other  is  changed  in  the  same 
proportion. 

Sometimes  for  shortness  we  omit  the  word  directly/,  and  say 
simply  that  one  quantity  varies  as  another. 

413.  Thus,  for  example,  if  the  altitude  of  a  triangle  be  in- 
variable^ the  area  varies  as  the  base;  for  if  the  base  be  increased 

or  diminished,  we  Icnow  from  Euclid  t\ia\»  tliie  «>xQ«ti  ia  increaBed  or 
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diminislied  in  the  same  proportion.  We  may  expresB  this  result 
\'Y  Algeliraical  Bymbola  thus :  let  A  and  a  be  numbers  which 
i-epreaent  the  areas  of  two  triiinglea  haying  a  common  altitude,  and 
let  £  and  b  be  numbers  wliich  represent  the  baacs  of  these  tri- 
angles respectively ;  then  —  =  ^ .  And  from  this  we  dednca 
~=~,  (AH.  392).     If  there  be  a  tliird  triangle  having  the  same 

altitude  as  the  two  already  considered,  then  the  i-atio  of  the  num- 
ber which  represents  its  area  to  the  nnmber  which  represents  ita 

base  will  also  be  equal  to  r^      Put  —  =  mi,  then -=  =  m  and  A^mS, 

Here  A  may  represent  the  area  of  mij/  one  of  a  series  of  triangles 
■which  have  a  common  altitude,  and  B  the  corresponding  base, 
aiul  m  remains  constant.  Hence  the  statement  that  the  area 
varies  as  the  base  may  also  be  espressed  thus  :  the  area  has  a 
constant  mtio  to  the  base;  by  which  we  mean,  in  accordance  with 
Ai-ticle  393,  that  the  niimber  which  represents  the  ai'ea  bears  a 
constant  ratio  to  the  number  which  represents  the  base. 

We  have  made  these  rcmaika  for  t!ie  pm-poae  of  espliuning 
the  notation  and  language  which  will  be  used  in  the  present 
Chapter.  When  we  say  that  A  vanes  as  7!,  wo  mean  that  A 
represents  the  numerical  value  of  any  one  of  a  certain  series  of 
quantities,  and  B  the  numerical  value  of  the  con-esponding  quan- 
tity in  a  certain  other  series,  and  that  A  =  mB,  where  m  is  some 
number  which  remains  constant  for  every  corresponding  pair  of 

quantities. 

We  will  give  a  foi-mal  proof  of  the  equation  A  -  tiiB  deduceil 

from  the  definitioik  of  Art,  413. 

414.  J/ A  vary  aa  E,  tlien  A  is  equal  to  B  multiplied  bysoitie 
•eonsta/ni  quantity. 

Ijet  a  and  5  denote  one  pair  of  corresponding  values  of  the  two 
quantities,  and  Jet  A  and  B  denote  any  otlier  ^\i ',  \j\imi.  -  =  — 
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by  definition.     Hence  A  =  j^B  =  mB,   where   m  is  equal  to  the 
constant  =- . 

0 

415.  The  symbol  oc  is  used  to  express  variation;  thus  A  ccB 
stands  for  A  varies  as  B, 

416.  One  quantity  is  said  to  vary  inversely  as  another  when 
the  first  varies  as  the  reciproeal  of  the  second;  see  Art.  263. 

Or  if  -4  =  -= ,  where  m  is  constant,  A  is  said  to  vary  inversely 

as  B, 

417.  One  quantity  is  said  to  vary  as  two  others  jointly  when, 
if  the  former  is  changed  in  any  manner,  the  product  of  the  other 
two  is  changed  in  the  same  proportion. 

Or  if  il  =  mBG,  where  m  is  constant,  A  is  said  to  vary  jointly 
as  B  and  C. 

418.  One  quantity  is  said  to  vary  directly  as  a  second  and 
inversely  as  a  third,  when  it  varies  jointly  as  the  second  and  the 
reciprocal  of  the  third. 

vn  H 

Or  if  .4  =  -YT  >  where  m  is  constant,  A  is  said  to  vary  directly 
G 

as  B  and  inversely  as  (7. 

419.  //■  A  cc  B,  and  B  oc  0,  then  A  oc  0. 

For  let  A  =  mB,  and  B  =  nGy  where  m  and  n  are  constants ; 
then  A  =  mnC ;  and,  as  mn  is  constant,  AccG, 

420.  7/*  A  oc  C,  and  B  oc  C,  then  A  ±  B  oc  C,  awcf  ^(AB)  cc  C. 

For  let  A  =  mC^  and  B  =  nC,  where  m  and  n  are  constants ; 
then A  +  B  =  {m-{-n)C,  and  A-B  =  {m-n)C;  therefore  A^BocQ. 
Also  ^{AB)  =^{mnC')  =  CJ{mn)]  therefore  J{AB)  oc  C. 

421.  I/AccBG^then^o,^,  and  Ccc~. 
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For   let    A  =  mBC,    then   5  =  -- 


S4I 

;  therefore  J  k  — ,     Simi- 


422.  //"A^E,  aTid  C  =.  D,  (/«»  AC  =  BD. 

For   let    A^mS,    anJ  C-^nD,  then  AC=m,nSD;    therefore 

423.  T/'A  <=  E,  (Aen  A"  =  B". 
ForIet-l=mff,  then -4-  =  m'-ff';  therefore  ^"  k  5*. 

EP,    vshf.re  P  w  any    quantity 


424. 


//■  A  =  B,    (Am  AP 

■  invariable. 


FoThtA=mB,  then  AP  =  mBP;  fclierefoi-e  AP  cc  TIP. 

425.  //■  Ao=B  uf/ten  C  ij  iniiariafi^e,  owd  AccC  vAen  B  w 
•nvana£&,  t/t«n  vjiU  A  cc  BC  uf/ten  hotit  B  nnc^  G  are  variable. 

The  vai-iation  of  4  depends  upon  the  variations  of  the  two 
quantities  B  and  C;  let  the  Tariations  of  the  latter  quantities 
take  place   separately,  and  when  B  is  changed  to  b,  let  A   he 

changed  to   a' ;    then,   hy  supposition,   —  =  -r-  ■     Not  let  C  be 

changed  to  e,  and  in  conaequeiicQ  let  a  be  ohongod  to  a ;  then,  by 

Thus 


mppoaition,  —  =  — 


2W 


that  18,  -  =  ,     ; 

'  a       he 

thei-efore  A  =  BC. 

A  very   good   exaiuplc    of  this   proposition   is  famished  in 

Geometry.     It  can  he  proved  that  the  area  of  a  triangle  varies 

tu>  the  base  when  the  height  ia  invariable,  and  that  the  area  varies 

an  the  Iieleht  wbpn  the  base  is  invariable.     Hence  ■wVciv'W'Otv  ft* 
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base  and  the  height  vary,  the  area  vanes  as  the  product  of  the 
numbers  which  express  the  base  and  the  height. 

426.  In  the  same  manner  if  there  be  any  number  of  quan- 
tities By  Gf  Df  &c,  each  of  which  varies  as  another  A  when  the 
I'est  are  constant ;  when  they  are  all  variable,  A  varies  as  their 
products 

Take  for  example  three  quantities  B,  C,  D,  When  B  alone 
varies  A  varies  as  B ;  when  G  alone  varies  A  varies  as  G :  thus, 
by  Art.  425,  when  B  and  G  both  vary  A  varies  as  BG,  Again 
when  D  alone  varies  A  varies  as  Z>,  and  when  BG  varies  A  varies 
as  BG :  thus,  by  Art.  425,  when  D  and  BG  both  vary  A  varies 
as  BGD. 

EXAMPLES   ox  VARIATION. 

'     1.     Given  that  y  varies  as  x,  and  that  y=Z  when  as  =  1,  find 
the  value  of  y  when  a;  =  3. 

2.  K  a  vaiies  as  h  and  a  =  15  when  6  =  3,  find  the  equation 
between  a  and  h. 

3.  Given  that  z  varies  jointly  as  x  and  y,  and  that  «  =  1 
when  a;  =  1  and  y  =  \y  find  the  value  of  z  when  x  —  2  and  y  =  2. 

4.  If  z  vaiies  as  px  +  y,  and  if  « =  3  when  x  =  l  and  y  =  2y 
and  z=  5  when  x=2  and  y  =  3,  find  p. 

5.  If  X  varies  directly  as  y  when  z  is  constant,  and  inversely 
as  z  when  y  is  constant,  then  if  y  and  z  both  vary,  x  will  vary 

as  ^. 

z 

6.  If  3,  2,  1,  be  simultaneous  values  of  x,  y,  z  ia  the  pre- 
ceding Example,  determine  the  value  of  x  when  y  =  2  and  «  =  4, 

7.  The  wages  of  5  men  for  6  weeks  being  £14.  5«.,  how  many 
weeks  will  4  men  work  for  £19  1     (Apply  Example  5.) 

8.  If  the  square  of  x  vary  as  the  cube  of  y,  and  x  =  2  when 
^^=3,  £nd  the  equation  between  x  and  y. 
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9.  Given  that  y  varies  as  tlie  sum  of  two  quantitiea,  one  of 
wiucli  varies  as  x  directly,  the  other  as  x  inversely,  and  that 
y  =  4  when  a!  =  l,  and  3/  =  5  when  a;  =  2,  find  the  equation  be- 
twBBn  X  and  y. 

10.  If  one  quantity  vary  directly  as  anothei",  and  the  former 
be  \  when  the  latter  ia  |,  find  what  the  latter  will  bo  when  the 
former  is  9. 

11.  If  one  quantity  vary  aa  the  sum  of  two  others  when 
(Jieir  difference  is  constant,  and  also  vary  as  theii-  difference  when 
their  Bom  ia  constant,  shew  that  when  these  two  quantities  vary 
independently,  the  first  quantity  will  vary  as  tjie  difference  of 
their  squares. 

12.  Given  that  the  volume  of  a  sphei'e  vaiies  as  the  cube  of 
its  radiu.3,  prove  that  the  volume  of  a  sphere  whose  radius  ia 
6  inches  is  equal  to  the  sum  of  tlie  volumes  of  three  spheres 
whoso  radii  are  3,  4,  5  inches. 

13.  Two  circular  gold  plates,  each  an  inch  thick,  the  diame- 
ters of  which  are  6  inches  and  8  inches  respectively,  are  melted 
and  formed  into  a  single  circular  plate  one  inch  thick  Find  its 
diameter,  having  given  that  the  area  of  a  circle  varies  as  tlie 
square  of  its  diameter. 

]  4.  There  are  two  globes  of  gold  whoso  radii  are  r  and  / ; 
they  are  melted  ajid  formed  into  a  single  globe.     Find  its  radius. 

15.  If  K,  y,  8  be  variable  quantities  such  that  y  +  2  — a;  is 
constant,  and  that  (x  +  y  —  a)  (a!  +  a  —  y)  varies  aa  yz,  prove  that 
K  +  y  +  «  varies  as  ys. 

16.  A  point  moves  with  a  speed  which  is  different  in  different 
miles,  but  invariable  in  the  same  mile,  and  its  speed  in  any  mile 
varies  inversely  aa  the  number  of  miles  travelled  before  it  com.- 
mencea  this  mile.  If  the  second  mile  be  described  in  2  hours, 
find  the  time  occupied  in  describing  the  ji""  mile, 

17.  Suppose  that  y  varies  aa  a  quantity  which  ia  the  sum  of 
three  quantitieiSi  ike  £rat  of  which  is  constant,  'Coa  aecoiii -^Mvea 


24*4  SCALES  OF  NOTATIOK. 

as  fls,  and  the  third  as  jb*.  And  snppoBe  that  when  a;  =  a,  2^=0, 
when  x  =  2a,  j/  =  a,  and  when  a;  =  3a,  y  =  ia.  Shew  that  when 
x  =  na,  y=(n-l)*a. 

18.  Assuming  that  the  quantity  of  work  done  yaries  as  the 
cube  root  of  the  number  of  agents  when  the  time  is  the  same,  and 
varies  as  the  square  root  of  the  time  when  the  number  of  agents  is 
the  same ;  find  how  long  3  men  would  take  to  do  one-fifth  of  l^e 
work  which  24  men  can  do  in  25  hours.     (See  Art.  425.) 

XXIX,     SCALES  OF  NOTATIOK 

42[^.  The  student  will  of  course  have  learned  from  Arith- 
metic that  in  the  ordinary  method  of  expressing  whole  numbers 
by  figures,  the  number  represented  by  each  particular  figure  is 
always  some  multiple  of  some  power  of  ten.  Thus  in  347  the  3 
represents  3  hundreds,  that  is,  3  times  10';  the  4  represents  4 
tens,  that  is,  4  times  10*;  and  the  7  which  represents  7  units, 
may  be  said  to  represent  7  times  10". 

This  mode  of  representing  numbers  is  called  the  common  scale 
of  notation,  and  10  is  said  to  be  the  hose  or  radix  of  the  common 
scale. 

428.  "We  shall  now  prove  that  any  positive  integer  greater 
than  unity  may  be  used  instead  of  10  for  the  radix,  and  shall  shew 
how  to  express  a  number  in  any  proposed  scale.  We  shall  then 
add  some  miscellaneous  propositions  connected  with  this  subject. 

The  figures  by  means  of  which  a  number  is  expressed  are 
called  digits. 

When  we  speak  in  future  of  any  radix  we  shall  always  mean 
that  this  radix  is  some  positive  integer  greater  than  unity. 

429.  To  shew  that  any  whole  nvmber  may  he  caressed  in 
terms  of  any  radix. 

Let  N  denote  the  whole  number,  r  the  radix.     Suppose  that 
r"  Is  the  bigbost  power  of  r  which  is  not  greater  than  iV";  divide 
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W  Ifhyr^,  and  let  p__  bo  the  quotient  and  JT^  the  remainder ;  thus 

'  Here,  by  supposition,  p^  is  less  than  r ;  also  ^,  is  less  tlian  r". 

Nest  divide  N'^  by  r""',  and  let  p^.,  be  the  quotient  and  A^,  the 
remainder;  thus 

Proceed  in  this  way  until  tie  remainder  ifl  less  than  r ;  thus 
we  find  2f  expressed  in  the  manner  indicated  by  the  equation 

^^^^Bach  of  the  digits  p^,  p^_,, p,,  p„  is  less  than  r,  and  any 

one  or  more  of  them  after  the  first  may  be  zero. 

Tlie  best  practical  mode  of  determining  the  digits  la  ^ven  iu 
the  uext  Article. 

430.     To  express  a  given  whole  number  in  any  proposed  scale. 

By  a  given,  whole  number  we  mean  a  whole  number  expressed 
in  words  or  else  expressed  by  digits  in  some  assigned  scale.  If 
no  scale  is  mentioned,  we  understand  the  common  scale  to  bo 
intended. 

Let  N  be  the  given  number,  r  the  radix  of  the  scale  in  which 

it  is  to  be  expressed.     Suppose  p„,  p^, p_  to  be  the  required 

digits  by  which  N  is  expressed  in  the  new  scale,  begimung  with 
that  on  the  right  hand ;  then 

^-py  +p,_^■•'~''  + +^i'^+P,''  +  ?'o  J 

we  hare  now  to  find  the  value  of  each  digit. 

IHvide  JP"  by  r,  and  let  (?,  denote  the  quotient ;  then  it  is 
obvious  that 

Q,=P,y~^  +^^_ir""*+ +P,r  +p^, 

and  that  the  remainder  is  p^.  Hence  p^  is  found  by  this  rule  ; 
divide  the  given  twmher  by  the  jtropoaed  radix,  and  Uie  remainder 
it  ihejirat  of  the  rehired  digits. 
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.  Again^  divide  Q^  by  r,  and  let  Q^  denote  the  quotient ;  then 
it  is  obvious  that 

and  that  the  remainder  is  pi.     Hence  the  second  of  the  required 
digits  is  found. 

By  proceeding  in  this  way  we  shall  find  in  succession  all  the 
required  digits. 

431.  For  example,  transform  43751  into  the  scale  of  which 

6  is  the  radix.   The  division  may  be  performed  and  the  remainders 

noted  thus : 

6;43751 

6;7  29  1 5 

6^1  2  1  5 1 

6^202 3 

6^33 4 

5. 3 

Thus  43751  =5. 6*  + 3. 6* +  4. 6'  + 3. 6"  + 1.6 +  5, 

so  that  the  number  is  expressed  in  the  new  scale  thus,  534315. 

432.  Again,  transform  43751  into  the  scale  of  which  12  is 

the  radix. 

12^4375  1 

f2;3  645 11 

12^3  0  3 9 

12^2  5 3 

2 1 

Thus  43751  =2.12*  + 1.12'  + 3. 12"+ 9. 12 +  11. 

In  expressing  the  number  in  the  new  scale  we  shall  require 
a  single  symbol  for  eleven ;  let  it  be  e ;  then  the  number  is  ex- 
pressed  in  the  new  scale  thus,  2139e. 
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„.  ]  1  to  express  eleven  in  the  now  senile, 
1. 12  +  1,  that  ia,  thirteen. 

consider  an  example  in  which  a  number  is 
,   A  nural>er  is  denoted  by  (347e  in  the  srjJe  of  wLich  twelve  is 


the  scale  of  which  eleve 


tbe  radix,  it  is  required  to  express  it  i: 
is  the  radix. 

e  t  stands  for  leit,  and  e  for  eleven. 
ejt3  i7  e 

e2  7  3 2 

J  process  of  division  by  eleven  ia  performed  thus.  Pii-st 
e  ia  not  contained  in  t,  for  eleven  is  not  contained  ia  ten,  so  we 
aak  bow  often  is  e  contained  in  (3  J  hero  t  stinds  for  ten  times 
twelve,  that  ia  one  hundred  and  twenty,  so  tiiat  the  question  is, 
how  often  is  eleven  contained  in  one  hundred  and  twenty-three  t 
the  answer  is  eleven  times,  with  two  over,  Next  we  ask  how 
often  is  e  contained  in  24  ;  that  ia,  how  often  is  eleven  contained 
in  twenty-eigbt  I  the  answer  is  twice,  with  six  over.  Tlien  liow 
oflen  is  e  contained  in  67 ;  .that  is,  how  often  is  eleven  contained 
in  seventy-nine  I  the  answer  is  seven  times,  with  two  over. 
Xoat,  how  often  is  «  contained  in  2e ;  that  is,  how  often  is 
eleven  contained  in  thirty-five  I  the  answer  is  tlireo  times,  with 
two  over, 

Hence  2  is  the  first  of  the  rcquii-ed  digits. 
The  remainder  of  the  process  we  will  indiwite ;   the  student 
should  carefully  work  it  for  himself,  and  then  eompare  hia  result 
with  that  here  given. 


Je273 

;  1  02  (.. 

«;ii4.. 

ej\2.. 

..1 
...2 

...6 
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Hence  the  given  number  is  equal  to 

1.6*+ 3.e*  + 6. e'  + 2.6"  + 1.6  +  2; 
that  w,  it  is  expressed  in  the  scale  with  radix  eleven  thus,  136212. 

'  434.  The  process  of  transforming  from  one  scale  to  another 
may  be  effected  also  in  another  manner.  Suppose  for  example 
that  we  have  to  transform  to  the  common  scale  24613  which  is  in 
the  scale  of  seven.     We  have  in  fact  to  calculate  the  value  of 

2x*  +  4a'  +  6a;'  +  «  +  3, 

when  a;  =  7.  We  may  adopt  the  method  which  is  explained  in 
the  TIteory  of  JSquations,  Art.  11. 

2+   4+     6+     1+3 
14  +  126  +  924  +  6475 


18  +  132  +  925  +  6478 

The  result  is  6478.  This  method  is  advantageous  when  we 
have  to  transform  from  any  other  scale  into  the  common  scale, 

435.  It  will  be  easy  to  form  an  unlimited  number  of  self- 
verifying  examples.  Thus,  take  two  numbers  expressed  in  the 
common  scale  and  obtain  their  product,  then  transform  this  pro- 
duct into  any  proposed  scale ;  next  transform  the  two  numbers 
into  the  proposed  scale,  and  obtain  their  product  in  this  scale ; 
the  result  should  of  course  agree  with  that  already  obtained.  Or, 
take  any  number,  square  it,  transform  this  square  into  any  pro- 
posed scale,  and  extract  the  square  root  in  this  scale ;  then  trans- 
form the  last  result  back  to  the  original  scale. 

436.  Next  let  it  be  required  to  transform  a  given  jfraction 
from  one  scale  to  another.  This  may  be  effected  by  transforming 
separately  the  numerator  and  denominator  of  the  given  fraction 
by  the  method  of  Art.  430.  Thus  we  obtain  a  fraction  identical 
with  the  proposed  fraction,  having,  its  numerator  and  denominator 
expressed  in  the  new  scale. 

437.  We  stated  in  Art.  427,  that  in  the  common  scale  of 
notation,  each  digit  which  occurs  in  tih©  ©x^^reaaion  of  any  integer 
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by  figures  i-epreseiits  some  multiple  of  sorne  power  of  ten.  'ITiia 
Btatement  may  be  extended,  and  ire  may  assert  that  if  a  number 
ie  flipressed  in  the  common  scale,  and  the  number  be  an  integer, 
a  dfcimal  fraction,  ov  partly  an  integer  and  partly  a  decimal 
frofivm,  then  each  digit  repi'oaents  some  multiple  of  some  poioer 
often.     Thus  in  347-958  the  3,  the  4,  and  the  7,  have  the  valuee 

assigned  to  them  in  Ai-t  427 ;  the  9  repi-raecta  -^ ,  that  is, 
9  timea  10"' ;  the  5  represents  =^,  that  is,  5  times  lO""';  and 
the  8  represents  ^--rj-  ;  that  as,  8  timea  1 0"". 

It  may  therefoi"e  natiirallj"  occur  (o  ns  to  consider  the  foUow- 
ing  problem ;  reqnii'ed  to  express  a  given  fnwtion  by  a  senes  of 
fractions  in  any  proposed  scale  analogous  to  decimal  fractions  in 
tlie  common  Bciiie.  "We  will  speak  of  anch  fi-actions  as  radiaa- 
fractiona. 

438.  Required  to  express  a  given  fraction  hy  a  series  of  radix- 
fractiom  in  any  proposed  secde. 

By  a  given  fiiMition  we  mean  a  fraction  expressed  in  words 
tar  expressed  by  figures  in  any  given  scale. 

Let  -F  denote  the  given   fraction,   r  the    mdix    of  the  pro- 
posed scale.       Suppose  t^,  (,,  ...  the  muaoiutors  of  the 
radixfraetiom  beginning  (mm  the  hfl  /land;  thus 


■where  t„  t,,  t„ are  to  be  found. 

Multiply  both  members  of  the  equation  by  r ;  thus 


The  right-hand  member  consists  of  an  integer  (,  and  an 
additional  fractional  part.  Let  I^  denote  the  integral  ^^art  of  Fr, 
and  F  the  fractional  renvainder  ;  then  we  must  have 
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Thus,  to  obtain  the  first  numeriEttor,  ti^  of  the  series  of  radix- 
fractions,  we  have  this  rule;  nvaUiply  the  given /raction  hy  the 
proposed  radix  ;  then  the  greatest  integer  in  the  product  is  the  Jirst 
of  the  required  numerators. 

Again,  multiply  -^i  by  r ;  let  7,  be  the  integral  part  of  the 
product,  and  F^  the  fractional  remainder ;  then 

^.='..  ■^.=^+^+ 

Hence  t^y  the  second  of  the  required  numerators,  is  ascei'taioed 
By  proceeding  in  this  way  we  shall  determine  the  required  nu- 
merators in  succession.  If  one  of  the  products  which  occur  on 
the  left-hand  side  of  the  equations  be  an  exact  integer,  the  process 
then  terminates,  and  the  proposed  fraction  is  expressed  by  a  finite 
series  of  radix-fractions.  If  no  integral  product  occur,  the  process 
never  terminates,  and  the  proposed  fraction  can  only  be  expressed 
by  an  inBnite  series  of  the  required  radix-fractions;  the  numera- 
tors of  the  radix-fractions  will  recur  like  a  recurring  decimaL 

123 

439.  For  example,  express  -z-v^  by  a  series  of  radix-fractions 

in  the  scale  8. 

Multiply  Y^  by  8 ;  thus  we  obtain  -y^,  that  is  7  +  -  . . 

Multiply  ~  by  8 ;  thus  we  obtain  -^ ,  that  is  5  +  -^ . 

Multiply  Q  by  8;  thus  we  obtain  4. 

^         123     7      5      4 
"^^^  m  "■  8  "^  8"-  "^  8^  • 

440.  We  may  remark  that  the  radix  ten  is  not  only  the  base 
of  the  common  mode  of  expressing  numbers  by  figures,  but  is  in 
fact  assumed  as  the  base  of  our  language  for  numbers.  This  will 
be  seen  by  observing  at  what  stage  in  counting  upwards  from 
unity  new  words  are   introduced.      For   example,   all   numbers 

between  twenty-one  and  twenty-nine,  botb.  \n.cl\isive,  are  expressed 
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by  means  of  words  tliat  liave  already  occurred  ia  counting  up 
to  twenty;  then  a  new  word  occurs,  namely  thirty,  and  we  can 
it  on  without  an  additional  new  word  as  far  as  tlurty-nine ; 
Ndsotm. 

!nie  number  ten  has  only  two  divisors  different  from  itself 
and  unity,  namely  2  and  5;  the  number  tioelve  has  four  divisors, 
namely  2,  3,  4,  aud  6.  On  this  accoimt  twelve  would  have  been 
more  convenient  than  ten  as  a  radix.  This  may  be  Uluatrated  by 
reference  to  the  case  of  a  ahilling ;  since  a  Bhilling  ia  equivalent  to 
taxlve  pence,  the  half,  the  third,  the  fourth,  and  the  sixth  of  a 
ahiUiiig,  each  contains  an  exact  number  of  ]>ence;  if  the  shilling 
were  equivalent  to  ten  pence,  the  half  and  fifth  of  a  ahilling  would 
be  the  only  aubmultiplea  of  a  shilling  containing  an  exact  niunher 
of  pence.  Similarly,  the  mode  of  measuring  lengths  by  feet  and 
inches  may  bo  noticed. 

441.  We  may  observe  that  if  ttoo  be  adopted  as  the  radix  of 
a  scale,  the  operations  of  Arithmetic  are  in  some  respects  much 
fiimplified.  In  this  scale  the  otAy  figures  which  occur  are  0  and  1, 
BO  that  each  separate  step  of  a  series  of  arithmetical  operations 
w^ould  be  an  addition  of  1,  or  a  subtraction  of  1,  or  a  multiplica- 
tion hy  1,  or  a  division  by  1.  The  simplicity  of  each  operation  is 
however  counterbalanced  by  the  disadvant^ige  arising  from  the 
increased  number  of  such  operations. 

We  give  in  the  following  two  Articles  two  problems  connected 
with  the  present  subject. 

442.  Determine  which  of  the  series  of  weights  1  lb.,  2  lbs., 

2'lb8.,  2' lbs.,  2' lbs., must  be  used  to  balance  a  given  weight 

of  iV^Ibs.,  not  mote  than  one  weight  of  each  kind  being  used. 

It  is  obvious  that  this  question  is  the  same  as  the  following; 
express  the  number  iV"  in  the  scale  of  which  the  radix  ia  2, 
Hence  it  follows  from  Art.  429  that  the  problem  can  alwaya 
be  solved. 

443.  Suppose  it  required  to  determine  which  of  the  weights 
lib.,  3Jbs.j  3'lbB.,  S'lha.,...  must  be  selected  to  we^^  H\m..,  t\<A. 
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more  than  one  of  each  kind  being  nsed^  but  in  eiilter  scale  that 
Hiaj  be  necessary. 

Divide  N  by  3,  then  the  remainder  must  be  zero,  or  one,  or 
two.  Let  N^  denote  the  quotient ;  then  in  the  first  case  we  have 
jr=3-^j,  in  the  second  case  N=^N'^-{-\,  and  in  the  third  case 
N=  SiTj  +  2.  In  the  first  or  second  case  divide  N^  by  3;  in  the 
third  case  we  may  write  IS'=-  3  {N^  + 1)  - 1,  then  we  should 
divide  iT,  +  1  by  3.  Proceed  thus,  and  we  shall  finally  have  a 
result  of  the  following  form, 

-^  =  !?.3-+y..,3--^+ +^,3  +  y„ 

where  each  of  the  quantities  q^y  q^y q^  is  either  zero,  or  +1, 

or  —  1.     Thus  the  problem  is  solved. 

444.  In  a  scale  of  notation  of  which  the  radix  is  r,  the  sum  of 
the  digits  of  any  whole  number  divided  by  r^l, orby  any  factor  of 
r—  1,  toUl  leave  the  same  remainder  respectively  as  the  whole  number 
divided  by  r  — I  or  by  the  factor  ofr—l. 

Let  N  denote  the  whole  number,  p^,  p^, p^  the  digits  be- 
ginning with  that  in  the  units'  place;  then 

'^Po+Pi+P,-^ +JP« 

+^(r-l)+;,^(r'-l)+ +;?.(r*-l); 

therefore  -^  ^^o+^i+^.+ -^P. 

+i?i  +i?,(r+ 1)  + +i^«7i:Y' 

But  — -y-  ig  an  integer  whatever  positive  integer  n  may  be; 

thus  =-  =  some  integer  +— — — — '^^^ — —. 

Next  let  I?  be  a  factor  of  r  ~  1,  say  that  r  —  1  =  pq.  Then 
multiplying  the  last  result  by  q  we  have 

^  '     J.  JP0  +  /^1+ -^Pn 

—  =  some  mteger  +  ^-^ — — ^-* 

P  P 

This  establiabea  the  propoBition. 


• 
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as.  In  a  geale  of  notation  in  tokich  the  radix  is  r  let  any 
■"«&  mimher  be  divided  by  r  +  \;  and  let  ike  difference  between 
"**  «wre  0/  tlte  digits  in  tlie  odd  places  and  the  sum  of  the  digits  in 
^  men  places  be  divided  by  r+\;  then  eitJier  tJie  remainders  imll 
6(  tquai  or  tlieir  sum  teUl  be  r+  1. 

With  the  same  notation  as  in  tho  preceding  proposition  vre 
Iiave 

^= Po +^1'"+?','^+ +py 

^  +?.,(»-  +  l)+p,(r'-l)+jp.(»^+l)  +  ...+p.{r'-(-l)-}. 

B  integer  +^Ll£i±Pi:i_^:p±hi)>.. 

+  (—  l)"p„  to  be   positive,  and 


LTbos  - 


hi 


First,    suppose  Pa~Pi-^Pi"  - 
denote  it  by  i> ;  then 
JV 


e  integer  + ; ; 

thus  when  A'' and  D  are  divided  by  r+  1  tlio  remainders  are  equal 

Secondly,    suppose  Pj-Pi  +  pj- --- +  (-l)'p"  ^    ^^   negative 
and  denote  it  by  —  iJ  ;  then 


that  IE 


r+1 

2f 


U^ 


i  integer  


int^ierj 


thua  when  If  and  D  are  divided  by  r  + 1  the  Bam  of  tho  remaitt- 

(lera  must  be  r  + 1,  unless  either  remainder  is  zero,  and  then  the 
^^other  remainder  also  is  zero. 

^^^O'or example,  EuppoBer=10  and  ^-3<i34I9.     Hero 
^^P  9-1  +  4-3  +  6-2  =  13  =i); 

and  A'' and  D  when  divided  by  11  each  leave  the  remainder  2.  , 

Again,  suppose  r  =  10  and  JV^=C15372.     Here 
2-7  +  3-5  +  l-C=-12=-i); 

and  If  and  D  when  divided  by  11  leave  the  remainders  10  and  1 

respectively. 
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446.  It  appears  from  Art.  444  that  a  number  h  divisible  by 
9  when  the  sum  of  its  digits  is  divisible  by  9  ;  and  that  when  any 
number  is  divided  by  9,  the  remainder  is  the  same  as  if  the  siun 
of  the  digits  of  that  number  were  divided  by  9.  And  as  3  is  a 
factor  of  9  a  number  is  divisible  by  3  when  the  sum  of  its  digits 
is  divisible  by  3  ;  and  when  any  number  is  divided  by  3  the  re- 
mainder is  the  same  as  if  the  sum  of  the  digits  of  that  number 
were  divided  by  3. 

It  appears  from  Art.  445  that  a  number  is  divisible  by  11 
when  the  diflference  between  the  sum  of  the  digits  in  the  odd 
places  and  the  sum  of  the  digits  in  the  even  places  is  divisible 
by  11. 

447.  From  the  property  of  the  number  9,  mentioned  in  the 
preceding  Article,  a  rule  may  be  deduced  which  will  sometimes 
detect  an  error  in  the  multiplication  of  two  numbers. 

Let  9a +  x  denote  the  multiplicand,  and  96  +  y  the  multiplier ; 
then  the  product  is  Slab  -h  9bx  +  day  +  xy.  If  then  the  sum  of 
the  digits  in  the  multiplicand  be  divided  by  9,  the  remainder  is  05 ; 
if  the  sum  of  the  digits  in  the  multiplier  be  divided  by  9,  the 
remainder  is  y ;  and  if  the  sum  of  the  digits  in  the  product  be 
divided  by  9,  the  remainder  ought  to  be  the  same  as  when  xy 
is  divided  by  9,  and  will  be  if  there  be  no  mistake  in  the 
operation. 

EXAMPLES   ON  SCALES   OP  NOTATION. 

Transform  the  following  sixteen  numbers  from  the  scales  in 
which  they  are  given  to  the  scales  in  which  they  are  required : 

1.  123456  from  the  scale  of  ten  to  the  scale  of  seven. 

2.  1357531  from  the  scale  of  ten  to  the  scale  of  five. 

3.  357234  from  the  scale  of  ten  to  the  scale  of  seven. 

4.  333310  from  the  scale  of  ten  to  the  scale  of  eleven. 
^,  S45  from  the  scale  of  six.  to  the  scale  of  ten. 
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iiii  from  the  scale  of  five  to  the  scale  of  ten. 

3413  &0II1  the  scale  of  aix  to  the  scale  of  seven. 

40334  from  the  scale  of  five  to  the  scale  of  twelve. 

64520  fi-oiii  the  scale  of  seven  to  the  scale  of  eleven. 

15D51  fi-om  the  scale  of  eleven  to  the  scale  of  ten. 

15'T5  fi'oni  the  scale  of  ten  to  the  scale  of  eight. 

31462'135  from  the  scale  often  to  the  scale  of  eight, 

221-248  fi-om  the  scale  of  ten  to  tho  scale  of  fiva 

444'44  fi'oni  the  scale  of  Eve  to  the  scale  of  ten. 

1845-3125  from  t!ie  scale  of  ten  to  the  scale  of  twelve. 

3055'2C3  from  the  scale  of  eight  to  the  scale  of  ten. 

Express  in  the  scale  of  seven  the  niimbera  whicli  are 
expressed  in  the  scale  of  ten  by  231  and  462  ;  mnltiply  the  num- 
bers togetlief  in  the  scale  of  seven,  and  reduce  to  the  scale  often. 

18.  Divide  17S32126  by  4685  in  the  Bcale  of  nine, 

19.  Extract  the  square  root  of  33224  in  the  scale  of  six. 

20.  Exti-aot  the  aquai-o  root  of  123454321  in  the  scale  of  six. 

21.  ^Extract  tho  squat's  root  of  3445*44  in  the  scale  of  six,  and 
reduce  the  result  to  the  scale  of  three. 

22.  Subtract  20404020  from  103050301  in  the  scale  of  eight, 
and  extract  the  square  root  of  the  result. 

23.  Exti-act  the  sqnai'e  root  of  UOOOOOOIOOOOI  in  the  binary 
scale. 

24.  Extract  the   squai'e    root    of  GT556i21    in    the    scale  of 

25.  Express    -—  in  a  series  of  radix-fi-actiona   in  the   scaln 
of  twelve. 

26.  Tinil  in  what  scale  95  k  denoted  hy  137, 

27.  Find  in  what  scale  2704  is  denoted  by  20304. 
2a     FijjJ  in  what  scale  1331  is  denoted  by  \4iQQ. 


1 


256  EXAHPL^      XXIX. 

29.  Find  in  what  scale  16000  is  denoted  by  1003000. 

30.  A  number  is  represented  in  the  denary  scale  by  35f  and 
in  another  scale  by  55*5,  find  the  radix  of  the  latter  scale. 

31.  Find  in  what  scale  of  notation  sixteen  hundred  and  sixty- 
four  ten-thousandths  of  unity  is  represented  by  '0404. 

32.  Shew  that  12345654321  is  divisible  by  12321  in  any 
scale ;  the  radix  being  supposed  greater  than  six. 

33.  Shew  that  144  is  a  perfect  square  in  any  scale ;  the  radix 
being  supposed  greater  than  four. 

34.  Shew  that  1331  is  a  perfect  cube  in  any  scale ;  the  radix 
being  supposed  greater  than  three. 

35.  Find  which  of  the  weights  1,  2,  4,  8, 2"  pounds  must 

be  selected  to  weigh  1719  pounds. 

36.  Find  which  of  the  weights  lib.,  3 lbs.,  3* lbs., must 

be  selected  to  weigh  1027  lbs.,  not  more  than  one  of  each  kind 
being  used,  but  in  either  scale  that  is  necessary. 

37.  Find  which  of  the  same  weights  must  be  selected  to 
weigh  716  lbs. 

38.  Find  which  of  the  same  weights  must  be  selected  to 
weigh  475  lbs. 

39.  Find  by  operation  in  the  scale  of  twelve  what  is  the 
height  of  a  parallelepiped  which  contains  94  cubic  feet  235  cubic 
inches,  and  whose  base  is  24  square  feet  5  square  inches. 

40.  Express  2  feet  lOJ  inches  linear  measure,  and  5  feet 
79^  inches  square  measure,  in  the  scale  of  twelve  as  feet  and 
duodecimals  of  a  foot ;  and  the  latter  quantity  being  the  area 
of  a  rectangle,  one  of  whose  sides  is  the  fonner,  find  its  other 
side  by  dividing  in  the  scale  of  twelve. 

41.  If  Po,  p^,  Pg, be  the  digits  of  a  number  beginning 

with  the  units,  prove  that  the  number  itself  is  divisible  by  eight 

jf/?^  -^  2pj-f  4p^  13  divisible  by  eight. 
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r  43.     Prove  that  the  difference  of  two  numbera  conBiating  of 
*6  tame  figures  la  divisible  by  nine. 

43.  Find  the  greatest  and  least  nmnbera  with  a.  given  number 
of  digits  in  any  proposed  scale. 

ii.  Prove  that  if  in  any  scale  of  notation  the  sum  of  two 
numbers  ia  a  multiple  of  tbe  radix,  then  (1)  the  digits  in  which 
the  squai-ea  of  the  numbers  teitninato  are  the  same,  and  (3)  the 
su.m  of  this  digit  and  of  the  digit  in  which  the  product  of  the 
numbers  terminates  is  eqaal  to  the  radix. 

45.  A  certain  number  when  represented  in  the  scale  two  has 
each  of  its  last  three  digits  (counting  fi'oni  left  to  right)  zero,  and 
the  nest  digit  different  from  zei-o ;  when  represented  in  cither  of 
the  scales  three,  five,  the  last  digit  is  zero,  and  the  last  but  one 
different  from  zero ;  and  in  every  other  scale  (twelve  scales  ex- 
cepted) the  last  digit  is  different  from  zero.  WJiat  are  these 
twelve  scales,  and  what  ia  the  nural)cv) 
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448.  Quantities  are  said  to  be  in  Arithmetical  Prc^ression 
when  they  increase  or  decrease  by  a  common  difference. 

Thus  the  following  series  are  in  Arithmetioal  Pi-OKresaion  : 

[  1,  3,  5,  7,  0,  

^^L  40,  36,  3S,  28,  24,   

^^B  a  +  b,  a  +  2b,  a  +  3b,  

^"^  a,  a-b,  a-ib,  a-3b,  

In  the  first  example  the  common  difference  is  2,  in  the 
second  —  4,  in  the  third  6,  in  the  fourth  —  b. 

449.  Let  a  denote  the  first  tona  of  un  Arithmetical  Progres- 
sion, 6  the  common  difference ;  then  the  second  term  is  a  +  6, 
the  third  term  i-s  a  +  26,  the  fourth  term  ia  o  +  36,  and  so  on. 
Thus  tie  Ks'"  term  isa  +  (n-  I)  b. 

T.  A.  V\ 
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450.    To^nJ  tAe  «um  o/'a  ptven  nu9ii6er  o^jtion^i^tn^n^^'^ 

metical  Progression,  the  first  term  and  the  common  difference 
supposed  knovm* 

Let  a  denote  the  first  term,  b  the  common  difference,  n  the 

number  of  terms,   I  the  hist  term,   s  the  sum  of  the  terms     » 

Then 

«  =  a  +  (a  +  5)  +  (a  +  25)  + -hi. 

And,  by  writing  the  series  in  the  reverse  order,  we  have  also 

«  =  ;+(^-5)  +  (;-25)+ +«. 

Therefore,  by  addition, 

2s  =  {l  +  a)  +  (l'\-a)+ to  w  terms 

=  n{l-h  a); 

therefore  «  =  -(^  +  a) (1). 

Also  l  =  a+{n-l)b (2), 

thus  8  =  ^{2a+{n-l)b} (3). 

The  equation  (3)  gives  the  value  of  «  in  terms  of  the  quan- 
tities which  were  supposed  known.  Equation  (1)  also  gives  a  con- 
venient expression  for  s,  and  fiimishes  the  following  rule :  the  sum 
of  any  number  of  terms  in  Arithmetical  Progression  is  equal  to 
the  product  of  the  number  of  the  terms  into  half  tlie  sum  of  tlie 
first  and  last  terms, 

451.  In  an  Arithmetical  Progression  the  sum  of  any  two 
terms  equidistant  from  the  beginning  and  the  end  is  equal  to  tlie 
sum  of  tlie  first  and  last  terms. 

The  truth  of  this  has  already  been  seen  in  the  course  of 
the  preceding  demonstration ;  it  may  be  shewn  formally  thus : 
Let  a  be  the  first  term,  b  the  common  difference,  I  the  last  term ; 
then  the  r^  term  from  the  beginning  is  a+  (r  - 1)  6  and  the  r^ 
term  from  the  end  is  ^  —  (r  —  1)  6,  and  the  sum  of  those  terms 
IS  therefore  I  +  a. 


■     ■       452.     To  insert 
I     too  given  terrtt9. 
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a  and  c  he  the  two  given  terms,  n  the  number  of  terms  to 
**«  inaerted.  Then  the  meaning  of  the  problem  is,  that  we  are  to 
"*».d  ?n-  2  terms  in  Arithmetical  Progression,  a  being  the  first 
'^»Tn,  and  c  the  last  term.     Let  b  denote  the  common  diffej^nce ; 


*^«tt  c  =  a  +  (n  +  l}6;  therefore  &  = 
**    Mqiured  terms  are 


i  +  l' 


This  finds  6,  and  the 


+  wS 


453.  In  Art.  450  we  have  five  quantities  occurrmg,  namely, 
**^  S,  I,  71,  «,  and  these  are  connw^d  by  the  equations  (1)  and 
^  S),  or  (2)  and  (3)  there  eatabbhhed.  The  student  wiU  find  that 
*-f  any  three  of  these  five  quantities  are  gi^en,  the  otiier  two  can 
V»e  found ;  this  will  furnish  some  ust 
'^a  an  example. 


454. 


I  the 


urn  of  an  Anlhmettcal  Progression,  the  first 
difference;  rehired  the  nuviber  of  terms. 


term,  and  (he 

Here  B  =  |{2a +  («-!)  6}; 

therefore  28  =  n'b  +  (2a  -h)7i. 

By  solving  thb  quadratic  in  n  we  obtain 

6-2a*V{(2g-6)'  +  8^&} 


i65.  It  will  be  seen  that  Urn  values  are  found  for  n  in  the 
ptecedirg  Article ;  in  some  cases  both  values  are  applicable,  as  will 
^tpear  from  the  following  example.  Suppose  a=ll,  6=— 2, 
»=27;  we  obtain  n=  3  or  9.     The  arithmetical  progression  ia 

II,  9,  7,  5,  3,  1,  -1,  -3,  -5,  &c., 
Mid  it  is  obvious  that  the  sum  of  the  firat  three  terms  is  tha  sama 
as  the  sum  o£  the  Srst  nine  terms. 
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456.    Again,  suppose  a  =  4,  5  ^  2,  «  =  18 ;  we  oibtain  n  ^  3  or 

—  6.  The  sum  of  three  terms  beginning  with  4  is4  +  6  +  8  or 
18.     If  we  put  on  terms  before  4  we  obtain  the  series 

-2  +  0  +  2  +  4  +  6  +  8, 

and  the  sum  of  these  six  terms  is  also  18.  From  this  example  we 
may  conjecture  that  when  there  is  a  negative  integral  value  for 
the  number  of  terms  as  well  as  a  positive  integral  value,  the 
following  statement  will  be  true :  begin  from  the  last  term  of 
the  series  which  is  furnished  by  the  positive  value,  and  count 
backwards  for  as  many  terms  as  the  negative  value  indicates, 
then  the  result  will  be  the  given  sum.  The  truth  of  this  conjec- 
ture may  be  shewn  in  the  following  manner. 

The  quadratic  equation  in  n  obtained  in  Art.  454  is 

2«  =  w'6  +  (2a-6)w (1). 

Suppose  a  series  in  which  the  first  term  is  6  -  a,  the  common 
difference  6,  the  number  of  terms  m,  and  the  sum  8 ;  then 

2«  =  m'6  +  (26-2a-5)wi (2). 

The  roots  of  (1)  and  (2)  are  of  equal  values  but  of  opposite 
signs  (Art.  340) ;  so  that  if  the  roots  of  (1)  are  denoted  by  w,  and 

—  71,,  those  of  (2)  will  be  »,  and  —  n^.  Hence  w,  terms  of  a  series 
which  begins  with  5 -a  and  has  the  common  difference  5,  will 
amount  to  the  given  sum  a.  The  last  term  of  the  series  which 
begins  with  a  and  extends  to  w^  terms  is  a  +  (n^-  1)5;  we  have 
therefore  to  shew'  that  if  we  begin  with  this  term  and  count 
backwards  for  w,  terms,  we  arrive  at  b  —  a.  This  amounts  to 
shewing  that 

a  +  (Wj-  1)  6  -  (n,- 1)  5  =  5  -  a; 


that  is,  that  a-^-^n^-^n^b^b  —  a. 

Now 
therefore  a  +  (n^  -  n,)  5  =;  a  -  (2a  -  6)  =  6  -  a. 


♦*i  -  ^j  = 1 — ;  (-^^'  335) ; 


ARITHMETICAL  PROGRESSION.  261 

457.     Another  point  may  be  noticed  in  connexion  with  a 
negcUive  integral  value  of  n. 

Let  —  nj  be  a  negative  integral  value  of  n  which  satisfies  the 
equation 

,  =  |{2a  +  (»-l)6}; 


then  s  =  —  — 1  {2a  —  nfi--  h]. 


n 


Therefore  -«  =  '^{2(a-6) +  (wi- l)(-6)}. 

This  shews  that  if  we  count  backwards  n^  terms  beginning 
with  a-^hy  the  sum  so  obtained  will  be  —  8. 

For  example,  taking  the  case  in  Art.  456,  by  beginning  at  2 
and  counting  backwards  for  six  terms  we  obtain 

2  +  0-2-4-6-8, 
that  is,  — 18. 

458.  In  some  cases,  however,  only  one  of  the  values  of  n 
forpid  in  Art.  454  is  an  integer.  Appose  a  =  11,  5  =  —  3,  «  =  24  ; 
we  obtain  7*  =  3  or  5  J.  The  value  5^  suggests  to  us  that  of  the 
two  numbers  5  and  6,  one  will  correspond  to  a  sum  greater  than 
24,  and  the  other  to  a  sum  less  than  24.  In  fact  the  sum  of  5 
terms  is  25,  and  the  sum  of  6  terms  is  21. 

We  may  notice  the  following  point  in  connexion  with  a  frac- 
tional value  of  71. 

Suppose  -  a  fractional  value  of  n  which  satisfies  the  equation 
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Tkis  shews  ihat  s  is  equal  to  the  sum  of  p  termB  of  an  Aritii- 

ft      h        h 
metical  Progression  in  which  the  first  term  is  —  n-  +  5-,  and 

the  common  difference  is  -x  • 

In  the  example  given  above  -  =  5J  *■  -«-  j  so  t^^it  jp  =  16  and 

q  o 

^  =r  3.     And 

q     2^'*'2j'""  3  '^'a      6"    '    ^«        3* 
thus  24  is  the  sum  of  16  terms  of  an  Arithmetical  Progression  in 

which  the  first  term  is  4  and  the  common  difference  is  —  ^. 

459.  The  results  in  the  following  two  simple  examples  are 
worthy  of  notice. 

To  find  the  sum  ofn  terms  oftke  series  1,  2,  3,  4,..* 
Here  the  »***  term  is  ri ;  thus,  by  Art.  450, 

Tofirid  the  sum  ofn  terms  of  the  series  1,  3,  5,  7, ... 
Here  a  =  1,  6  =  2;  thus,  by  Art.  450, 

5  =  ^{2  +  2(n-l)}  =  ^x2n  =  n'. 

We  add  two  similar  questions  which  lead  to  important  results, 
although  not  very  closely  connected  with  the  present  subject. 

460.  To  find  the  sum  of  the  squares  of  the  first  n  ncUural 
numbers. 

Let  s  denote  the  required  simi;  then 

«  =  l»  +  2'+3'+ +n\ 

J         L  IT             XT,  X         n(n  +  l)(2w+l) 
una  we  shall  prove  that   8  =  — ^ -x '. 
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"We  have 

n'-(»i-l)*=-.3n'-3«+l, 

(w-l)'-(7i-2)'  =  3(n-l)'-3(n-l)  +  l, 
(/i-2)»-(»i-3)'  =  3(n-2)«-3(»-2)4-l, 


3»-2'=3.3*-3.3  +  l, 
2*-r=3.2«-3.2  +  l, 
r-0"=3.1'-3.1  +  L 
Hence,  by  fwidition, 

w'=3{l'+2«+ +  7i«}-3{l  +  2  + +  n}4-n, 

that  IS,  «r=3« — —^ ^  +  w. 

Therefore     3«  =  w'  +  — ^^ /-w  =  -^ ^r^^ ^ , 

to(»  +  1)(2«  +  1) 
and  '=-2:3 "• 

46 L     ^o  JiTul  the  sum  of  the  cubes  of  the  first  n  ncUurcU 
numbers. 

Let  s  denote  the  required  sum ;  then 

^  =  18  +  2»  +  3"+ +7i», 

and  we  shall  prove  that  s=^l     ^    — -  > . 

We  have 

7i*-(»-l)*  =  W-6n'  +  4n-l, 

(^-l)*-.(^_2)*=4(7i-l)»-6(n-l)^+4(n-l)-l, 
(7i-2/-(w-3)*  =  4(w-2)*-6(w-2)^  +  4(w-2)-l, 


3*-2*  =  4.3»-6.3'  +  4.3-l, 
2*-l*=4.2'-6.2«  +  4.2-l, 

i*-0^=4.1»-6.r  +  4.1-l. 
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Hence,  by  addition, 

w*  =  4{l'+2»+ +  w'}-6{l'  +  2*+ +n'} 

+  4{l  +  2+ +w}-n; 

that  is,         n*  =  4^  -  n  (n  + 1)  (2n  +  1)  +  2n  (n  + 1)  -  w. 

Therefore     is  =  w*  +  2w'  +  n". 


Hence,  by  Art.  459,  we  have  the  following  result :  the  sum  q 
the  cubes  of  the  first  n  natural  numhers  is  eqvuil  to  the  square  q 
the  sum  of  the  numbers. 


EXAMPLES   OF  ARITHMETICAL   PBOORESSIOX. 

Sum  to  20  terms  2,  6,  10,  14, ... 


V  2.     Sum  to  32  terms  4,  — ,   -  ,  -j-,  ... 

/  13 

\JZ.     Sum  to  24  terms  ^  ,  -  j,  -  2,  ... 


./4.     Sum  to  20  terms  5,  -^j  -5-,... 


13     11 

o 
O 


;  4 

J  5.     Sum  to  10  terms  1|,  1^,  ^  , ... 
^'  6.     Sum  to  12  terms  1,  1|,  2^, ... 

^        o.  ^    n,  5        2        13 

J,  7.     Sum  to  21  terms  ^  ,    5  ,    01  >  ••• 

1      2 
1/8.     Sum  to  50  terms  -  ,    5-,  1, ... 

o      o 

V,  9.     Sum  to  30  terms  116,  108,  100,. 
^'10.     Sum  to  w  terms  9,  11,  13,  15,... 

1/7 i.     Sum  ton  terms  1,  ^>   «>  ••• 
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~^  12.  Find  an  A.  p,  such  that  the  Bum  of  the  first  five  terms 
IB  one-fburtli  bbe  snm  of  the  following  fire  terms,  the  first  term 
being  unit^. 

yi3.  The  first  term  of  a  serieB  beii^  2,  and  the  fifth  t«nn 
beiog  7,  find  how  many  terms  must  be  taken  that  the  sum  may 
be  63. 

/u.     Given  a  ==  16,  b  =  i,  s=  88,  find  n. 
(pc316.     K  the  sum  of  m  terms  of  an  A.  P.  be  always  to  the  sum 
of  n  terms  in  the  ratio  of  m'  to  n',  and  the  first  term  be  unity, 
find  the  n""  term. 

/  16.     The  Bum  of  a  certjun   number  of  tti-ms  of  the  seiies 

21  +  19+17  + is  120:  find  the  last  term  luid  t!ie  number  of 

terms. 

/l7.  What  is  the  common  ditfereiice  when  the  first  term  is  1, 
the  last  50,  and  the  sum  204  1 

/  18.     Insert  6  arithmetical  means  between  1  and  '2'i. 

19.     If  2n  +  l  terms  of  the  series  1,  3,  5,  7,  9, betaken, 

then  the  sum  of  the  alternate  terms  1,  5,  9, will  be  to  tha 

sum  of  the  remainiug  terms  3,  7,  11, as  K  +  1  to  m. 

.^20.     Find  the  sum  of  the  first  n  numbers  of  the  form  4r  +  1. 

y  21.     Find  how  many  terms  of  1+3  +  5  +  7+ amount  to 

1231321. 

/     22.     Find  how  many  terms  of  16  + 24  + 32  +  40  J- amount 

to  1840. 

^  23.  On  the  ground  are  placed  9t  stones ;  the  distance  be- 
tween the  first  and  second  is  one  yard,  between  the  second  and 
third  three  yards,  between  the  third  and  fourth  fire  yards,  and 
BO  on.  How  far  will  a  jierson  hare  to  travel  who  shall  bring 
them,  one  by  one,  to  a  basket  placed  at  the  first  stone  1 

/  24.  The  lith,  134th,  and  last  terms  of  an  a.  P.  are  06, 
i6,  and  6666  respectively:  find  the  firat  term  and  the  number 
cf  tertsa 
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\/25.  Find  a  series  of  arithmetical  means  between  1  and  21, 
such  tliat  their  sum  has  to  the  sum  of  the  two  greatest  of  theni 
the  raiio  of  11  to  4. 

v26.  The  sum  of  the  terms  of  an  A.  p.  is  28^,  the  first  term 
is  — 12,  the  common  difference  is  |.     Find  the  number  of  terms. 

\/27.     Find  how  many  terms  of  the  series  3,  4,  5, must  be 

taken  to  make  25, 

\/ 28.     Find  how  many  terms  of  the  series  5,  4,  3, must  be 

taken  to  make  14. 

^29.  Shew  that  a  certain  number  of  terms  of  an  A.  p.  may 
be  foimd  of  which  the  algebraical  sum  is  equal  to  zero,  provided 
twice  the  first  term  be  divisible  by  the  common  difference,  and 
the  series  ascending  or  descending  according  as  the  first  term  is 
negative  or  positive, 

Y  30.  If  the  m^  term  of  an  A.  p.  be  ti  and  the  n^  term  m,  of 
how  many  terms  will  the  sum  be  |(m  +  n)  (m  +  «  —  1),  and  what 
will  be  the  last  of  them  1 

/Sl.     If  5  =  72,  a  =  24,  6  =  -4,  find  n. 

32.  If  8  =  pn  +  qn*  whatever   be   the   value  of  n,   find    the 
m^  term. 

33.  If  Sa  represent  the  sum  of  n  of  the  natural  numbers 
beginning  with  a,  prove  that  iS'ja+^i  =  3^«. 

34.  Prove  that   the    squares    of    a*  —  2a;  —  1,    ic*  + 1,    and 
a;'  +  2a5  — 1  are  in  A.  p. 

Y  35.  The  common  difference  of  an  A.  P.  is  equal  to  the  differ- 
ence of  the  squares  of  the  first  and  last  terms  divided  by  twice  the 
sum  of  all  the  terms  diminished  by  the  first  and  last  term. 

V  36.  The  sum  of  m  terms  of  an  A.  p.  is  n,  and  the  sum  of 
n  terms  with  the  same  first  term  and  the  same  common  difference 
is  m.     Shew  that  the  sum  o£  m  +  n  terms  is  —  (m  +  n)  and  the 

2n\ 


sum 


ofm-n  terms  is  (w-n)f  1  +  — j. 
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V  37.  Find  the  number  of  ftrithmeticaJ  means  between  I  and  1 9 
•when  tbe  seoond  mean  is  to  the  last  aa  1  to  6. 

^38.  How  many  terms  of  the  natural  numbera  coimnencing 
with  4  give  a  Bum  of  5350 ) 

•  39,  In  a  series  consiHting  of  an  odd.  number  of  terms,  the  sum 
t£  tho  odd  terma  (the  firat,  third,  ikc.)  is  44,  and  the  aum  of  the 
Sren  ternw  {the  second,  fourth,  &c.)  ia  33.  Find  the  middle  term 
and  the  number  of  terms. 

/  40.  If  a,;  &',  c',  be  in  A.  P.,  then  ^,  — ,  -^  are 
m  A.P. 

41.  Sum  to  «  terms  the  series  whose  r""  term  ia  2r  -  1, 

V  42.  Sum  to  ntetma  1-3+5-7+ 

^43.  Sum  ton  terms  1-3+3-4  + 

V*  a.  Given  tho  p"'  term  P,  and  the  5"'  term  C  of  a  series 
in  A,P.,  express  the  sum  of  n  terms  in  terms  of  /",  Q,  p,  q,  n. 

45.  The  p"",  5"",  and  r""  terms  of  an  A.r.  are  x,  y,  s,  re- 
apectiYely ;  prove  that  if  x,  y,  z  be  positive  integers,  there  is  an 
A. P.  whose  a;"',  y"",  z""  terms  are  p,  q,  r,  respectively;  and  that  the 
product  of  tho  common  differences  of  the  progressions  ia  unity. 

\/  46.  The  interior  angles  of  a  rectilinear  figure  arc  in  A.p,  ; 
tho  least  angle  ia  120°  and  the  common  difference  5",  Reijuireil 
the  number  of  sides. 

47.     Find  Hie  sum  to  n  terms  of  I. 2  +  3. 3  +  3. 4  +  4.5  +  ... 

V  48.  If  the  second  term  of  an  A.p.  be  a  mean  proportional 
between  tho  first  and  the  fourth,  shew  that  the  sixth  term  will 
be  a  mean  proportional  between  the  fourth  and  the  ninth, 

49.     If  ^  (n)  be  the  sum  of  n  terms  of  ai 
terms  of  n  and  the  first  two  terms. 
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50.     Sum  to  n  terms  the  series  whose  m^  term  =  5  —  -g^ . 

2 

V  51.     Divide  unity  into  four  parts  in  a.  p.  of  which  the  sum  of 
the  cubes  shall  be  ^k  • 

52.  A  servant  agrees  for  certain  wages  the  first  month^  on 
the  imderstanding  that  they  are  to  be  raised  a  Rhilling  every 
subsequent  month  until  they  reach  £3  a  month.  At  the  end  of 
the  first  of  the  months  for  which  he  receives  £3,  he  finds  that  his 
wages  during  his  time  of  service  have  averaged  48  shillings  a 
month.     How  long  has  he  served  1 

^53.  A  sets  out  from  a  place  and  travels  5  miles  an  hour. 
B  sets  out  4^  hours  after  A,  and  travels  in  the  same  direction 
3  miles  the  first  hour,  3^  miles  the  second  hour,  4  miles  the  iMrd 
hour,  and  so  on.     Find  in  how  many  hours  JS  will  overtake  A, 

54.  A  number  of  persons  were  engaged  to  do, a  piece  of  work, 
which  would  have  occupied  them  m  hours  if  they  had  commenced 
at  the  same  time ;  but  instead  of  doing  so  they  commenced  at 
equal  intervals,  and  then  continued  to  work  till  the  whole  was 
finished :  the  payment  being  proportional  to  the  work  done  by 
each,  the  first  comer  received  r  times  as  much  as  the  last.  Find 
the  time  occupied. 

55.  A  number  of  three  digits  is  equal  to  26  times  the  sum 
of  its  digits ;  the  digits  are  in  arithmetical  progression ;  if  396  be 
added  to  the  number  the  digits  are  reversed :  find  the  number. 


n/. 


56.     Shew  that  the  sum  of  any  27i  + 1  consecutive  integers  is 
divisible  by  2n  + 1. 

XXXI.     GEOMETRICAL  PROGRESSIOK 

462.     Quantities  are  said  to  be  in  Geometrical  Progression 

when  each  is  equal  to  the  product  of  the  preceding  and  some 

constant  factor.     The  constant  factor  is  called  the  common  ratio 

of  the  series,  or  more  shortly,  the  ratio.   Tkoa  \3ttft  iollLoNTm^^  series 
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are  in  Geometrical  JProgression  : 

1,    2,    4,     8,     16, 

1      1     1     i-     Jl 
'     3'    9'   2T   81' 

a,  ar,  ar  j  ar ,  ar  , 

In  the  first  example  the  common  ratio  is  2,  in  the  second  ^,  in 
the  third  r. 

463.  Let  a  denote  the  first  term  of  a  Geometrical  Progression, 
r  the  common  ratio,  then  the  second  term  is  ar,  the  third  term 
is  ar^y  the  fourth  term  is  ar%  and  so  on.  Thus  the  n^  term 
is  at^'K 

464.  To  find  the  sum  of  a  given  number  of  quantities  in 
Geometrical  Progression,  the  first  term  and  the  common  ratio  hein^ 
supposed  known. 

Let  a  denote  the  first  term,  r  the  common  ratio,  n  the  number 
of  terms,  s  the  simi  of  the  terms.     Then 

«  =  a  +  ew+ ar*  +  ar'+ •\'ar''~^  ] 

therefore       «r  =        ar  +  ai^  •¥  ar^  -{■ +  ar*~^  +  ar"*. 

Hence,  by  subtraction, 

sr-s^ar^'-a] 

therefore  ^ ^ ^ v  "   / n\ 

r-  1 

If  I  denote  the  last  term,  we  have 

Z  =  ar»-^ (2), 

hence  s  = (3). 

r-  1  ^  ' 

Equation  (1)  gives  the  value  of  «  in  terms  of  the  quantities 
which  are  supposed  known.  Equation  (3)  is  sometimes  a  con- 
venient form. 
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465.  "We  may  write  the  value  of  a  thus, 

Now  suppose  r  less  than  unity;  then  the  larger  n  is  the 
smaller  will  r"  be,  and  by  taking  n  large  enough  r'*  can  be  made 
as  small  as  we  please.  If  then  n  be  taken  so  large  that  r"  may 
be  neglected  in  comparison  with  unity,  the  value  of  a  reduces  to 

.     We  may  enunciate  the  result  thus:   hi/  taking  n  large 

enoitgh,  the  sum  of  n  terms  of  the  Geometrical  Progression  cam,  he 

m>ade  to  differ  as  little  as  we  please  from  ■= .     This  statement  is 

1  —r 

sometimes  abbreviated  into  the  following:  the  s^im  of  an  infinite. 

number  of  terms  of  the  Geometrical  Progression  is  ■= ;  but  it 

1  — r 

must  be  remembered  that  it  is  to  be  considered  as  nothing  more 

than  an  abbreviation  of  the  preceding  statement. 

The  preceding  remarks  suppose  that  r  is  less  than  unity.  In 
future,  both  in  the  text  and  in  the  examples,  when  we  speak  of 
an  infinite  Geometrical  Progression  we  shall  alwuys  suppose  that  r 
is  less  than  unity. 

We  may  apply  the  preceding  remarks  to  an  example.  Con- 
sider the  series  1,  ^,   i,  |, ;   here  a  =  l,   r  =  ^}   thus  the 

sum  of  n  terms  is  ^ — j  (l  -  Hi )  >  *^**  is,   2  -  ^^rj  •     Now  by 

taking  n  large  enough,  2""*  can  be  made  as  large  as  we  please,  and 

therefore  ■^;^  as  small  as  we  please.     Hence  we  may  say  that 

5y  taking  n  large  enough,  the  sum  of  n  terms  of  the  series  can  he 
made  to  differ  from  2hy  as  smxdl  a  quantity  as  we  please.  This  is 
abbreviated  into  the  following :  the  sum  of  an  infinite  number  of 
terms  of  this  series  is  2. 

466.  In  a  geometrical  progression  continued  to  infinity  each 
term  hears  a  constant  ratio  to  the  sum  of  all  which  follow  it;  the 

common  ratio  being  supposed  less  than  unity s 
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Let  the  series  be  a  +  ar  -k-  cvr' -^  ar^ -^  .,, ;  then  the  n^  term 
is  flw'"* ;  the  sum  of  all  the  terms  which  follow  this 

=  ar"(l  +r  +  r'+  ...)  =  i • 

The  ratio  of  the  n*^  term  to  the  sum  of  all  which  follow  it  is 

,       or'* 

1-r 
that  is  •     This  is  constant  whatever  n  may  be. 

If  we  wish  to  determine  r  so  that  this  ratio  may  have  a  given 

1-r  1 

value  p  we  put  —  p  ;  therefore  r  =  ;j . 

^         '^         r       ^  1  +p 

467.  Recurring  decimals  are  cases  of  what  are  called  infi- 
nite Greometrical  Progressions.     Thus,  for  example,  '2343434: 

J       ^        2       34       34      34  XT         .1       1  A        2 

denotes   Jq  +  iqs  +  jjp  +  Jqt  + Here   the    terms   after  ^ 

constitute  a  Geometrical  Progression,  of  which  the  first  term  is 
jj^ ,  and  the  coi]jmon  ratio  is  yrr^ ,     Hence  we  may  say  that  the 

sum  of  an  infinite  nimiber  of  terms  of  this  series  is  :r-^  "^  "1  ^  "  TAf  \ » 

that  is,  ^Q^ »     Therefore  the  value  of  the  decimal  is  yp^  +  q^-t  , 
We  will  now  investigate  a  general  rule  for  such  examples, 

468.  To  find  ike  value  of  a  recurring  decimal. 

Let  P  denote  the  figures  which  do  not  recur,  and  suppose 
them  p  in  number;  let  Q  denote  the  figures  which  do  recur, 
and  suppose  them  q  in  number.  Let  a  denote  the  value  of  the 
recurring  decimal;  then 

s^'PQQQ , 

l(^8  =  P'QQQ , 

W^'8  =  PQ'QQQ ; 

by  subtraction,  ('i  O'*'  -  1 0')^  =  PQ  -  P, 
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Now  KK^'- 10'  =  (10* -1)10';  and  10' -  1  when  expressed 
by  figures  in  the  usual  way  will  consist  of  q  nines.  Hence  we 
deduce  the  usual  rule  for  finding  the  value  of  a  recurring  decimal : 
subtract  the  integral  number  consisting  of  the  non-recurring  figures 
from  the  integral  number  consisting  of  the  non-recurring  and 
recurring  figures,  and  divide  by  a  number  consisting  of  as  many 
nines  as  there  are  recurring  figures  followed  by  as  many  cyphers 
as  there  are  non-recurring  figures. 

469.  To  insert  a  given  number  of  Geometrical  means  between 
two  given  terms. 

Let  a  and  c  be  the  two  given  terms,  n  the  number  of  terms  to 
be  inserted.  Then  the  meaning  of  the  problem  is  that  we  are  to 
find  w  +  2  terms  in  Geometrical  Progression,  a  being  the  first  term 
and  c  the  last.     Let  r  denote  the  common  ratio ;  then  c  =  or'''*'* ; 

thus  r  =  ( -)*■^^     This  finds  r,  and  the  required  terms  are  ar,  ar^^ 

ar^y ai^. 

470.  Li  Art.  464  we  have  five  quantities  occurring,  namely, 
a,  r,  I,  n,  s;  and  these  are  connected  by  the  equations  (1)  and  (2)> 
or  (2)  and  (3),  there  given.  We  might  therefore  propose  to  find 
any  two  of  these  five  quantities  when  the  other  three  are  given  ; 
it  will  however  be  seen  that  some  of  the  cases  of  this  problem 
are  too  difficult  to  be  solved.  The  following  four  cases  present  no 
difficulty :  (1)  given  a,r,n;  (2)  given  a,  w,  I;  (3)  given  r,  n,  I; 
(4)  given  r,  n,  s, 

471.  Suppose,  however,  that  a,  s,  n  are  given,  and  therefore 
r  and  I  are  to  be  found.  Then  r  would  have  to  be  found  from 
the  equation 

«(r-l)  =  a(r'-l); 

we  may  divide  both  sides  by  r—  1,  and  then  we  shall  have  an 

equation  of  the  {n  —  1)*^  degree  in  the  unknown  quantity  r,  which 

therefore  cannot  be  solved  by  any  method  yet  given,  if  n  be 

greater  than  3,     Similar  remarks  will  hold  in  the  case  where  /,  s,  n 

Are  given,  and  tierefore  a  and  r  are  to  \ye  ioAxxA. 
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473.  Four  cases  of  the  problem  remain,  namely,  those  four  in 
which  n  is  one  of  the  quantities  to  be  found.  Suppose  a,  r,  I 
l^veiiy  and  therefore  s  and  n  are  to  be  found.  Here  n  would  have 
to  be  found  from  the  equation  I  =  ar'"*,  where  the  unknown  quan- 
tity n  occurs  as  an  exponent;  nothing  has  been  said  hitherto  as  to 
the  solution  of  such  an  equation. 

473,     To  find  the  sum  qfn  terms  of  the /oUomlng  series; 

a,    {a  +  6}r,    {a  +  26}r',    {a  +  36}r», 

Let  8  denote  the  sum:  then 
«  =  a  +  {a  +  6}r  +  {a  +  2b}r*  + +  {a  +  {n-l)b}r*'\ 

r8=^  ar'{-{a-¥  h\r^+ +  {a+.(w-2)&}r"-* 

Sj  subtraction 

«(l-r)  =  a  +  ^  +  ^*+ +  6r""*-{a  +  (7i-l)5}r^ 

therefore  «  -  -— ^ — :p '-^—  +  —7^ ^ . 

1-f.  (1  — V 
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1.  gumtoBixtennsM+^^n 

5      o       9 

2.  Sum  to  ten  terms  2- 2*+ 2' -2*+ 

4 

3.  Sum  to  w  terms  3  +  2  +  ^+ 

2     13 

4.  Sum  to  n  terms  «  +  s  +  o  + 

o      J       o 

2     4      8 

5.  Sum  to  infinity  0  +  0  +  97+ 

6.  Sum  to  infinity  ^  + 1 +  -  + 

» 
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1111 

7.  Sum  to  infinity  o  "^  4  ■*"  8  **"  1 6  "*" 

4 

8.  Sum  to  infinity  3  +  2  +  ^+ 

12     36 

9.  Sum  to  infinity  4  + -^  +  ^^  + 

1       1 

10.  Sum  to  infimty  1+y  +tr^  + 

4      16 

11.  Sum  to  infinity  5-^  +  1-^^+.... 

12.  Sum  to  infinity  1  -  x  +  J  —  ^  + 

J      4      o 

3      2       8 

13.  Sum  to  infinity  ,^  -  ^  '^ot'" 

14.  Sum  to  infinity  g-_  +  _- 

15.  Sum  to  infinity  2~Z'*'8'"T6"*' 

16.  Sumtoinfinity  ^^— J +g— — +  2  + 

17.  Simi  to  infinity -  + ^  4- ~  +  ^  + 


18.     Sum  to  n  terms  r  +  2r*  +  3r'  +  4r*  + 

2     £      4 

2  ■•■  2^  "^  2' 


19.     Sum  to  n  terms  1+^+7^  +  ^8  + 


3     5     7 

20.  Sum  to  n  terms  1  +  o+t  +  o  + 

J      4      o 

3     5     7 

21.  Sum  to  n  terma  1 -^ +-T- —  Q  + 

ia       4       o 

22.  Find  the  sinn  of  any  number  of  terms  in  G.  r.  who* 
and  third  terms  are  given. 
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33,  If  the  common  ratio  of  a  g.p.  ia  -  3,  find  the  conraion 
ratio  of  the  series  obtained  by  taking  every  fourth  term  of  the 
original  series. 

'H.     The  sum  of  £700  was  divideJ  among  four  persons,  wLose 
Bharea  were  in  g.p.;  and  the  difference  between  the  greatest  and 
leaat  was  to  the  difference  between  the  means  as  37  to  1 2,     Find 
th.^  respective  shares, 
'^-25,     Sum  to  n  terms  the  series  whose  jn""  term  ia  (—  l)"a'". 

,_j  26.     If  P  be  the  sum  of  the  aeries  1 +  »^+r'>'+)-^+ adinf, 

and  g  be  tbe  sum  of  the  series     1  +  f  +  r'' +  r'' + aU   ijy'. 

rovBthat  I^{Q-iy^Q'(P-iy. 

Shew  that  ^(-444 )  = -006 

A  person  who  saved  every  year  half  aa  much  again  aa  ha 
id  the  previous  year  had  iu  seven  yoai's  saved  £102.  1U».  How 
much  did  he  save  the  fii-st  year ) 

39,  In  a  a,p.  shew  that  the  product  of  any  two  tei-ma  eqiu 
™t«!it  from  a  given  term  ifl  always  the  same. 

30.    In  a  G.  P.  shew  that  if  each  temi  be  subti-acted  fram  the 
feiweeding,  the  successive  differences  are  also  in  a.  p. 
*i  31.     The  square  of  the  arithmetical  mean  of  two  quantities  ia 
■i^Ual  to  the  arithmetical  mean  of  the  arithmetical  and  geometrical 
^"fiaus  of  tlie  squares  of  the  same  two  quantities. 

33.  Find  a  g.p,  continued  to  infinity,  in  which  each  term  is 
tai  times  the  sum  of  all  the  terms  which  follow  it. 

33.     If  S^  represent  the  sum  of  n  terms  of  a  given  Q.  P.,  find 

*^wta.ofs"+S,  +  S,+ +  S,. 

Si.  If  n  geometrical  means  be  found  between  two  quantities 
"  >iid  c,  their  product  wiil  be  {ac)'. 

35.  Let  s  denote  the  sura  of  n  terms  of  the  series  a,  ar, 
"•'>...;  let  s'  denote  the  sum  of  n  terms  of  the  series  a,  ar"', 
^  'i  ■>.;  and  let  I  denote  the  last  term  of  the  fij^et  aeivea',  ^Vfso. 


1 
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36.  If  a,  6,  <?,  c?  be  in  g.p., 

(a*  +  6*  +  c")(6*  +  c*  +  rf')  =  (a6  +  6c  +  cc^)'. 

37.  If  a,  5,  <?,  c?  be  in  g.p., 

(a  -  (£)•  =  (6-c)'  +  (c-a)«  +  (e^-ft)*- 

38.  The  sum  of  the  first'  three  terms  of  a  G.  P.  =  21,  an 
sum  of  the  first  four  terms  =  45  :  find  the  series. 

39.  Sum  to  n  terms  M'--)  +  (^~^«)  +  V   ""  J?)  "*" ' 

40.  Sum  to  w  terms  5  +  55  +  555  + 


41.  Prove  that  the  two  quantities  between  which  A  i 
arithmetical  and  G  the  geometrical  mean,  are  given  by  the  foi 

42.  There  are  four  numbers,  the  first  three  of  which  a 
G.  p.,  and  the  last  three  in  a.  p. ;  the  sum  of  the  first  and  last : 
and  the  sum  of  the  second  and  third  is  12 :  find  the  numbers. 

43.  Three  numbers  whose  sum  is  15  are  in  A.P. ;  if  1,  4 
19  be  added  to  them  respectively  the  results  are  in  g.p.  I 
mine  the  numbers. 

44.  If  a,  5,  c  be  in  A.  P.  shew  that 

2 

g  (a  +  6  +  c)'  =  «•  (6  +  c)  +  6*  (0  +  0)  +  c"  (a  +  6) ; 

if  they  be  in  g.  p.  shew  that 

«•*•"*&  4  4) =«'-^^'-^*^- 

45.  Find  the  sum  of  the  infinite  series 

ar  +  (a  +  a5)  r'  +  (a  +  o6  +  ah')  r"  + ... 
r  and  br  being  each  less  than  unity. 


r 


HAItMONICAL  PROGRESSIOK. 


HAHMONICAL  PKOGfiESSION. 

ire  Baid  to  be  in  Harmonical 


^74.     Three  quantities  a,  h,  ( 
Progression  when  a  ;  o  ".  a  —  b  :  b  —  a. 

Any  number  of  quantities  are  said  to  be  in  Harmonical 
Progreaaion  when  every  three  consecutive  quantities  are  in  Har- 
Qonical  Progression. 

iT5.  The  Tectproeolg  of  quantities  in  Harmonical  ProgrMaimi 
*M  in  Arithmetical  ProgresBum. 

Let  o,  },  e  be  in  Harmonical  Progression ;  tlien 


therefore 

Divide  by  ahe,  thus 


-.-.a-b-.b-c, 
-c)  =  c{a-b). 


1_1       ]_1 
c      b~  b      a' 
■Ilia  proves  the  proposition. 

476.  The  definition  in  Art.  474:  ii 
■^wda  thus  :  three  gvantities  are  iw,  hnrmonical  progreadon  lahen 
*hejket  u  to  the  third  o#  the  differeiiae  o/lhef/rsi  and  aeeond  is  to 
the  difference  of  the  second  and  third.  But  it  must  be  remembered 
"'fin  that  the  differences  are  to  he  formed  in  tJie  same  order :  that 
IS  by  subtviicting  tlie  second  from  the  first,  and  the  thiixl  from  the 
8*C0nd;  or  by  suhti-acting  the  first  from  the  second,  and  the  second 
fitim  the  third.  It  would  not  be  correct  to  subtract  the  first  from 
™6  second,  and  the  third  from  the  second.  The  definition  by  the 
^  of  symbols  haa  the  advantage  in  brevity  and  exactness  over 
*'*  definition  in  -words. 

Sometimes  the  property  demonstrated  in  Art^.  475  is  taken  as 
wis  definition  of  harmonical  progression,  which  is  stated  thus : 
^Wnlities  are  said  to  be  in  harmonical  progression  to/ien  their 
f"^proeale  are  in  arithmetical progresaion. 


* 
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The  term  liarmonical  is  derived  from  a  fact  wiiih  r^ard  to 
musical  sounds.     Let  there  be  a  series  of  strings  of  tlie  same 

substance  the  lengths  of  which  are  proportional  to  1,  q,  ^,  7, 

J     u    4 

^ »  and  - ;  and  suppose  these  strings  stretched  tight  with  equal 

fierce.     Then  if  any  two  of  the  strings  are  sounded  together  the 
effect  is  found  to  be  harmonious  to  the  ear. 

There  is  no  formula  for  the  sum  of  any  number  of  quantities 
in  Humonical  Progression ;  the  property  established  in  the  pre- 
ceding Article  will  however  enable  us  to  solve  some  questions 
relating  to  Harmonical  Progression. 

477.  To  insert  a  given  number  of  Jiarmonical  means  between 
two  given  terms. 

Lei  a  and  c  be  Ae  two  given  terms,  n  the  number  of  terms  to 
be  insertei  Then  the  meaning  of  the  problem  is  that  we  are  to 
fiuvl  n  -«-  2  terms  in  Harmonical  Progression,  a  being  the  first  term 

d  f  the  last    Hence  the  problem  is  reducible  to  the  following  • 

to  tWrt  n  arithmetical  means  between  -and-.     Let  h  denote 

the  common  difference;  then 

l=l  +  (n+l)6, 


a 
a-e 


thoivf>n?  ^     (n  +  l)ac 

The  Arithmetical  Progression  is  ^ 

1     Uh,   U25, ^+^^   c' 

— Tn — '  ac{n^rl) 

ac(n  +  l)        '   c 
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Therefore  the  Harmonical  Progression  is 

ac(n  +  l)                   ac(n  +  \) 
^*  c(?»+l)  +  a-c'     c(yi  +  l)  +  2(a-c)'  

ac  (n  +  1) 
c  (w  + l)4-n(a  — c) ' 

478.  Let  a  and  c  be  any  two  quantities ;  let  A  be  their 
^arithmetical  mean,  G  their  geometrical  mean,  H  their  harmonical 
mean.    Then 

-4  —  a  =  c-il;  therefore  A  =  ^ (a 4- c). 
a  :  G  ::  G  :  c;  therefore  G  =  J{ac), 

2aG 


a  :  e  ::  a  —  H  :  ff  —  c ;  therefore  H  = 


a  +  c 


It  foUows  that  G'^AII;  therefore  A  :  G  ::  G  :  H.     Thus  G 
lies  in  magnitude  between  A  and  H ;  and  il  is  greater  than  ffy  for 

^^        ^     a  +  c      2(a  +  c)' 
^t  iflj  ^  ^  J?  is  a  positive  quantity. 

479.     We  may  observe  that  the  three  quantities  a,  h,  e,  are  in 

-Ajithmetical,  Geometrical,  or  Harmonical  Progression,  according 

d—h     a  a  a  .    , 

*»  i —  =  - ,  or  =  ^ ,  or  =  - ,  respectively. 

For  in  the  first  case  t =  1*  therefore  h  =  ^{a  +  c). 

In  the  second  case  h  {a  —  h)  =  a  {b  —  c) ;  therefore  6*  -  ac. 
The  third  case  is  obvious  by  definition, 

EX/LMPLES  OF  HABMONICAL   PROGRESSION. 

1.  Continue  the  series  3  +  ^  +  t  for  two  terms. 

5     4 

2.  Insert  18  harmonical  means  between  1  and  ^. 
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3.  Find  the  n***  term  of  an  H.  P.,  of  which  a,  6,  are  respectively 
the  £b:i3t  and  second  terms. 

4.  Find  the  (p  +  q)^  term  of  an  H.P.,  of  which  P  is  the  p^ 
term,  and  Q  the  ^  term. 

5.  Find  what  quantity  must  be  subtracted  from  each  of  three 
given  quantities  that  the  three  results  may  be  in  h.  P. 

6.  Three  quantities  are  in  H.  P. ;  if  half  the  middle  term  be 
subtracted  from  each,  shew  that  the  three  remainders  are  in  o.  P. 

7.  Shew  that  h'  is  greater  than,  equal  to,  or  less  than  etc, 
according  as  a,  b,  c,  are  in  A.  p.,  G.  P.,  or  h.  p. 

8.  The  arithmetical  mean  of  two  numbers  is  3,  and  the  har- 
monical  mean  is  § :  find  the  numbers. 

9.  The  geometrical  mean  of  two  numbers  is  also  the  geo- 
metrical mean  between  the  arithmetical  mean  of  the  two  numbers 
and  their  harmonical  mean.  The  arithmetical  mean  minus  the 
harmonical  mean  is  equal  to  the  square  of  the  difference  of  the 
two  numbers  divided  by  twice  their  sum. 

10.  If  «  is  the  harmonical  mean  between  a  and  5, 

1111 

=  -  + 


z-a 


z-b     a     b  * 


11«  There  are  three  numbers  in  H.  p.,  jnich  that  the  greatest 
is  the  product  of  the  other  two,  and  if  one  be  added  to  each  the* 
greatest  becomes  the  sum  of  the  other  two.     Find  the  numbers, 

29 

12.  The  sum  of  two  contiguous  terms  in  H.  P.  is  t7%t>  snd 

their  product  is  ^.     Find  the  series. 

13.  If  between  two  numbers  there  be  inserted  two  arith- 
metical means  A^  and  -4,,  and  two  harmonical  means  -ff^,  H^; 
and  between  A^  and  A^  there  be  inserted  an  harmonical  mean,  and 
between  H^  and  11^  an  arithmetical  mean ;  then  the  geometrical 
mean  between  these  is  equal  to  the  geometrical  mean  between  the 

original  quantities. 


^^^^ 

1 

^^^^^f                       EXAMPLES.      XXXn. 

» 

14.     The  aritlimetioal  mean  of  two  quantities 

X  and  y  IB  A;         1 

the    geomotrical   mean   is  G ;    the    harmonical    mean  ia  ^.     If        | 

A-G  =  aan6.A-Il=b,  find  a:  and  jf  in  tenna  of  a 

and  6. 

15.      K  o,  6,  c  be  in  A.  p. ;   a,  ^,  7  in  h.  r. ;  aa 
then  will 

SA'^yino-p.; 

fc              H^^^l 

■I6.     If  a,  6,  c  are  in  H.  P.,  shew  that 

^K                                            1            4         11 

■it.     If  0,  6,  c  are  in  h.  p.,  ahew  that  --—, 

6          c 

18.  If  Ji  aritlimetical  and  the  same  number  of  harmonical 
means  be  inaei'ted  between  two  quantities  a  and  b,  and  a  series  of 
n  terms  be  found  by  dividing  each  arithmetical  by  the  correspond- 
ing harmonical  mean,  the  sum  of  the  series 


14 


(■  i      Gab    I 


^^^  19.  Any  whole  uamber  of  the  form  3a'  — 6',  where  a  is 
greater  than  b,  may  be  divided  into  thi-ee  others  in  h.  P.,  of  which 
tho  sum  of  the  squares  ahall  he  3a'  +  6*. 

20,  Tlie  first  of  a  series  of  n  quantities  in  u.  P.  is  unity,  and 
the  sum  of  the  products  of  every  {n—  1)  terms  is  to  the  product  of 
all  the  terms  as  2m  is  to  1 ;  find  the  progression. 

»[       XXXnL     MATHEltATICAL   INDUCTION. 
480i     We  shall  in  the  subsequent  parts  of  this  book  Lave 
occasion  to  use  a  method  of  proof  which  is  called  viatlvejitatical 
indttcHon  or  de')tWTutratii:e  induction,  and  we  shall  now  exemplify 
the  method. 


481.     Suppose  the  following  assertion  made  :   the  1 
terms  of  the  soraes  1,  3,  d,  7, ia  n'.     liua  BEaetfiia-Ci.  ■• 


of  n 
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see  to  he  true  in  some  cases ;  for  example,  the  stun  of  two  terms  £ 
1  +  3  or  4,  that  is,  2';  the  sum  of  three  terms  is  1  +  3+5  or  O 
that  is,  3';  we  wish  however  to  prove  the  theorem  universally. 

Suppose  the  theorem  were   known  to  be  true  for  a  certaiK: 
value  of  71 ;  that  is,  suppose  for  this  value  of  n  that 

1  +  3  +  5+ +(2n-l)  =  »"; 

add  2n  +  1  to  both  sides;  then 

1  +  3  +  5  + +(27*-l)  +  (2w+l)  =  »'  +  2n  +  l  =  (n+l)«. 

Thus,  if  the  sum  of  n  terms  of  the  series  =7i*,  the  sum  g£ 
71  +  1  terms  will  =  (ti  + 1)*.  In  other  words,  if  the  theorem  i& 
true  when  we  take  a  certain  number  of  terms,  whatever  that> 
niunber  may  be,  it  is  true  when  we  increase  that  number  by  one. 
But  we  see  by  trial  that  the  theorem  is  true  when  3  terms  are 
taken,  it  is  therefore  true  when  4  terms  are  taken,  it  is  therefore 
true  when  5  terms  are  taken,  and  so  on.  Hence  the  theorem 
must  be  universally  true. 

482.  We  will  now  take  another  example;  we  propose  to 
establish  the  truth  of  the  following  formula  : 

We  can  easily  ascertain  by  trial  that  this  formula  holds  in. 
simple  cases,  for  example,  when  n  =  1,  or  2,  or  3 ;  we  wish,  how- 
ever, to  establish  it  universally. 

Suppose  the  theorem  were  known  to  be  true  for  a  certain 
value  of  n;  add  (w  +  l)*  to  both  sides;  then 

l'  +  2'+3'+ +n'+(n  +  l)'  =  ^^^•^^^^^^^^^^^(r^  +  l)^ 

^   .  n(n+l)(2n+l)     ,       -.,     ,       ^.(n(2n+l)  ,) 

But  — ^ ^^ +  (n  +  1)'=  (w  + 1)  j  -^— g +  w  +  1  V 

=  -g—  (»  +  2)(2w  +  3)  =  — ^^ ^ ',  where  w  =  w+l. 
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Thus  we  obtain  tlie  same  formula  for  the  sum  of  m  +  1  terms 

of  tio  series  1',  2',  3' as  was  suppoaed  to  hold  for  n  terraa, 

in  other  words,  if  tho  formula  hoMa  when  wo   take  a,   certain 
mber  of  terms,  whatever  that  number  may  be,  it  holds  when  we 

a  that  number  by  ona      But  the  formula  does  hold  when 

S  terma  are  taJteu,  thei-efore  it  holds  when  4  terms  are  taken, 
tWefoTB  it  holds  when  5  terma  are  taken,  and  so  on.  Hence  tho 
KOTQula  must  hold  universally. 

433,     The  two  theorems  which  we  have  proved  by  the  method 

"■  induction  may  be  established  otherwise.     Tho  first  theorem  ia 

1  example  of  an  Arithmetical  Progression,  and  the  second  has 

investigated  in  Art.  460.     There  are  many  other  theorems 

■tieh  are  capable  of  easy  proof  by  the  method  of  induction ;  for 

"ample,  that  in  Art.  461. 

T^  theorems  asserted  in  Art.  69,  respecting  the  divisibility  of 
"^  ^o'  by  a:±a,  may  be  proveil  by  induction.     For 


"EUce  x"  —  a'  is  divisible  by  a;  —  a  whon  ie"~'  —  cs*~'  ia  ao.  Now  we 
'^s  that  a;  —  o  ia  divisible  by  x  —  a,  therefore  3?  —  a'  is  divisible 
"y  x  —  a,  therefore  again  x'  —  a'  ia  divisible  by  x~a,  and  so  on ; 
*^l»ce  a;"  — a"  is  always  divisible  hj  x  —  a  when  «,  ia  a  positive  in- 
"^«r.  Similarly  the  other  cases  may  be  established.  As  another 
**Einiple  tho  student  may  consider  the  theopema  in  Art.  335, 

484.  The  method  of  mathewMtical  induction  may  be  thua 
''^acribed  :  We  prove  that  if  a  theorem  is  true  in  one  c.ise,  what- 
^'*'«'  that  case  may  be,  it  is  true  in  another  case  which  we  may 
'^**^  the  next  case ;  we  prove  by  trial  that  the  theorem  m  true  in  a 
'^^rtaiu  case ;  hence  it  is  true  in  the  next  case,  and  henoe  in  the 
^«trt  to  that,  and  so  on;  henoe  it  must  be  true  in  erery  case  after 
*^at  with  which  we  began. 

465.  It  is  possible  that  this  method  of  proof  may  be  leea 
Sfttiafactory  to  tho  student  than  a  more  d,irect  pToce6diin%',  \t  ■Hsa.'j 
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appear  to  liim  that  he  is  rather  compelled  to  believe  propositions 
so  proved  than  shewn  why  they  hold.  But  as  in  some  cases  this 
is  the  only  method  of  proof  which  can  be  used,  the  student  must 
accustom  himself  to  it,  and  should  not  pass  over  it  when  it  occurs 
untn  he  is  satisfied  of  its  validity. 

486.  We  may  remark  that  the  student  of  natural  philosophy 
will  find  the  word  induction  used  in  a  different  sense  in  that  sub- 
ject; the  word  is  there  applied  to  the  assumption  or  conjecture 
that  some  law  holds  generally  which  is  found  to  be  true  in  certain 
cases  that  have  been  examined.  There,  however,  we  cannot  be 
sure  that  the  law  holds  for  any  cases  except  those  which  we  have 
examined,  and  can  never  arrive  at  the  conclusion  that  it  is  a 
necessary  truth.  In  fact,  induction,  as  used  in  natural  philosophy, 
is  never  absolutely  demonstrative,  often  far  from  it ;  whereas  the 
method  of  mathematical  indtiction  is  as  rigid  as  any  other  process 
in  mathematics. 

MlSCELLANEOirS   EXAMPLES. 

1.  Transform  221*342  from  the  scale  with  radix  ten  to  the 
scale  with  radix  five. 

2.  If  the  radix  of  a  scale  be  4m  +  2  the  square  of  any  num- 
ber whose  last  digit  is  2m  +  1  or  2tii  +  2  will  terminate  with  that 
digit. 

3.  A  digit  is  written  down  once,  twice,  thrice, up  to  n 

times  respectively,  so  as  to  form  n  numbers  consisting  of  one,  two, 

three, n,  places  of  figures  respectively.     If  a  be  the  first  and 

b  the  last  of  the  numbers,  and  r  the  radix  of  the  scale,  the  sum  of 

rh  —na 


the  numbers  is 


r-1 


4.     If  m,  n  be  any  two  numbers,  g  their  geometrical  mean, 
a^,  Aj  the  arithmetical  and  harmonica!  means  between  m  and  g,  and 
a^,  h^  the  arithmetical  and  harmonical  means  between  g  and  n^ 
prove  that  aji^  =  ^*  =  ^/^i  • 
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JJ.  If  between  b  anti  a  there  be  insei-terl  n  aritlunetical  means, 
ind  between  a  and  6  there  be  inserted  n  hanaonical  means,  the 
mm  of  the  Beriea  composed  of  the  products  of  the  correaponding 
tonas  of  the  two  aeri^  is  (w  +  2)  06. 

6.  If  n  harmonical  means  are  inserted  bbtween  the  two  posl- 
tire  quantities  a  and  b,  shew  that  the  difference  between  the  first 
uid  the  last  bears  to  the  difference  between  a  and  b  a  lesB  ratio 
thinthat  of  71-1  t0  7i  +  l. 

7.  A  sets  oiit  from  a  certain  place  and  travels  one  mile  the 
first  day,  two  miles  the  second  day,  three  the  third,  four  the  fourth, 
Md  so  on.  £  sets  out  five  days  after  A  and  travels  tho  same  road 
it  the  rate  of  12  miles  a  day.  How  far  will  A  travel  before  he  ia 
osertaken  by  £  1 

8.  From  256  gallons  of  wine  a  certain  number  are  drawn  and 
replaced  with  water ;  this  is  done  a  second,  a  thii-d,  and  a  fourth 
time,  and  81  gallons  of  wine  are  then  left.    How  much  was  drawn 

'Out  each  time  1 

9.  A  and  S  have  made  a  bet,  the  amount  of  the  stakes  being 
£%,  and  the  sum  stated  by  each  being  inversely  proportional  to 
all  the  money  he  has.  If  A  wins  he  will  then  have  five  times 
■what  S  has  left;  if  JB  wins  he  will  then  have  double  "what  A  has 
left,     Wliat  sum  of  money  had  each  1 


10.     I£  {a  +  b  +  c){a  +  h  +  d)^{e  +  d  + 
each  of  these  quantities  is  equal  to 


%)(c  +  d  +  h),  prove  that 


^^^Dl.     If  the  roota  of  ax'  +  2bx  +  c  =^  0  be  poasible  and  diffei-eut, 
1      iiose  of  (a  +  c)  (oa;*  +  2bx  +  c)  =  2  {ae  -  6')  (a^  +  1)  will  be  impossi- 
ble ;  and  vice  vend. 

12.  If  a  +  6  +  c  =  0,  *  +  J/  +  3  +  to  =  0,  then  the  two  equations 
J{ax)  4-  V%)  +  v/(«)  =  0,  J{bx)  -  ^iay)  +  J{cw)  =  0,  are  deducibla 
tlie  one  fivDi  the  other. 
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XXXIY.    PERMUTATIONS  AND  COMBINATION& 

487.  The  different  orders  in  which  any  things  can  be  ar- 
ranged are  called  their  permtUations. 

Thus  the  permutations  of  the  letters  a,  h,  e,  taken  two  at  a 
time  are  ab,  ba,  ac,  ca,  be,  cb, 

488.  The  combinations  of  things  are  the  different  collections 
that  can  be  formed  out  of  them,  without  regarding  the  order  in 
which  the  things  are  placed. 

Thus  the  combinations  of  the  letters  a,  b,  c,  taken  two  at  a 
time  are  db,  ac,  be;  ab  and  ba  though  different  permiUations 
forming  the  same  combination, 

489.  We  may  observe  that  a  difference  of  language  occurs  in 
books  on  this  subject;  what  we  have  called  permutations  are  called 
variations  or  arrangements  by  some  writers,  and  they  restrict  the- 
word  permutations  to  the  case  in  which  all  the  things  are  used 
at  once;  thus  they  speak  of  the  variations  or  arrangements  of  four 
letters  taken  two  at  a  time,  or  three  at  a  time,  but  of  the  permuta- 
tions of  them  taken  all  together. 

490.  To  find  the  number  of  permutations  of  n  things  taken  r 
at  a  time. 

Suppose  there  to  be  n  letters  a,  6,  c,  c?, ;  we  shall  first 

find  the  number  of  permutations  of  them  taken  two  at  a  time. 
Put  a  before  each  of  the  other  letters ;  we  thus  obtain  n—\ 
permutations  in  which  a  stands  first.  Next  put  b  before  each  of 
the  other  letters  ;  we  thus  obtain  w  —  1  permutations  in  which 
b  stands  first.  Similarly  there  are  n-\  permutations  in  which 
c  stands  first ;  and  so  on.  Thus,  on  the  \y;hole,  there  are  w  (n  —  ]) 
permutations  of  n  letters  taken  two  at  a  time. 

We  shall  now  find  the  number  of  permutations  of  the  n  letters 
taken  three  at  a  time.     It  has  just  been  ab^wn  that  out  of  n  letters 
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■we  can  form  n{n—  1)  permutations  each  of  two  letters;  hence  out 
of  the  n-1  letters  6,  e,  d, wo  can  form  (n-l)(n-2)  per- 
mutations each  of  two  letters ;  put  a  before  each  of  these  ajid  we 
have  (n—  1)  {n—  2)  permutations  each  of  three  letters  in  which 
a  stands  first  Similarly  there  are  (ft-l)(ji  — 2)  permutations 
each  of  three  letters  in  which  6  atamls  first.  Similarly  there  are 
as  many  in  which  e  stands  first ;  and  so  on.  Thus  on  the  'whole 
there  are  n(n  — 1)  (n  — 3}  permutations  of  n  letters  taken  three  at 
a  time. 

From  these  caaes  it  might  he  oonjeclured  that  the  number  of 
permutations  of  n  letters  taken  r  at  a  time  is 

»(«^l){,-2) (»-r  +  l), 

and  we  shall  prove  that  this  is  the  case.  For  suppose  it  tme  tlitit 
the  number  of  permutations  of  n  letters  taken  r—\  at  a  time  is 

»{»-!) ("-('-Ij  +  l), 

we  shall  shew  that  a  Bimilar  formtda  will  give  the  number  of  per- 
mutations of  the  letters  taken  r  at  a  tima  For  out  of  the  n  —  1 
letters  b,  e,  d, we  can  fonn 

(••-l)(»-2) |«-l-{r-l)*l) 

permutations  each  of  r  — 1  letters;  put  a  before  each  of  these, 
and  we  obtain  a^  many  permutations  each  of  r  letters  in  which  a 
stands  first.  Similarly  we  Iiave  as  many  in  which  6  stands  first, 
aa  ntany  in  which  c  stands  first,  and  so  on.     Thus  on  the  whole 

..(»-l)(™-2) (»-r+l) 

permutations  of  n  letters  taken  r  at  a  time. 

If  then  the  formula  holds  when  the  letters  are  taken  r  —  1  at 
a  time,  it  will  hold  when  they  are  taken  r  at  a  time ;  but  it  has 
been  proved  to  Bold  when  they  are  taken  three  at  a  time,  therefore 
it  holds  when  they  are  taken  four  at  a  time,  therefore  it  holds 
when  they  are  taken  five  at  a  time,  and  so  on;  tfans  it  holds 
imivorMlly. 
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491.  Hence  the  number  of  permutations,  of  n  things .  taken 
all  together  is  »{w- l)(n- 2) 1, 

For  the  sake  of  brevity  w  (n  -  1)  (n  —  2) 1  is  often  denoted 

by  [w ;  thus  \n  denotes  the  product  of  the  natural  numbers  from 

1  to  n  inclusive.     The  symbol  \n  may  be  read, /aciona?  n, 

492.  The  formula  for  the  number  of  permutations  of  n  things 
taken  r  at  a  time  may  also  be  obtained  in  another  manner. 

Let  F  denote  the  number  of  permutations  of  n  letters  taken 
r  —  1  at  a  time.  To  form  the  permutations  of  n  letters  taken  r 
at  a  time  we  may  proceed  thus :  take  any  one  of  the  P  permuta- 
tions, and  place  at  the  end  of  it  any  one  of  the  n  —  r  +  1  letters 
which  it  does  not  involve.  Thus  the  whole  number  of  the  per- 
mutations of  the  n  letters  taken  r  at  a  time  will  be  (w  —  r  +  1)  P. 

Now  the  number  of  the  permutations  of  n  letters  taken  one  at 
a  time  is  n ;  therefore  the  number  taken  two  at  a  time  is  n(w— 1); 
therefore  the  number  taken  three  at  a  time  is  w(n-l)(n— 2); 
and  so  on. 

493.  Any  combination  of  r  things  will  produce  |r  permuta-' 

tions.     For,  by  Article  491,  the  r  things  which  form  the  given 
combination  can  be  arranged  in  \r  different  ways. 

494.  To  find  the  number  of  combinations  of  n  things  taken 
T  at  a  time. 

The  number  of  combinations  of  n  things  taken  r  at  a  time  is 

w  (n  -  1)  (n  -  2) (n-r  +  l) 

For  the  number  of  permutations  of  n  things  taken  r  at  a 

time  is  n{n-l){n-2) (n  — r  +  l),  by  Art.  490;  and  each 

combination  produces  \r  permutations,  by  Art.  493;  hence  the 
number  of  combinations  must  be 

n(n-l){n-2) (n-r-^-l) 
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B  multiply  hoik  numei-ator  und  denominator  of  thia  ex- 


presdon  by  [n  — 


495.      T/ie  number  of  combinations   of  n   tldnga   takeii,  r 

(tnie  t»  (A«  samt  as  the  nvmiher  of  them  taken,  u.-t  at  a  time. 

The   number   of  combiiiation3   of  n   tHnga   taken   n  —  T 

n(.-l)(..-3) ;„-(„-r)-tl) 


MultijJy  botli  numerator  and  deiiominator  W  '\t  and  we  ob- 
tain - — i ,  -wliich,  by  Art.  494,  is  the  number  of  combinatioiia 

of  n  thioga  taken  r  at  a  time. 

The  proposition  which  we  have  thus  demonstrated  will  be 
evident  too  if  we  observe  that  for  every  combination  of  r  things 
wliich  we  take  out  of  n  things,  we  leave  one  combination  of  n  -  r 
thingB.  Hence  every  combination  of  r  things  corrraponda  to  a 
combination  of  n  — r  things  which  contains  the  remaining  things. 
Such  combinationa  are  called  complementary. 


i96. 


To  find  for  V!hal  value  of  r  the  nuvdier  ofeo 
}g  taJcen  r  at  a  time  is  greatett. 


ibinatioiia 


"Let  (n),  denote  the  nuniber  of  combinationa  of  n  things  taken 
I"  at  a  time, 
(n),_|  the  number  of  combinations  of  n  things  taken  r  —  ] 
at  a  time, 

Wr-*^— («)-.■ 


B  r  increaseai     By  giving  W  r  in  aacKBasvEfft-  "^^ 


i 
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values  1,  2,  .3, the  nuinber  of  oombinatkms  ib  oontfnually 

w  + 1 
increased  so  long  as 7 1  is  greater  than  unitj. 

First  suppose  n  even  and  =2m,  then 1  is  greater 

than  1  .until  r  =  m  inclusive,  and  when  r  =  m  + 1  it  is  less  than  1. 
Hence  the  greatest  number  of  combinations  is  obtained  when  the 

things  are  taken  m  at  a  time,  that  is,  ^  at  a  tim& 

Next  suppose  n  odd  and  =  2m  +  1,  then  '■ 1    is 

r 

equal  to  imity  when  r  =  m  4- 1.     Hence  the  greatest  nuinber  of 

combinations  is   obtained  when  they  are  taken  m  at  a  time  or 

m  +  1  at  a  time,  tiie  result  being  the  same  in  these  two  cases, 

that, is,  when  they  are  taken  — 5 —  at  a  time,  or  — - —  at  a  time. 

497.  To  find  the  number  0/ permitUcUions  of  n  thvngi  taken  cUl 
together  which  are  not  all  different. 

Let  there  be  n  letters ;  and  suppose  p  of  them  to  be  a,  q  of 
them  to  be  5,  r  of  them  to  be  c,  and  the  rest  to  be  unlike;  the 
number  of  permutations  of  them  taken  all  together  will  be 

For  let  iV  represent  the  required  number  of  permutations. 
If  in  any  one  of  the  permutations  the  p  letters  a  were  changed 
into  p  new  letters  different  fix)m  any  of  the  rest,  then  without 
altering  the  situation  of  any  of  the  remaining  letters,  wo  could 
from  the  single  permutation  produce  \p  different  p^mutations; 

and  so  if  the  p  letters  a  were  changed  into  p  different  letters,  the 
whole  number  of  permutations  would  be  iV  x  [g.  Similarly,  if  the 
q  letters  b  were  also  changed  into  q  new  letters  different  fix)m  any 
of  the  rest,  the  whole  number  of  permutations  we  could  now  ob- 
tain would  he  N  x\px\q;  and  if  the  r  letters  c  were  also  changed, 
i^e  whole  number  would  be  iV  x  [g  x  [^  x  [r.  But  this  number 
must  be  equal  to  the  number  of  permu\».\.\otia  oC  n  dissimilar  things 
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■biken  aJl  together,  that  is,  to  \n. 

And  Bumlarly  any  other  case  may  be  treated. 

498.  There  ia  another  luoJ©  in  which  the  result  of  the  pre- 
ceding Article  may  be  obtained  which  will  bo  instructive  for  the 
student.  We  will  explain  it  for  simpKcity  by  the  aid  of  a  par- 
ticular example ;  but  the  reasoning  ia  perfectly  general  in  cha^ 
racter.  Suppose  we  have  10  letters;  8U]>pose  2  of  them  to  be  o, 
3  of  them  to  be  b,  and  5  of  them  to  be  c  ;  required  the  number  of 
permutations  of  the  10  letters  taken  all  together. 

We  may  consider  thiit  we  have  10  places  which  are  to  be 
occupied  by  the  10  letters.      Choose  any  2  of  the  places  and  put  a 

in  each  ;  this  can  be  done  in  ■  ways,     ChooHs  any  3  of  the 

remaining  8  places,  and  put  b  in   each ;   this  can  be  done  in 

r: — -g— „  ways.     Then  put  c  in  each  of  the  i-emaining  5  places ; 

thia   can  be   done  in    1   way;    and   I  =     "„'     '     '  ..     Now   the 
product  of  the  results  tliua  obtained  will  obviously  give  the  total 

no 


499.  If  there  be  n  things  not  all  diffei-ent,  and  we  require 
the  number  of  permutations  or  of  combinations  of  them  taken  r  at 
a  time,  the  operation  will  be  more  complex ;  we  will  exemplify 
the  method  in  the  following  case  : 

There  are  n  tltlDgs  of  which  p  are  alike  and  the  rest  unliJce ; 
required  ilie  number  of  comlAnationa  of  tlievi  taken  r  ai  «  time. 

We  diall  suppose  r  less  than  n  —  y,  and  put  n,  —  f  =  q.  Cati- 
udfu-  Bist  the  nvtuber  of  comfainationa  that  can.\)e  iurai.«iS>  'K'\'^iviwAi 
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using  anj  of  the  p  like  things ;  this  is  the  number  of  combinations 

of  q  things  taken  r  at  a  time,  that  is,  p — —. —  .     Next  take  one  of 


\r\q  —  r 

the  p  things  and  r  —  1  of  the  q  things ;  the  number  of  ways  in 
which  combinations  can  thus  be  formed  is  the  same  as  the  num- 
ber of  combinations  of  q  things  taken  r  —  1  at  a  time,  that  is, 

Next  take  two  of  the  p  things  and  combine  them 


r  —  1  \q  —  r  +  I' 

.  ,  \q 

with  r  -  2  of  the  q  things ;  tbi3  pan  be  done  in  r- 


r-  2[y—  r  +  2 

ways.  Proceed  thus,  and  add  the  number  of  combinations  so 
obtained  together,  which  ^yilj  jSfiye  the  whole  number  of  combi- 
nations. 

If  however  r  is  not  less  thaii  q  we  s^oijld  consider  first  the 
case  in  which  r  —  q  things  are  taken  fron^  the  p  like  things,  and 
q  things  are  taken  from  the  q  unlike  tljii^gg ;  this  can  be  done  in 
only  one  way.  Next  take  r  —  q  +  1  things  ^om  the  p  things,  and 
q—l  from  the  q  things ;  this  can  bo  done  if^.  jr  ways.    And  so  on. 

If  the  number  of  permutations  be  required,  we  have  only  to 

observe  that  each  combination  of  r  things  in  which  s  are  alike  and 

[r 
tlie  rest  imlike,  ^vill  produce  r-  permutations  (Art.  497),  and  thus 

the  whole  number  of  permutations  may  be  found. 

500.  *  By  the  following  method  the  formula  for  the  number  of 
combinations  of  n  things  taken  r  at  a  time  may  be  foimd  without 
assuming  the  formula  for  the  number  of  permutations. 

Let  (n)^  denote  the  number  of  combinations  of  n  things  taken 

r  at  a  time.     Suppose  n  letters  a,h,c,d, ;  among  the  coin- ' 

binations  of  these  r  at  a  time,  the  number  of  those  which  contain' 
the  letter  a  is  obviously  equal  to  the  number  of  combinations  of 
the  remaining  n-\  letters  r-  1  at  a  time,  that  is,  to  (n-  1)^_4. ' 
The  number  of  combinations  which  contain  the  letter  h  is  also 
{h  - 1)^_^^  and  so  for  each  of  the  letters.    "Bu\i  \i  ^e^  iotm,  ^rst  all. 
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the  combinations  which,  contain  a,  then  all  the  combioationa 
■which  contain  6,  and  bo  on,  each  particiJar  conihination  will  ap- 
pear r  times ;  for  if  r  =  3,  for  example,  the  combination  abo  will 
occur  among  those  contain rng  a,  among  those  containing  h,  and 
among  those  containing  c.     Hence 


(»).-= (»-i),-,. 


In  this   formula   change 
Kapectively,  then  into  »i  —  2 


.   and   T   first   into   ji  -  1   and 
and  r  —  2  respectively,  and  a 


(»-l),-.  =  ; 

("-U-,-^ 


(»-»: 


tiplj,  tmd  cancel  like  terms,  and  we  obtain 
ftf  {n-r  +  l),  =  n-r  +  l. 


^ 


-3),_ 


4-2)(w-r+]) 


501,      To  find  the  whole  number  of  permutatioTts  of -a  things 

^hn  each  may  occur  once,  twice,  thrice, up  to  r  limes. 

Let  there  he  n  letters  a,  h,  c, First  take  tliem  one  at  a 

time;  this  girea  the  number  it.  Next  take  them  two  at  a  time  j 
here  a  may  stand  before  a,  or  before  any  one  of  the  remaining 
letters ;  similarly  6  may  stand  before  6,  ot  before  any  one  of 
the  remaining  letters  ;  and  so  on ;  thus  there  are  n'  different  pei-- 
mutations  of  the  letters  taken  two  at  a  time.  Similarly  by  put- 
ting suocessively  a,  b,  c, before  each  of  the  permutations  of 

Uie  letters  taken  two  at  a  time,  wc  obtain  n'  permutations  of  the 
lettera  taken  three  at  a  time.  Thus  the  whole  number  of  permu- 
talaona  when  tie  letters  are  taken  r  at  a  time  ■wffl.\)C  tJ  - 
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502,  Since  the  number  of  combinations  of  n  iMngs  taken  r 
at  a  time  must  be  some  integer,  the  expression 

w(n-l) (n-T'  +  l) 

must  be  an  integer.  Hence  we  see  that  the  product  of  any 
r  successive  integers  must  be  divisible  by  [r.  "We  shall  give  a 
more  direct  proof  of  this  proposition  in  the  Chapter  on  the  theory 
of  numbers. 

EXAliPLES   OF   PERMUTATIONS  AND   COMBINATIONS. 

1.  How  many  different  permutations  may  be  made  of  the 
letters  in  the  word  Caraccaa  taken  all  together  ? 

2.  How  many  of  the  letters  in  the  word  Heliopolis  f 

3.  How  many  of  the  I^tt^rs  in  the  word  Ecclesiastical  ? 

4.  How  many  of  the  letteils  in  the  word  Mississippi  f 

5.  If  the  number  of  permutations  of  n  things  taken  4  toge- 
ther is  equal  tb  twdte  times  the  fitimber  of  permutations  of 
n  things  taken  2  together ;  find  n, 

6»  In  how  many  ways  can  2  sixes,  3  fives,  and  5  twos  be 
thrown  with  10  dice? 

7.  If  there  are  twenty  pears  at  three  a  pemiy,  how  many 
different  selections  can  be  made  in  buying  six-pennyworth  1  In 
how  many  of  these  will  a  particular  p^ar  occur  ^ 

8.  From  a  company  of  soldiers  inttstering  96,  a  picket  of  10 
is  to  be  selected ;  determine  in  how  many  ways  it  can  be  done, 
(1)  so  as  always  to  include  a  particular "  man,  (2)  so  as  always 
to  exclude  the  same  man. 

9.  How  many  parties  of  12  men  each  can  be  formed  from 
a  company  of  60  men  ? 

10.  If  the  number  of  combinations  of  n  things  r  —  r'  toge- 
ther be  equal  to  the  number  of  combinatiohs  of  n  things  r-^r' 

together,  £nd  n. 
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11.      In  how  many  ways  ciin  a,  party  of  six  take  tlicir  places 
*i  &  round  table ! 

13,      In  how  many  different  ways  may  n  persons  form  a  ring? 

13.  How  many  different  numbers  can  be  formed  with  the 
I       dj^ta  1,  2,  3,  4,  5,  6,  7,  8,  9  ;  each  of  these  digits  occurring  once 

and  only  once  in  each  number  I  How  many  with  the  digits  ],  2,  3, 
4,  5,  6,  7,  8,  9,  0,  on  the  same  supposition  ] 

14.  Out  of  13  conservatives  and  16  reformers  Low  many 
different  committees  could  be  formed  each  consisting  of  3  coii' 
BBratdves  and  i  reformera  I 

15.  If  there  be  x  things  to  be  given  to  n  persona,  shew  thai 
»'  will  reja-esent  the  whole  aumber  of  different  ways  in  whicli 
they  may  be  given. 

^_  .16.  Suppose  the  number  of  combinations  of  n  things  taken  r 
^^HHtther  to  be  equal  to  tlie  number  taken  r  +  1  together,  and 
^^^^^  each   of  these   equal   numbers   is   to   the  nuniber  of  com- 

^■■WdonB  of  n  things  taken  r  —  1  together  as  5  is  to  4,  find  the 
vtdiKi  of  n  and  r. 

17.  Giyen  m  things  of  one  kind,  and  n  things  of  a  second, 
load,  find  the  number  of  permutations  that  can  be  formed  cou- 
toJning  j-  of  the  first  and  s  of  the  second. 

18.  Find  how  many  different  rectangular  parallelepipeds  there 
tts  satisfying  the  conditions  that  each  edge  shall  be  equal  to  some 
one  of  w  ^ven  straight  linos  all  of  different  lengths  ;  and  that  no 
&ceof  a  parallelepiped  shall  be  a  square. 

19.  The  ratio  of  the  number  of  combinations  of  in  things 
taken  2n  together,  to  that  of  2n  things  taken  n  together  is 

1.3.5 (4T1.-1) 

{1-3.5 (2«-l)}'- 

20.  Out  of  17  consonants  and  5  vowels,  how  many  words  -can 
be  formed,  each  coutaining  two  consoniints  and  one  vowel  1 

21.  Out  of  10  conaonanta  and  4  vowels,  how  many  words  can 
be  formed  each  coatalnmg  3  consonimtB  and  1  vci'B(;\*\ 
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22.  Find  the  number  of  words  which  can  he  formed  out  of 
7  letters  taken  all  together,  each  word  being  such  that  3  given 
letters  are  never  separated. 

23.  "With  10  flags  representing  the  10  numerals  how  many 
signals  can  be  made,  each  representing  a  number  and  consisting  of 
not  more  than  4  flags  ? 

24.  How  many  words  of  two  consonants  and  one  vowel  can 
be  formed  from  6  consonants  and  3  vowels,  the  vowel  being  the 
middle  letter  of  each  word  ? 

25.  How  many  words  of  6  letters  may  be  formed  with  3  vowels 
and  3  consonants,  the  vowels  always  having  the  even  places  % 

2^.  A  boat's  crew  consists  of  8  men,  3  of  whom  can  only  row 
on  one  side  and  2  only  on  the  other.  Find  the  number  of  ways 
in  which  the  crew  can  be  arranged. 

27.  A  telegraph  has  m  arms,  and  each  arm  is  capable  of  n 
distinct  positions :  find  the  total  number  of  signals  which  can  be 
made  with  the  te-egraph,  supposing  that  all  the  arms  are  to  be 
used  to  form  a  signal. 

28.  A  pack  of  cards  consists  of  52  cards  marked  differently: 
in  how  many  different  ways  can  the  cards  be  arranged  in  four  sets, 
each  set  containing  13  cards  1 

29.  How  many  triangles  can  be  formed  by  joining  the  angular 
points  of  a  decagon,  that  is,  each  triangle  having  three  of  the 
angular  points  of  the  decagon  for  Us  angular  points  ? 

30.  There  are  n  points  in  a  plane,  no  three  of  which  are  in 
the  same  straight  line  with  the  exception  of  'p^  which  are  all  in 
the  same  straight  line:  find  the  number  of  straight  lines  which 
result  fi'om  joining  them. 

31.  Find  the  number  of  tridngles  which  can  be  formed  by 
joining  the  points  in  the  preceding  Example. 

32.  There  are  n  points  in  space,  of  which  p  are  in  one  plane, 
and  there  is  no  other  plane  which  contains  more  than  three  of 
them :  how  many  planes  are  there,  each  of  which  contains  .three 

of  the  points  1 
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33.  If  n  points  m  a  jiliine  be  joined  in  all  possible  ways  by 
indefinite  straigLt  lines,  and  if  no  two  of  the  straight  lines  be 
coincident  or  parallel,  and  no  three  pass  through  the  same  point 
(with  the  exception  of  the  n  original  points),  then  the  number  of 
jioinls  of  intersection,  esclnaive  of  tJie  ii  points,  will  Lie 
n{n^l){n-2){»-Z) 
ti 

3i,  There  are  fifteen  boat-clubs  ;  two  of  the  clubs  have  each 
three  boats  on  tlie  river,  five  otlieiB  have  two,  anil  the  remaining 
*ight  have  one :  find  an  oxpi-easion  for  the  number  of  ways  in 
which  a  list  can  be  formed  of  the  order  of  the  24  l)oata,  observing 
that  the  second  boat  of  a  club  cannot  be  above  the  first, 

35,  A  shelf  contains  20  books,  of  whicli  i  are  single  volumes, 
and  the  others  form  sets  of  8,  5,  ajid  3  volumes  respectively  ;  find 
in  how  many  ways  the  books  may  be  arranged  on  the  shelf,  the 
Volumes  of  each  set  being  in  their  duo  order, 

3G.  Fintl  the  miuiber  of  the  permutations  of  tlio  letters  in  the 
word  examination  taken  4  at  a  time, 

37.  Find  the  number  of  the  combinations  of  iho  letters  in  the 
Word  proportion  taken  6  at  a  time. 

33.     There  are  h—1  seta  containing  2a,  3a, na  things 

frapectively  :  shew  that  the  immber  of  combinations  which  cmx 
i*  formed  by  taking  a  out  of  t!ie  first,  2ii  out  of  the  second,  anil 

K  on  for  each  combination,  is  7{—h- 

39.  Find  the  sum  of  all  the  numbers  which  can  he  formed 
with  all  the  digits  1,  2,  3,  4,  9,  in  the  scale  of  10. 

40.  The  sum  of  all  numbers  that  are  expressed  by  the  same 
digits  IB  divisible  by  the  sum  of  the  digits. 
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XXXV.  BINOMIAL  THEOREM.    POSITIVE  INTEGRAL 

EXPONENT. 

503.  "We  have  already  seen  that  (a?  +  a)*  =  ic*  +  2a»  +  a*,  and 
that  (a;  +  a)'  =  aJ*  +  Zx^a  +  3a»'  +  a* ;  the  object  of  the  present 
Chapter  is  to  find  an  expression  equal  to  (oj  +  a)"  where  n  is  any 
positive  integer. 

504.  By  ordinary  multiplication  we  obtain 

(a;  +  ttj)  (a;  +  a^)  =  JB*  +  (ttj  +  aj)a:  +  a^a,, 
{x  +  a^  (x  +  a,)  {x  +  ©3)  ^  a;'  +  (a,  +  ttj  +  flja* 

+  (flf^a,  +  a^a3  +  a^a^)x  +  a^a.a,, 
(a;  +  Oi)  (a;  +  a,)  (a?  +  Og)  (a;  +  a4)  =  aj^  +  (o^  +  a,  +  Og  +  a^x' 

Now  in  these  results  we  see  that  the  following  laws  hold : 

L.  The  number  of  terms  on  the  right-hand  side  is  one  more 
than  the  number  of  the  binomial  factors  which  are  multiplied 
together. 

II.  The  exponent  of  a;  in  the  first  term  is  the  same  as  the 
number  of  binomial  factors,  and  in  the  succeeding  terms  each 
exponent  is  less  than  that  of  the  preceding  term  by  unity. 

III.  The  coefficient  of  the  first  term  is  Unity;  the  coefficient' 
of  the  second  term  is  the  sum  of  the  second  terms  of  the  binomial 
factors ;  the  coefficient  of  the  third  term  is  the  sum  of  the  pnK 
ducts  of  the  second  terms  of  the  binomial  factors  taken  two  at 
a  time;  the  coefficient  of  the  fourth  term  is  the  sum  of  the  pro- 
ducts of  the  second  terms  of  the  binomial  factors  taken  three  at 
a  time;  and  so  on;  the  last  term  is  the  product  of  all  the  second 
terms  of  the  binomial  factors. 

We  shall  now  prove  that  these  laws  always  hold  whatever 
be  the  niunber  of  binomial  factors.  Suppose  the  laws  to  hold 
when  n  —  1  factors  are  multiplied  together;  that  is,  suppose 
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whare  p,  =  the  sum  of  the  terma  a  ,  a  ,  "■^-i, 

ji,  =  the  sum  of  the  products  of  these  terras  taken  two  at 

a  time, 
j»,  =  tbe  sum  of  the  products  of  these  terms  taken  three 
at  a  time, 


=  the  product  of  all  those  terms. 
Multiply  both  sides  of  this  identity  by  another  factor  9!  +  a, ; 
thua 


s  the  sum  of  all  the  terms  a,,  a,, a„ ; 

J'.+P.''.=;'i+ "*"(%  +  «>+ +a^n) 

=  the  sura  of  the  products  taken  two  at  a  time  of 
all  the  terms  a„  a^, a.; 

Ps  +  ^jO.  =  P3  +  ''.Ka»+'VIj  +  «i'»a+  ■■■) 

=  the  sum  of  the  products  taken  three  at  a  time 
of  all  the  tenns  a,,  a,, a,. 


=  the  product  of  all  the  terms  a,,  n,, a^ 

1  if  the  laws  hold  when  n  —  l  fiictoin  are  multiplied 
together,  they  hold  when  n  factors  are  multiplied  together;  but 
they  haye  been  proved  to  hold  wlien  i  factors  are  multiplied 
together,  therefoi'e  they  hold  when  5  factors  are  multiplied  toge- 
ther, and  so  on;  thus  they  hold  universally. 

We  shall  write  the  result  for  the  multipSication  of  n  fectors 
thus  for  abbreviation, 

(x  +  a,)  (i  +  a^  ...  {x  +  «.)  =  a:"  +  ?.af  "'  +  q^'-' +  q^"'"  +  ...  +  q,. 

The  number  of  terms  in  gi  is  obviously  n;    the   number  of 
temiH  in  a>    is  the  same  as  the  number  of  caTubias.tiana  of  tLa 
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11  things  Oi,  Oj, a»,  taken  two  at  a  time,  that  is,  — ^ — ^; 

the  number  of  terms  in  g,  is  the  same  as  the  number  of  combina- 
tions of  the  n  things  o^,  o^, a«  taken  three  at  a  time,  that  is 

n(n-l)(n-2)  ,  t^ 

— ^^ — - — ^-i— ^;   and   so  on.     JNow   suppose   Oj,  a,,  a^ o, 

each  =  aj  thus  q^^  becomes  na,  and  q^  becomes  — ^ — o~^^*>  *"^^  ^ 

1.2 

on ;  and  we  obtain 

(«  +  a)"  =  re"  +  tmm:^*  +  — ^^ — ^  a*a;"-'  +  — ^-= — ^^^^ — ^a'af-*  + 

+— ^ — ^5-^a*~V  +  na*"'aj  +  a". 

This  formula  is  called  the  Binomial  TJieor&m;  the  series  on 
the  right-hand  side  is  called  the  expansion  of  (a;  +  a)**,  and  when 
we  put  this  series  in  the  place  of  {x  +  a)*  we  are  said  to  expand 
(oj  +  a)*.     The  theorem  was  discovered  by  Newton. 

505.     For  example,  take  (x  +  a)*;  here  n  =  5, 

n(n-l)      5.4  n(yt- l)(n-2)     5.  4 .  g 

1.2         1.2        '  1.2.3        "1.2.3"      ' 

n(n-l)(n-2)(yt-3)^5.4.3.2 

1.2.3.4  "1.2.3.4"    '' 

thus  (a;  +  a)*  =  it**  +  5aj*a  +  10a; V  +  lOxV  +  bxa^  +  a\ 

Again,  suppose  we  require  the  expansion  of  (c'  +  y»)*;  we 
have  only  to  write  c*  for  x  and  ys  for  a  in  the  preceding  identity; 
thus 

{c'+yzY  =  {cy'¥  5  (c»)*y«  +  10(cy  (y«)*+  10(cy  (y«)» 

+  5c«(y^)*  +  (y^)» 

=  c^'  +  5c  v« + 1  ocvv + 1  Ocy«'  +  5cy;5* + 2^y. 

Similarly, 
((?•  +  2y«)»  =  (c*)*  +  5  (cV  22^+10  (cy  {2yy  + 10  (c')»  {^ff 

+  5c*  (22^/ +  (2// 
=  ^'^  +  1 0(?y  +  40cV  +  SOc*i^'  -v  S^QcS/  -V  32t|>^ 
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506.  The  Binomial  nieorem  is  so  very  important  tJiat  the 
Btodeat  should  pay  close  attention  to  the  demonstration  of  it. 
Three  laws  ara  observed  to  hold  when  we  multiply  together  a 
small  number  of  binomial  fectora ;  and  it  ia  shewn  strictly  by 
induction  that  these  lawa  will  hold  whatever  be  the  number  of 
iHWimial  &itor8  multiplied  together. 

The  inductivo  demonstration  depends  mainly  on  the  following 
principle:  suppose  that  we  have  formed  alt  the  comhinations  of 
s-l  letters  taken  r  at  a  time,  and  that  a  new  letter  is  introduced ; 
tliB  eombinations  of  the  n  lettei-a  taken  r  at  a  time  consist  of  the 
(.■ombinationa  of  the  n—  1  letters  ?■  at  a  time,  together  with  the 
combinations  obtained  by  combining  the  new  letter  with  all  the 
Miubiaations  of  thu  old  letters  r  -  1  at  a  time.  This  principle  ia 
applied  in  succeasion  to  the  cases  »■- 1,  r  =  3,  r  =  3, up  to 

''=B-1. 

But  even  without  the  inductive  process  the  universal  truth  of 
•^fi  laws  will  be  obvious  oa  due  consideration.     Suppose  wo  have 

«>  multiply  together  n  binomial  factoi's  x  +  a^,  x  +  a^,  ,  x  +  a^; 

*nea  the  multiplication  is  effected  every  term  in  the  result  ia  a 
Ifoduct  formed  by  taking  owe  leller  out  of  each  binomial  faHor, 
"lua  if  we  require  the  term  which  involves  a^"'  we  must  multiply 
''^gBther  the  second  letter  in  any  two  binomial  factors  and  the  first 
'mter  in  the  remaining  «  —  3  binomial  factors ;  heuce  the  coefficient 
"f  iiT"'  must  consist  of  the  siun.  of  the  products  of  every  two  of  the 
'rtt^re  «j,  a,, ...  a_  j  and  the  umnber  of  these  products  will  be  the 
Bsme  as  tlie  number  of  combinations  of  n  things  talton  two  at 
a  time.  Similarly  we  may  determine  the  coefficient  of  any  other 
power  of  ST,  as  a'"'  for  example. 

The  Binomial  Theorem  may  also  bo  demonstrated  in  the  fol- 
lowing manner  :  "We  can  verify  by  trial  that  the  Tlieorcm  liohls 
for  small  values  of  ti  aa  3,  3,  4  ;  assume  then  that 

..jpii^p\^hoOi  adea  by  x+a  ;  tlius 
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/        v.+i     -^+1         -ji    n(n-l)   ,  ._,    n(n-l)(»— 2)   .  ,  . 


.t^.-i  .  ^C**'' 1)^8^-1 


Hence,  by  putting  together  like  terms,  we  liave 

(n  +  l)n(n-l)  . 

1.2.3        ^^     ^"'' 

that  is,  we  obtain  for  (x  +  a)'**  a  series  of  the  same  form  as  that 
for  (x  +  a)*,  having  w  + 1  in  the  place  of  n.  This  shews  that  if  the 
Binomial  Theorem  is  true  for  any  exponent  it  is  also  true  when 
that  exponent  is  increased  by  unity.  But  the  ThecxrenL  is  true 
when  the  exponent  is  4  >  therefore  it  is  true  when  the  exponent 
is  5 ;  therefore  it  is  true  when  the  exponent  is  6 ;  and  so  on. 
Thus  the  Theorem  is  true  for  any  positive  integral  exponent. 

507.     In  the  expansion  of  (x  +  a)"  suppose  x  =  l ;  thus 

/I       \»     -i  w(w-l)    -     7i(n-l)(n-2)    3 

(1  +  a)"  =  1  +  na  +     12  1    2   3 "*"      ' 

since  this  is  true  whatever  a  may  be,  we  may  write  x  for  a ;  thus 

(i^;cr^i+nx^^^i^^^r±zMi=^^:, +«.. 

The  coefficient  of  the  second  term  in  the  expansion  of  (1  +  x)* 

fi  (n  —  1^ 
is  n  y  the  coefficient  of  the  third  term  is   — ^j — zr-^]  and  generally 

the  coefficient  of  the  {r  +  Vf  term,  being  the  number  of  com- 
binations of  n  things  taken  r  at  a  time  is,  by  Art.  494,  equal  to 

n(w-l)(n-2) (n~r  +  l)     .  ix-  i  •       i.  4.1.  x 

— ^ <-^ f ^ j  by  multiplying  both  numerator 

and  denominator  by  w  -  r  this  becomes  , — 5 . 

•^  I |r  |n--r 

608.  In  the  expcmsion  o/{l-h  x)°  the  coefficient  of  the  r*  term 
yrom  the  heginning  is  equal  to  the  coefficient  of  the  r*^  term  from 
^le  end. 
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The  coefficient  of  the  r""  t«rm  from  the  beginning  is 
.(„-l)(«-2) (»-r-ta). 


hy  multiplying  both  numerator  anil  denominator  by  Iw  — r +  1  this 


+■  2)""  fi-om  the  begin- 
^(n-l) r. 


The  7**  term  from  the  end  is  the  (n  ■ 
lUxtg,  and  ita  coefficient  is 


*Jnl  this  also  =- 


+  1 


509.     It  appears  from  the  preceding  Article  that  the  coeffi- 
cient of  the  r""  term  may  be  written  thna,  ■, — ■ .  |~_ — -^ .     If  we 


^I>ply  tbis  to  the  last  term  for  whicli  r-n  +  l,  thia  expression 

*^^-leB  the  form  .--^  ,     The  symbol  [0  has  had  no  meaning  hitherto 

^^igned  to  it;  if  we  agree  to  consider  it  equivalent  to  1,  then 
^*xe  general  expression  will  hold  true  for  the  kut  term. 


510.      To   find     Hie    greatest    coefficient   in    iJie    expansion    of 

This  has  been  investigated  in  the  Chapter  on  Permutations  and 
ClombinationB  (Art.  496) ;  it  is  there  shewn  that  when  n  is  even, 

the  greatest  coefficient  ia  found  by  putting  =  for  r  in  the  expression 

!—]•= — ;  when  n  is  odd  the  greatest  coefficient  is  found  by  put- 

ting  — _—   or  — ^~-  for  r  in  the  expre^on,  the  result  being  the 
«&H  in  ^e  two  cases. 
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511.     To  find  the  greatest  term  in  the  expcmsion  o/(x.  +  &)\ 

The  t^  term  of  the  expansion  is  — !     \  -x*'^*^a''^; 

the  (r  + 1)***  term  may  be  obtained  by  multiplying  the  r***  term  by 
.  - ,  that  is,  by  ( ^)  ~'    ^"^^  multipKer  diminishes 

as  r  increases,  and  ( 1  j  -  is  greater  than  1  only  so  long  as 

1  is  greater  than  - ,   that  is,  only  so  long  as  is 

r  Of  T 

greater  than  -  +  1,  that  is,  only  so  long  as  r  is  less  than  -«-* . 

-  +  1 
a 

71>  4*  1 

If  — —  be  an  integer,  then,  denoting  this  integer  by  jt?,  the 

-  + 1 
a 

p*^  term  of  the  expansion  is   eqtuil  to  the  (p  + 1)*^  term,  and 

these   terms   are  greater   than   any   other   term;    but   if    — ^-^ 

-  +  1 
a 

be  not  an  integer,  then  the  gi^eatest  term  is  the  (q  + 1)***,  where 
a  is  the  integral  part  of  . 

'  ox  55        - 

-  +  1 
a 

512,  In  the  theorem  for  expanding  (x  +  a)",  as  a  may  have 
any  value,  we  may  suppose  it  negative  if  we  please ;  thus  put  —  e 
for  a  and  we  have 

(x - cY  =  a" - ncx""'^  +     ^'l  ^ cV"'- 

1 .  J 

+  n(-c)"-'a?  +  (-c)". 

We  may  observe  that  the  expansion  of  a  binomial  can  alivtays 
be  reduced  to  the  case  in  which  one  of  the  two  quaJitities  is 
imity.     For  "  ' 
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iltiply  each  term  by  af,  and 


We  may  (Iken  expand  {I  +  yY  and 
tins  obtain  the  expansion  of  (x  +  a)' 

fil3.     To  Jlitd  the  sum  of  tits  • 
The  theorem 

(i..r=i.^."J;^ ...... 

B  true  for  all  valnes  ot x ;  put  x=l ;  thus 

2'=l4- 
Ttat  is,  the  SI 


'ffieknU  (if  the  Urma  i 


1.2 
a  of  tbe  coefficients  =  2". 


4 


514.     !^ie  sKiii  o/i/iB  Goefficienis  of  the  odd  lerms  in  tJte  expati,- 
*^«  of  {\  +  x)'  ia  equal  to  tite  sum  of  Ute  eoe^aients  of  the  even 


Put  a 


:  —  1  in  the  exp.insion  of  (1  +  x)' ;  thus 


P"      *      "  ■       1.2  1.2." 3" 

'       =  sum  of  the  odd  coefficients  — 
Since  then  the  i 
•a-ust  =  ^  ;  that  13, 


of  thee 
equalj  by  tlie  preceding  Article 


51.5.  The  result  in  Art,  513  gives  a  theorem  relating  to 
'-combinations.  For  auppose  there  are  n  things ;  then  we  can 
">-lie  them  singly  in  n  ways,  we  can   take  them  two  at  a  time 

""    "^f^  ^''^''    ^'   ""■ 
M"-l}(«-2)  , 

Stunber  of  ways  of  taking  n  things  is  3"  -  I.  This  theorem  was 
"btajned  by  the  early  writers  on  Algebra  before  the  Binomial 
Theoi^]!  waa  known ;  the  proof  is  a  simple  example  of  mathe- 
""Maoal  indaddoD  wiici    is   deserving  of  notice.     'VJe  Votb  Ha 


take    them    tlirce    at    a    time    in 
0  on.     Hence  by  Art.  513  the  total 
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shew  tliat  if  unity  be  added  to  the  total  number  of  wayB  of 
taking  n  things,  the  result  is.  2*,     Suppose  we  have  four  letters 
a,  hy  c,  d)  form  all  the  possible  selections  and  prefix  unity  to 
them.     Thus  we  have 

a,    hy    c,   dy 

ah,  ac,  ad,  be,  hd,  cd, 

ahc,  abd,  acd,  bed, 

abed. 

Here  the  total  number  of  symbols  is  16,  that  is,  2*.  Now 
take  an  additional  letter  e;  the  corresponding  set  of  symbols  will 
consist  of  those  already  given,  and  those  which  can  be  formed 
from  them  by  affixing  e  to  each  of  them.  The  number  will  there- 
fore be  doubled;  that  is,  it  will  be  2',  The  mode  of  reasoning  is 
general,  and  shews  that  if  the  theorem  is  true  for  n  things,  it  is 
true  for  n+\  things. 


EXAMPLES   OF  THE  BINOMIAL  THEOREM. 

1.  Write  down  the  3*^  term  of  (a  +  by\ 

2.  Write  down  the  49**^  term  of  (a  -  xy\ 

3.  Write  down  the  S***  term  of  (a«  -  by\ 

4.  Write  down  the  2001'*  term  of  (a"  +  aj»«)*T 

5.  Write  down  all  the  terms  of  (5  -  4«)*, 

6.  Write  down  the  5*^  term  of  (3a*  -  4y*/. 

7.  Write  down  the  6*^  term  of  (2a*  -  b^Y\ 

8.  Write  down  all  the  terms  of  ( ^  —  ^)  • 

9.  Wnte  down  the  middle  t«rm  of  (a  4  «y*- 
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10.  Write  down  the  two  middle  terms  of  (a  +  a?)*. 

1 1.  Expand  {a  +  J{a'.-  l)Y  +  {a  -  ^(a"  -  !)}•  in  powers  of  a. 

12.  Write  down  the  coefficient  of  y  in  the  expansion  of 


i'-^t)' 


13.  If  -i  be  the  sum  of  the  odd  terms  and  JB  the  sum  of  the 
ev^i  terms  in  the  expansion  of  (x  +  a)",  prove  that 

14.  Prove  that  the  difference  between  the  coefficients  of 
af*^  and  of  in  the  expansion  of  (1  +0;)"''"^  is  equal  to  the  differ- 
ence between  the  coefficients  of  x^^^  and  af~^  in  the  expansion  of 
{l  +  x)\ 

15.  Shew  ihat  the  middle  term  in  the  expansion  of  (1  +  a?)** 

^  1.3.5...(2n-l)  2.^ 

16.  Find  the  binomial  expansion  of  which  four  consecutive 
terms  are  2916,  4860,  4320,  2160. 

17.  Prove  that  if  the  term  af  occurs  in  the  expansion  of 


HJ 


the  coefficient  of  the  term 


18.     Write  down  the  coefficient  of  os'^''"*  in  the  expansion  of 


( 


^    xj      • 


19.  Find  the  r^^  term  from  the  beginning,  the  r*^  teim  from 
the  end,  and  the  middle  term  of  ( a;  —  j  . 

20.  If  ^o>  ^i>  'a>^8» represent  the  terms  of  the  expansion 

pf  {a  f  alfy  shew  that 
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XXXVI.    BINOMIAL  THEOREM*    ANT  EXPONENT. 


516.     We  have  seen  that  -when  n  is  a  positive  integer 


/I        V.     1  nOn-l)     , 

(1  +xy=l+nx+     \    ^     ic'+ 


We  now  proceed  to  shew  that  this  relation  holds  when  n  has 
any  value  positive  or  negative,  integral  or  fractional,  that  is,  we 
shall  prove  the  Binomial  Theorem  for  any  exponent.  We  shall 
make  some  observations  on  the  proof  after  giving  it  in  the  usual 
form. 

517.     Suppose  m  and  n  are  positive  integers;  then  we  have 
(l^^r^l^n^^'^^^af^^^^  (1), 

(l+«:)-=l+na:  +  ?^P^)a:'+^  (2), 

But  (1  +  a;)*"  X  (1  +  a;)"  =  (1 +»)"•+"; 

hence  the  product  of  the  series  which  form  the  right-hand  mem- 
bers of  (1)  and  (2)  must  =  (1  +  a;)"*";  that  is. 


1  +  {m-k-n)x  +  ^ ^— 5 ar 


{m  +  n)  (m  ^  n  —  l)  (m  +  n  —  2)   , 


x|l+n«:  +  ^!^^>a^  +  "^^-|^("-^>a;'+.....|...........(3X 

Equation  (3)  has  been  proved  on  the  supposition  that  m  and  n 

Are  positive  integers ;  but  the  product  of  the  two  series  which  occur 

OJ2  the  right-band  aide  of  (3)  must  be  of  the  same  form  whatever 
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tn  and  n  may  be;  we  therefore  infer  that  (3)  must  be  true  what* 
ever  m  and  n  may  be.  We  shall  now  use  a  notation  that  will 
enable  us  to  express  (3)  briefly.     Let  /{m)  denote  the  series 

-  w  (w  —  1)    ,     w  (m  —  1)  (w  —  2)    « 

l  +  mx+     \    Q    'af+  —^ r^-^^ ^-x''+ 

whatever  m  may  be ;  then  /{n)  will  denote  what  the  series 
becomes  when  n  is  put  for  m;  and  /(m  +  n)  will  denote  what  the 
series  becomes  when  m  +  n  is  put  for  m.  And  when  m  is  any 
positive  integer  /(m)  =  (1  +  «)"•;  also  /(O)  =  1.  Thus  (3)  may  be 
wntten 

/{m  +  n)^/(m)  x/(n) (4). 

Similarly,      /{m  +  n  +  p)  =/(m  +  n)  x  f{p) 

=/(m)  yif{n)  x/{p). 

Proceeding  in  this  way  we  may  shew  that 

/(m  +  n+p  +  q'{- )=/(w)  x/(w)  x/{p)  x/{q)x (5). 


Kow  let  m  =  n=p  =  q= =-,  where  8  and  r  are  positive 

integers,  and  suppose  the  number  of  terms  to  be  r;   then   (5) 
becomes 

Mm-- 

therefore  ^•^(*)J' =/(;)  * 

But  since  «  is  a  positive  integer  /(«)  =  (1  +  x)%  and  therefore 


therefore 


This  proves  the  Binomial  Theorem  when  the  exponent  is  any 
positive  sfuatUUy, 
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Again,  in  (4)  put  —  w  for  m;  thus 

/(-n)x/(«)=/(0)=l; 

therefore  -^j—.  =/(—  n\ 

But  if  n  be  any  positive  quantity,  /(n)  =  (1  +  a;)*;  hence 

that  is,        (1  +x)-'  =  l+(-n)x+^~''^y^~^K*+ 

This  proves  the  Binomial  Theorem  "when  the  exponent  is  any 
negative  quantity. 

■ 

518.  The  proof  of  the  Binomial  Theorem  for  any  exponent 
contained  in  the  preceding  Article  was  first  given  by  Euler; 
although  difficult  and  not  altogether  satisfactory,  it  is  a  valuable 
exercise  for  the  student.  We  shall  now  o£fer  some  remarks 
upon  it. 

The  first  point  we  have  to  notice  is  the  mode  of  proving 
that  /{m  +  n)  =/{ni)  x  /{n).  The  student  should  for  an  exercise 
write  down  three  or  four  terms  of  the  series  for  /(m)y  and  also 
of  the  series . for /(w),  and  multiply  them  together;  if  the  pro- 
duct be  arranged  according  to  powers  of  x,  it  will  be  found  that* 
so  far  as  it  has  been  completely  formed,  it  will  agree  with  the 
series  for  /(m  +  n).  But  from  knowing  what  /{m)  and  /(n) 
represent  when  m  and  n  are  positive  integers,  we  infer  without 
the  trouble  of  actual  multiplication,  that  the  law  which  is  expressed 
hy /(m  +  n)=/{m)x/(n)  must  hold.  The  mode  of  establishing 
this  law  in  the  simple  case  in  which  m  and  n  are  positive  integers 
is  a  valuable  and  important  algebraical  artifice. 

But  the  way  in  which  we  infer  that  f  (m  +  n)  =/(m)  ^/'(n), 

whatever  m  and  n  may  6e,  is  still  more  impoi-tant.     The  principle 

is  merely  this :  the  form  of  any  algebraical  product  is  the  same 

whether  the  factors  represent  whole  numbers  or  fractions,  positive 

or  negative  numbers;  thus,  for  example, 

(a  +  J)  (a  +  c)  =  a*  +  (b -v  c")  a -v  be 
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is  true  'whatever  a,  b,  and  c  may  be.  Hence  we  infer  that 
f('a)x/(n)  -will  have  the  same /otto  in  all  cases,  whether  m 
and  n  be  positive  integers  or  not. 

The  student  may  also  notice  the  proof  of  this  result  which  is 
givettin  the  Theonj  of  Equations^  Chapter  isrv. 

fil9.     The  most  difficult  point  however  ta  be  coiiaidered  is  the 
meaning  of  the  aign  =  ja  the  assertion 


(1 +«.)-= 1+ 


1.2 


..(I). 


1  (2).     But  when 
o  such  numerical 


Suppose,  for  example,  that  »i  =  —  1,  then  the  above  becomes 
{\--r^Y'=\-x  +  a^-x'  + (2). 

Kow    we    know    that    the    sum    of    r    terms    of    the    series 

i~i  +  a;'— ie'+ is  — ^ —    J    hence  when  x  is  numcric^illy 

JsM  tlian  unity,  by  taking  enough  terras    of  the    series,   we  can 

obtain  a  result  diffeiing  aa  tittle  as  ice  please  fi'om ,  and  thus 

*«  can  in  this  case  understand  the   assertion  i 
*  IS  nimierically  greater  than  unity,   there  is  i 

approximation  to  the  value  of  ? ■  obtained  by  taking  a  large 

niunber  of  terms  of  the  aeries  1  —  aj  +  a:'  —  a:'  + 

We  shall  see  in  the  Chapter  on  the  Convergence  of  Series,  that 
wten  X  is  numerically  less  than  unity,  we  can  form  a  definite 
conception  of  the  series  on  the  right  of  (1)  whatever  n  may  be. 
In  this  case  thei-e  is  no  difficulty  in  the  assertion 

/(™  +  ,)./(».)x/(„); 
each  of  the  three  series  which  it  involves  is  aritlimeticaliy  intelli- 
gible. But  when  a)  is  numerically  greater  than  unity,  we  cannot 
give  an  arithmetical  meaning  to  the  scries  or  to  the  assertion;  all 
wo  ought  to  say  ia,  that  if  we  form  the  product  of  the  first  )■ 
terms  of  _/(m)  and  the  first  r  terms  of  /(n),  the  first  r  terms  of  the 
leaolt  will  agree  with  the  £rst  r  temia  of  /  (m  -*■  tl^  ■,  'ti'o.^  'Osiis.  "»r^ 
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not  justify  us  in  writing  /{m-irvC)  =/j[«i)  x/(n).  The  case  in 
which  X  is  numericallj  equal  to  unity  would  require  special  in- 
vestigation which  would  be  out  of  place  here.    See  Art  777- 

On  the  whole  then  we  may  conclude  that  the  Binomial  Theo- 
rem for  the  expansion  of  (1  +  x)*  gives  a  result  which  is  arithme- 
tically intelligible  and  true  when  x  is  numerically  less  than  unity; 
in  what  sense  the  result  is  true  when  x  is  numerically  -greater 
than  unity  has  not  yet  been  explained  in  an  elementary  manner. 
The  subject  of  the  expansion  of  exprei^ons  is  however  properly 
a  portion  of  the  Differential  Calculus,  to  which  the  student  must 
be  referred  for  a  fuller  consideration  of  the  difficulties. 

520.  To  find  tJie  numericcdly  greatest  term  in  the  expansion 
of(\+x)\ 

We  consider  x  as  positive. 

I.     Suppose  n  a  positive  integer. 

The  (r  +  1)***  term  may  be  formed  by  multiplying  the  r*  term 

by  — ^^ Xj  that  is,  by  ( ^j^'i  ^^'^  this  multi|^er  di- 
minishes as  r  increases.     Put 

( 1 )  a;  =  1,    therefore  p  =  ^ \—  • 

\    p  J  x  +  i       . 

If  jE?  be  an  integer,  two  terms  of  the  expansion  are  equal, 

namely,  the  ^'^  and  the  (je?+  I)***,  and  these  are  greater  than  any^ 

other  term.     If  j9  be  not  an  integer,  suppose  q  the  integral  part  of 

jt?,  then  the  (g  +  1)**^  term  is  the  greatest. 

IL     Suppose  n  positive  but  not  integral 

As  before,  the  (r  +  1)*^  term  may  be  formed  by  mtdtiplyihg  the 

^^termby^'^ii-l)^. 

If  then  X  be  greater  than  imity,  there  is  no  greatest  term;  for 

the  above  multiplier  can,  by  increasing  r,  be  made  as  near  to  —  x 

as  we  please;  that  is,  each  term  from  and  after  some  fixed  term 

can  he  made  as  nearly  as  we  please  nvmiericaUy  x  times  the  pre- 

ceding  term,  and  thus  the  terms  mcreaaa  'm^wvfe  Vkmiw 


r 
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B«t  if  a:  bo  not  greater  tian  ijnity  Mere  will  be  a  greatest  term ; 

for  if  p  =  -^ r- ,  then  as  long  as  r  is  lesa  than  p  the  multiplier 

is  greater  than  unity,  and  the  ternjB  go  on  increasing ;  but  when  r 
is  greater  than  p  the  multiplier  is  lesa  than  unity,  and  so  long  as 
it  contmues  positive  ill  diminishes  as  r  inereaaes;  and  when  the 
multiplier  becomes  negative  it  is  still  mimerically  less  than  unity; 
BO  tliat  each  term  aiter  r  has  passed  the  value  p  is  numerically  less 
thaa  the  preceding  term.  Hence,  as  in  the  firat  case,  if  p  be  an 
int^er,  the  p"'  term  is  equal  to  the  (p+  I)"'  term,  and  these  are 
greater  than  any  other  term;  if  p  be  not  an  integer,  sujipose  q  the 
integral  part  of  p,  then  the  (j  + 1)""  term  is  the  greatest. 

m.     Suppose  n  negative. 

Let  «i=  — M,  so  that  m  is  positive.  The  numerical  value  of  the 
(r+ 1)""  term  may  be  obtained  by  multiplying  that  of  the  r""  term 
^^^a-i-r-l\^  that  is,  by  (^--l  +  ljx. 

If  »!  be  greater  than  unity  we  may  shew,  as  in  the  second  case, 
that  there  ia  no  greatest  term. 
If  a:  be  less  than  unity,  put 


l^x 


therefore  p  =  —, 


If  p  be  a  positive  integer,  the  p^  t*rm  is  eqiud  to  the  (p  +  1)"* 
term,  and  these  are  greater  than  any  other  torm.  If  p  be  positive 
but  not  an  integer,  suppose  y  the  integi-al  part  of  p,  then  the 
(j  +  !)"■  term  ia  the  greatest.  If  p  be  negative,  then  m  is  less  than 
onity;  in  this  case  each  term  is  less  than  the  preceding,  and  the 
first  term,  that  is,  unity,  is  the  greatest 

If  x  he  equal  to  unity,  then  when  m  is  greater  than  unity  the 
tenus  continually  increase  and  there  is  no  gi'eatest  term,  when  jit 
is  equal  to.  unity  the  terms  are  all  equal,  and  when  th  is  less  than 
unity  the  terms  continually  decrease  so  that  the  first  is  the  greatest 

"We  have  au])poBed  throughout  that  x  is  positive ;  if  a  he  ne^- 
Live,  put  y=~x,  BO  that  ^  isiwsitive;  llieri  fiai  "liie  Kamssi^s^i-'J 
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greatest  term  of  (1  +  ^)",  and  this  will  also  be  the  ntimericallj 
greatest  term  of  (1  +  x)\ 

521.     The  first  term  of  the  expansion  of  (1  +  x)*  is  tinity;  any- 
other  term  is  known  since  the  (r  +  1)*^  term  is 

w(n-l) (ti  — r  +  1) 

i Xm 

This  expression  is  called  the  general  term,  because  by  putting 

1,  2,  3, successively  for  r,  it  gives  us.  in  succession  the  2°*, 

3"*,  4***, terms;  that  is,  we  can  obtain  from  it  any  term  after 

the  first.  The  expression  for  the  general  term  may  be  modified  in 
particular  cases,  and  sometimes  simplified,  as  will  be  se^i  in  the 
following  examples : 

(1  +  xy\     Here  n=  —  my  the  general  term  becomes 

(—  m)  (-  wi  -  1) (—  m  —  r  +  1) 


Lr 


which  may  be  written 


Lr        . 

(!  +  «)%     Here  w  =  J;  the  numerator  of  the  coefficient  of  pj*"  is 

if  r  is  not  less  than  2,  this  may  be  written 

1.3.5.7 (2r-3)^ 

2'-  ^    ^      ' 

hence  in  the  expansion  of  (1  +  xy,  the  first  term  is  I,  the  second 

is  ^x,  and  any  subseqiient  term  may  be  found  by  putting  for  the 

(r  +  l)*^term 

1-3.5.7 (2r-3) 

(1  +  »)"*.     This  is  a  particular  case  of  (1  +  «)""•.     The  co- 
efficient of  a;*'  is 

2.3.4...      (2^r-l)  ^_^^,^  ^^^  ^  (r^lK-1)'. 
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(1  —  i")"'.     By  the  preceding  exiimple  the  (r  +  1)*  term  is 
(^  +  1) (-!)'(_ IB)',  that  is,  {r+l)3f. 
This  ia  a  particular  case  of  (1  +  a;)"".     The  coeffi- 


Ir 

B—aj)"'.     By  the  preceding 
(r  +  l)_(r  +  2) 


(--1)'.  thut 


(r*l){r  +  2) 


(-I)'- 


(-l)'(- 


that 


(rtl)(f- 


If  a;  and  n  are  positiv 
of(I  +  a;)~"  the  terma  an 
in  the  expansion  of  (1  —  a 
n  ue  positivi 


I  it  will  be  found  that  in  the  expansion 
alternately  positive  and  negative ;  and 
r*  the  terms  are  all  positive.  If  a;  and 
integer,  it  will  he  found  that  i 


Jbe  expansion  of  (1  +  x)"  the  terms  begin  by  being  positive,  and 
ly  become  alternately  positive  and  negative  ;  and  in  the 
m  of  {1  —  a:)''  the  terma  begin  by  being  alternately  positive 
native,  and  eventually  become  all  of  one  sign. 

622.     A  Multinomial  expression  may  be  raised  to  any  power 
by  repeated  use  of  the  Binomial  Theorem ;  thus,  for  example, 

[a+b  +  c]'  =  {a-i-{b  +  c)Y  =  a'  +  3a'  {b  +  e)  +  Za{b  +  e)'  +  {b  +  c)' ; 
if  we  now  expand  (6  +  e)'  and  (6  +  e)'  and  put  the  resulting  ox- 
paoffions  in  the  place  of  theso  quantities  respectively,  wo   shall 
obtain  the  expansion  of  {a  +  6  +  c]'.     Similarly, 
{tt  +  b-i-c-i-dY  =  {a  +  (b+c  +  d)Y  =  a"  +  3a'(b  +  c  +  d) 

+  3a{b  +  c  -i-  d)'  +  (b  +  c  -t-  df ; 
tie  expansion  may  then  be  completed  by  finding  the  expansion 
otifi  +  c  +  d)'  and  of  (6  +  c  +  d)'  in  the  manner  just  exemplified. 
Or  we  may  proceed  thus, 
{a  +  b  +  c  +  dY  =  {{a  +  b}  +  (c  +  d)Y^{a  +  by 

+  S{a  +  by{c  +  d)-^2(a  +  b){c  +  dy  +  (c  +  dY; 
the  expansion  may  then  be  completed  by  expanding  (a +  6)', 
(a  -(■  6)',  (c  +  dy,  and  (e  +  £?)',  and  eifecting  the  req^iiisite  multjpli- 
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523.     To  find,  ike  nuvnber  of  hoTnogeneoua  products  ofr  dimen-' 

aions  that  can  be  formed  out  of  n  Utters  a,  b,  -c, and  their 

pouoera. 

By  common  division,  or  by  the  Binomial  Theorem, 

1 


l—ax 

1 
I'-bx 

1 
1  —  ex 


=  1  +  005  +  a'cxf  +  aV  +  ..• 


- 1  +  5aj  +  ftV  +  6V  +  ... 


=  1  +  ca?  +  cV  +  cV  +  ... 


Thus 

JL.       1     .      1      =fl+a..aV  +  «VH. I 

1— aa;l--6a;l  —  CJ5  (  J 

|l  +  6a;  +  ftV  +  5V+ |  x|l  +  ex  +  cW -k- c'x* -h | 

=  1  +  S^x  +  S^Qi^  +  S^x^  + suppose. 

Here  /Sj  =  a  +  ft+c  + , 

/S^,  =  a'  +  a5  +  6'  +  ac  + , 

S^  =  a'  -{■  a*b  +  ahc  +  b*  +  ....,., 


that  is,  S^  is  equal  to  the  sum  of  the  quantities  a,  b,  c, ;  S^ia 

equal  to  the  sum  of  all  the  products,  each  of  two  dimensions,  that 

can  be  formed  of  a,  6,  c,  and  their  powers;  JS^  is  equal  to 

the  sum  of  all  the  products,  each  of  three  dimensions,  that  can  be 
formed ;  and  so  on.  To  find  the  numher  of  products  in  any  one 
of  these  sets  of  products,  we  put  a,  6,  c, each  =  1;  thus 

,  , becomes x-  or  (\  —  x\^\ 

l-^ax    \-bx    l-cx  (1-i^*        ^         [ 


Hence  in 

this  case  ^,  b  the 

coefficient  of  af  in  tiie  esiiansion 

of(l 

-«) 

■ ;  that  is, 

„(»  +  !). 

....(«+r- 

) 

L^ 

This 

a  therefore  the  numbec  of  homogeneoi 

s  products  of  r  dimen 

aioas 

that 

can  be  formed  out  of 

a,b,  c,  

and  their  powers. 

52i.     To  find  the  number  of  terma  in,  the  expaneion  of  any 
mttlttnomial,  t/ie  exponent  being  a  positive  integer. 

The  numher  of  terms  in  the  expansion  of  {Oi  +  a,  +  «^  + . , ,  +  d,)" 
is  the  same  as  the  rnuaber  of  homogeneous  products  of  ii  dimeti- 

Biona  that  can  be  formed  out  of  (i^,  o,,  a„  a„  and  their 

pawera.     Hence,  by  the  preceding  Article,  it  is 
'■('•-H)('-*2) (r*n-l) 

525.  The  Binomial  Theoi'em  may  be  applied  to  extract  the 
roots   of  numbers  approximately.     Let  A''  be   a  number  whoso 

Hwhar 

expansion  of  (1  +  a:)''  diminish  rapidly,  and  we  may  obtain  an  ap- 

nrosimate  value  of  (1  +  x)',  ami  therefore  of  jV",  by  retaining 
only  ft  few  of  these  terms.  It  ■will  therefore  be  convenient  to 
take  a  so  that  a"  may  differ  as  little  as  possible  from  N,  and  thus 
b  may  be  as  small  as  possible.  Somotimea  it  will  be  better  to 
Buj^iose  N=a''  —  b. 

526.  "We  will  close  this  CJiapter  with  six  examples  which 
will  illustrate  the  use  of  the  Binomial  Theorem. 

(1)     The    ratio    (a  +  x)"    :   a'   is  nearly  equal   to  the  ratio 

I     a  +  Ttx    '.   a   when   nx  is  small   compared   with   o.     This   holds 

'     whether  x  be  positive  or  negative,  and  for  v.ilues  of  n  integral 

or  fractional,  positive  or  negative.     See  Art  3' 


if-.(a-  +  i)-.„(l  +  J,)-.a(H.«)-, 
wiiere  x  =  —,.     If  now  a:  be  a  small  fiiiction,  the  terms  i 
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(2)     Expand in  a  series  of  ascending  powers  of  x. 


p-^-qx 


pand  ( 1  +  ~  j     by  the  Binomial  Theorem  j  thus  we  have 

P  +  qX        P^  ^   \  P  P  P  / 


p    p\      PJ     P   \      pJ 


+ 


Or  we  may  proceed  thus, 

p  +  qx      p  +  qx         p  +  qx        p     p\       p/\       p) 

.%?/^6-^)ri-??+?¥-?¥+ V 

p  p\  p/\  p  p    p      J 

and  thus  we  obtain  the  same  result  as  before. 

This  example  frequently  occurs  in  mathematics,,  especially  in 
cases  where  x  is  so  small  that  its  square  and  higher  powers  may 
be  neglected;  we  have  then  approximately 

a  +  hx  _a     X  /.     a^\ 
p  +  qx     p     p\       pJ' 

(3)  Required  approximate  values  of  the  roots  of  the  quad- 
ratic equation  ax'  +  bx  +  c  =  0,  when  ac  is  very  small  compared 
with  h\ 

-b^J(b'-4ac) 

The  roots  are  ^^-^ , 

Za 

And  by  the  Binomial  Theorem,  J{h* -  iac)  =  6  f  1  —  -jr) 

[       2   b'       8V6V     16\&V     /• 
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TLua  for  tte  root  with  the  upper  sign  we  get 

~b~ b'  ~~6'~~ 

and  for  the  root  with  the  lower  sign  we  get 
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If  a  be  very  small,  while  6  and  c  are  not  small,  the  former  root 
does  not  differ  much  from  —  -  ,  and  the  latter  root  is  numerically 
very  large.      See  Ai-t,  312. 

It   is   desemng  of  notice  that  the  approximate  value  of  the 
root  in  the  former  case  coincides  with  what  we  shall  obtain  in  tlie 
following  way.      Write  the  equation  thus, 
&J!  +  c  =  —  Oic'. 

For  an  approiimato  result  neglect  the  term  ax'  aa  small;  thus 
we  obtain  a;  =  —  j  ■  Tlien  substitute  tliis  approximate  value  of 
X  in  the  term  oar*;  thiLs  we  oLtiiin 

6x  +  c  =  -  -^  , 

thatifl,  a:  =  -|-^. 

Again,  substitute  this  new  approximate  value  of  x  in  the  term 
na:*  and  preserve  the  terms  involving  o  and  a';  thus  we  obtain 

6  b 

,       .  c     ac'     2nV 

that  IS,  *^~A~'ft»'  — 7?^  ' 

and  so  on. 

(4)  To  prove  that  if  m  be  Jiny  poKitive  integer  the  inteyral 
part  of  (2  +-7^)"  is  ^i  "'^  number. 

The  meaning  of  this  proposition  wOI  be  easily  seen  by  taking 
some  simple  cases;  thus  3  +  ^3  lies  between  3  and  i  in  value,  bo 
that  the  integral  part  of  it  is  the  odd  number  3 ;  (3  +  V^)'  '^  ^^ 
found  to  lie  between  13  and  14  in  value,  so  that  the  inte^itil  piirt 
of  it  is  the  odd  numbei 
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Suppose  then  /  to  denote  the  integral  part  of  (2  +  ^/S)*,  and 
/+  i^  its  complete  value,  so  that  i^  is  a  proper  fraction.  "We  have 
\>Y  the  Binomial  Theorem 

/+i^=2"  +  n2"-*3U^5-^^^2--'35+ +  3* (1). 

Now  2  —  *y 3  is  a  proper  fraction,  therefore  also  so  is  (2  —^3)"; 
denote  it  by  F'l  then 

j^'=2"-n2-*3U^?^^^2-*3^- +  (-l)"3^ (2). 

Now  add  (1)  and  (2);  the  irrational  terms  on  the  right  dis« 
appear,  and  we  have 


I  +  F  +  F=2{2r  +  '^^'^  ^^^2"-'3'" 


^n(n^l)(n^2)(n-3),,:,3l^  | 


=  an  even  integer. 

But  F  and  F'  are  proper  fractions :  we  must  therefore  have 
F+F'  =  \,  and  7  =  an  odd  integer, 

A  similar  Tesult  holds  for  (a  +  Jh)*  if  a  is  the  integer  next 
greater  than  Jh,  so  that  a  —  Jb  ia  a,  proper  fraction. 

(5)     Required  the  sum  of  the   coefficients  of  the  first  r  +  1 
terms  of  the  expansion  of  (1  -  x)~\     "We  have 

^        '                          1.2  [r 

(1 -«)"**=  1 +«  +  «•+«»+ 

Therefore  (1  -aj)"^""^^^  is  equal  to  the  product  of  the  two  series. 

Now  if  we  multiply  the  series  together,  we  see  that  the  coefficient 
of  of  in,  the  product  is 

-  n(n  +  \)  w(w+l) (n  +  r-1) 

i+„+_^^+ *- — —^ ■' . 
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we  may  naturally  <wmM  then  that  this  must  be  equal  to  the  co- 
effideut  of  af  in  the  expansion  of  (1  —  a?)"'""^^^;  that  is,  to 

(n+1)  (n  +  2) (n  +  r) 

thus  the  required  summation  is  effected. 

(6)  The  Binomial  Theorem  may  be  applied  in  the  manner 
just  shewn  to  establish  niunerous  algebraical  identities;  we  will 
give  one  more  example. 

Let        ^(f»>r)=— ^^ '-^ rf ^ -'; 

it  is  required  to  shew  that 

^  (tij 0)  ^ (w,  r)-^ («,  1) ^(n-  1,  r-  1)  +  ^ (n,  2)  ^ (n- 2,  r- 2) 

-^(»>3)^(n-3,  r-3)+ =  0. 

The  expression  here  given  is  the  expansion  of 
n(n-l)(n-2)  ...  (7^-r+l)      _^  J. 

which  must  obviously  be  zero. 

EXAMPLES  OF  THE  BINOMIAL  THEOREM. 

Expand  each  of  the  following  twelve  expressions  to  four  terms  : 
1.     (!+«)*.  2.     (1+aj)*.  3.     (l+o;)* 

4.     (1 +«)-*.  5.     (l+a;)-i.  6.     (l+a;)-§. 

7.     (1-a:)*  8.     (l-2a;)l  9.     J{a'^a?). 

10.     (3a-2a;)i  11.     (a«-6a;)-f        12.     (l  +  5aj)T. 

Find  the  (r  +  1)"*  term  in  the  expansion  of  the  following  eight 
expressions : 

13.     (1 -«)-*.  14.     (l-o;)-'.  15.     {\-xf. 

16.   {l-pxy.  17.     --j^y  18.     (1-xTl 


19.     (l-2aj)-*.         20.  ^ 
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Oalctdate  tHe  following  four  roots  approximaiely: 

21.     V(24).       22.    4/(999).       23.     »/(31).       24.    4^(99000). 

25.  If  X  be  small  compared  with  luiity,  shew  that 

^(1^0.).- ^'{(1-0.)'}  5x 

l+x+J{l+x)      -"^      6  ^®^^^- 

26.  Shew  that  the  number  of  combinations  of  n  things  when 

taken  in  ones,  threes,  fives,  exceeds  the  number  when  taken 

in  twos,  fours,  sixes,  by  unity, 

27.  Shew  that  the  number  of  homogeneous  products  of  n 
tilings  of  n  dimensions  is 

|2n-l 

\n\n-l' 

Find  the  greatest  term  in  the  following  four  expansions : 

2 

28.  (1  +  xY  when  x  =  x    and  n  =  4. 

29.  (1  +  a;)"*  when  a?  =  ^    and  w  =  12. 

5 

30.  (1  +  a;)""  when  a?  =  ^    and  w  =  3. 

31.  (1  -  03)""  when  a  =  ^s  ^'^^i  **  =  «  • 

32.  Find  the  greatest  teim  in  the  expansion  of  [n  —  J      , 
where  w  is  a  positive  integer. 

33.  Find  the  number  of  terms  in  the  expansion  of 

(a  +  6  +  c  +  dY\ 

34.  Find  the  first  term  with  a  negative  coefficient  in  the 
expansion  of  (1  +  ^a;)'. 

35.  If  p  be  greater  than  n,  the  coefficient  of  x^  in  the  expan- 
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36.  The  coefficient  of  x^  in  the  expansion  of  :,  ""  ''^^    is 

(l-3aj*)* 

«,_,  (n  +  l)(n  +  2)  (57^+3) 
3  2 • 

37.  Find  the  coefficient  of  a?"  in  the  expansion  of  ;    "^^^  . 

(l-a?)* 

)   in  ascending  powers  of  x.     Write  down 

a  —  xj 

the  coefficient  of  as*'  and  of  ic*'^*. 

39.  Shew  that  the  n*^  coefficient  in  the  expansion  of  (1  -  a)"" 
is  always  the  double  of  the  (n  —  1)'\ 

40.  Shew  that  if  t^  denote  the  middle  term  in  the  expansion 
of  (1 +«)*•,  then  «^  +  ^j  +  ^,+ =  (l-4a;)-i. 

41.  Write  down  the  sum  of 

-11.31.3.5  ,  .   ^ 

42.  Find  the  sum  of  the  squares  of  the  coefficients  in  the 
expansion  of  (1  +  a;)",  where  n  is  a  positive  integer. 

^^-     ^^^-=      2.4.6......2r      >P^o^^that 

44.  Shew  that  if  m  and  n  are  positive  integers  the  coefficient 
of  05*  in  the  expansion  of  jz ^^^  is  equal  to  the  coefficient  of  a;" 

in  the  expansion  of  r= v^rrr- 

45.  Find  the  coefficient  of  a:;'  in  the  expansion  of 

(1  +  2aj  +  3a'+  4a:'  + ad  inf,)\ 


^\-^l 
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527.  "We  have  in  the  preceding  Chapter  given  some  examples 
of  the  expansion  of  a  multinomial ;  we  now  proceed  to  consider 
this  point  more  fully.     We  propose  to  find  an  expression  for  the 

general  term  in  the  expansion  of  {a^  +  a^x  +  a^ -^-aji?  •{■ )". 

The  number  of  terms  in  the  series  a^,,  cSj,  a^,  may  be  any 

whatever,  and  n  may  be  positive  or  negative,  integral  or  frac- 
tional. 

Put  6,  for  a^x  •¥  a^x' ■¥  a^a^  + ,  then  we  have  to  expand 

{a^  +  5j)" ;  the  general  term  of  the  expansion  is 

n(n~l)(n-2) (n-^  +  1)      ,^ 

fji  being  a  positive  integer.  Put  6^  for  a^x^ •¥ a jx? +,,,.., ^  then 
h^  =  (ajOJ  +  h^ ;  since  ft  is  a  positive  integer  the  general  term  of 
the  expansion  of  (a^x  +  h^  may  be  denoted  either  by 


we  will  adopt  the  latter  form  as  more  convenient  for  our  purpose. 

Combining  this  with  the  former  result,  we  see  that  the  general 
term  of  the  proposed  expansion  may  be  written 

n{n-l){n-2) (H-^-fl) 

Again,  put  6^  for  agCc'  +  a^aj* +•......,  then  hj^=(ajic^  +  h^f^, 

and  the  general  term  of  the  expansion  of  this  will  be 


Irlfj.-q-r^ 


Hence  the  general  term  of  the  proposed  expansion  may  be 
written 

\q\r\fi'-q'-r  "      \  i  /  \  ar  /    a 


8 
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Proceeding  in  this   way   we  slial 
geneiiil  term 

obtain 

for   the 

requii-eti 

'i'-Vh-') 

(-"-'Kr-a 

'«.'«/«.'  • 

....a,"*' 

-i™                  s 

+  r  +  .4.(  +  .... 

=  /*■ 

If  WB  suppose  n  - 
tlwfoi-m 

/*=^,  we  may 

write  the 

general 

tei-ni  in 

n(»-l)(«-2)... 

■■<"*".>,•<. 

X'o.'-- 

.  x't"'-' 

...... 

isliera                       p 

r3+J*  +  S+(+.. 

...=«. 

Thus  the  expansion  of  the  proposed  multinomial  consists  of  a 
•Biea  of  terms  of  whicli  that  just  given  may  bo  taken  as  the 
gsneral  type. 


It  should  be  observed  that  q,  r,  s,  I, 

nUgert,  but  p  is  not  a  positive  integer 

int^er.     Whea  p  ia  a  positive  integer, 

^1^  numerator  and  denominator  by  ^p,  w 


are  alv  ay  a  positive 

unless  n  be  a  positive 
re  may,  by  multiplying 
■ite  the  factor 


»("-l)(--2) (f*l> 


II  tie  more  aymmetrioal  form 

l^l9^[s|i.. 


In  the  above  expression  for  the  general  term  we  may  regard 
tbe  niultiplier  of  jf*"*-*"*-'-.  as  the  co^ffioieni  of  the  t«rm.  Some- 
RBiEa  however    the  word    cof^ldent    is    applied    to    the    factor 

■ — |-  I    , — |- — — -  thia  is  usually  the  meaning  of  tlio  word 

11  the  cases  in  which  x  has  been  put  equal  to  unity,  na  in  the 
Eiamplee  25...32&t  the  end  of  this  Chapt) 


4 
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528.     Suppose  we  require  the  coefficient  of  an  assigned  power 

of  a;  in  the  expansion  of  (a^-^-ajX  +  a^ix^  •¥ )*,  for  example, 

that  of  aT,     We  have  then 

g  +  2r  +  3«  +  4<+ =m, 

p+5'  +  r  +  «  +  <  + =  71. 

We  must  find  by  trial  all  the  positive  integral  values  of 

q,  r,  8,  tf  which  satisfy  the  first  of  these  equations  j  then 

from  the  second  equation  p  can  be  found.  The  required  coeffi- 
cient is  then  the  sum  of  the  corresponding  values  of  the  ex- 
pression 


n{n-\){n-2) (iE>  +  l) 


aja^^a{a^*ai 


When  n  is  a  positive  integer,  then  p  must  be  so  too,  and  we 
may  use  the  more  symmetrical  form 


l£[2lrl£ll 


a^a^a^a^a^. 


V     2 


529.     For  example,  find  the  coefficient  of  vP  in  the  expansdon 
of  (1  +  2aj  +  3a;"  +  4:xy, 

Here  5'  +  2r  +  3^  =  7, 

jo  +  g'  +  r  +  «  =  4r. 

Begin  with  the  greatest  admissible  value  of 
8 ;  this  is  «  =  2,  with  which  we  have  r  =  0,  5'  =  1, 
jt?  =  1.  Next  try  s  =  1 ;  with  this  we  may  have 
r  =  2,  S'  =  0,  jp=1;  also  we  may  have  r  =  1, 
g'  =  2,  JO  =  0.  Kext  try  «  =  0  ;  with  this  we  may 
have  r  =  3,  g'  =  1,  j?  =  0.  These  are  all  the  so- 
lutions; they  are  collected  in  the  annexed  table. 
Also  05^=1,  ttj  =  2,  a2  =  3,  a^  =  ^.  Thus  the  required  coeffi- 
cient is 

L  2\  4«  +  ^  3'.  4^  +  ^  2".  3\  4\  +  ^  2\  3" ; 


1 
1 

0 
0 

1 

0 
2 
1 

0 
2 
1 
3 

2 

1 
1 
0 

that  is,  38i  +  432  +  576  +  21(3  •,  \iia.t  la,  1^08. 
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n ;  find  the  coefficient  of  a? 

(l  +  2a;  +  3a;'  +  4ic'+ )K 

5  +  2r  +  3s+ =  3, 


tbe 


All  the  solutions  are  collected  in  the  s 
id  table,  aad  the  required  coefficient  is 


1 

2 

0 

0 

1  1 

3 

1 

1 

0 

■^ 

1 

5 

3 

0 

n 

©*'H^)(-5)-''^ 


^i) 


3     1 

2*2 


a — ' 


;  that  i 


1. 


And 


In  this  case,  since 

l  +  2a:  +  3*'+4a;'+ =(1-3;)-', 

"16 proposed  expression  is  {(I— x)~'}^,  that  ia,  (1— a:)"' 

(l-a:)-'  =  l  +  «  +  a;' +  «"  + ; 

tW  we  Bee  that  the  coefficient  of  ic"  ought  to  be  1 ;  and  the 
'tudent  may  exercise  himself  by  applying  the  multinomial  theo- 
wm  to  find  the  coefficients  of  other  powers  of  a; :  for  example, 
llie  coefficient  of  x'  will  be  found  to  bo 


,  that  is  1. 


^^^'530.  The  form  of  the  coefficient  in  the  Multinomial  Theorem 
in  the  case  in  wlucli  the  exponent  is  a  positive  integer  might  be 
obtained  in  another  way.  Suppose,  for  example,  that  we  have  to 
expand  {a+^  +  y)".  When  the  multiplication  is  effected  every 
term  in  the  result  is  a  product  formed  by  taking  one  letter  out  of 
each  of  the  10  trinomial  factors.  Thus  if  we  require  the  term 
which  involves  a'^y'  we  must  take  a  out  of  any  two  of  the  10 
trinomial  factors,  jfl  out  of  any  three  of  the  remaining  8  trinomial 
factors,  and  y  out  of  the  remaining  5  trinomial  factow,    "Sife  vi 


.5^8+ 10 
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ber  of  ways  in  which  this  can  be  done  is  .^TT.^ ,  by  Art.  498 : 

[10 
thus  the  required  term  is  ,    .    .    a*)8"y\ 

If  l£l^ 

Hence  it  follows  that  if  we  have  to  expand  (a  +  jSos  +  y«*)*®  the 
term  which  involves  a'jS'y*  is 

^  a'(fia>y  (yaf)'.  that  is  Jg^  a'^y' 

Similarly  any  other  case  might  be  treated.  Thus  we  could  give 
the  investigation  of  the  Multinomial  Theorem  in  the  following 
manner : 

Begin  by  establishing  in  the  way  just  exemplified  the  form  of 
the  coefficient  in  the  case  in  which  the  exponent  is  a  positive 
integer.  Then  suppose  we  have  to  find  the  general  term  in  the 
expansion  of  {a^  +  a^x  +  a^x'  +  a^x^  +••.)">  "^^©re  n  is  not  a  positive 
integer.  Put  h  for  a^x  +  a^  +  a^  +  . . .  j  then  we  have  to  expand 
(a^  +  hf ;  the  general  term  of  this  expansion  is 

n(n-\)(n-^) (^  -  ^  +  1)  ^  ,_^^^  ^ 

and  as  /A  is  a  positive  integer  the  general  term  in  the  expansion 
of  (a^x  +  a^  +  a^  + )**  is 

I/- 


r-  »!  tta  a^  a^ x 

\i\lW. 

Hence  the  required  general  term  is 
n(n-l)(«-2) (>.-;. +  1) ^,..,*u.«*... 


0  I      2      3      4 
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Find  the  coefficients  of  the  specified  powers  of  OJ  in  the  expan- 
sions in  the  followiag  24  Examples  ; 

1.  a*  in  (1  +  25  + ay. 

2.  a;*  in  (l-aj  +  xy. 
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3.  a"  in  (1  -  2aj  +  So?' -  4aj»y. 

4.  a"  in  (1  +  a:  +  a:*  +  a' +  as*  +  x*)'. 

5.  of  m  {2-Zx--Axy. 

6.  «»  in  (1  -  oj  +  2ic«)^«. 

7.  aJ*  in  (2  -  5a;  -  7aO*. 

8.  »»  in  (l-.2a;'+4a:V- 

9.  a:*  in  (1  +  aj  +  o^"*. 
10.  «»  in  (l  +  2aj-a")-*. 

(a;*     a;*\~* 

12.  «*  in  (1  +  2a;  -  4a;»  -  2a^)-i. 

13.  a;' in  (1  -  2a;  +  a;*)*. 

14.  a;*  in  (1  +  a;*  +a;*  +  a;* -a;*/, 

15.  aJ*  in  (1  +a;  +  a;")". 

16.  a;*  in  (1  +  3a;  +  Sa;*  +  7a;' +  9a;*  + /. 

17.  aTin  (l  +  a;  +  a;"+ )". 

18.  a;»  in  (1  +  2a;  +  3a;')*. 

19.  a;*  in  (1  + 2a; +  3a;»  +  4a;»+ )'*. 

20.  a;"  in  (1  +  a^x  +  ajxf  +  a^xy. 

21.  a;*  in  {a^  +  a^x+a^')*, 

22.  a^  in  (1  -  a;*  +  a;»  -  a;*)*. 

23.  a?  in  (1  +  oa;  +  Ja;")"*. 

24.  a^  in  (1  +  aja;  +  a^a;' +  a^a;' + )". 

25.  Find  the  coefficient  of  abc^  in  (a  +  6  +  c)*. 

26.  Find  the  coefficient  of  a*5V  in  (a  -  5  -  cf. 

27.  Find  the  coefficient  of  a*5V  in  (a  +  5  +  c  +  dy. 

28.  Find  the  coefficient  of  ahVd*  in  (a  -  5  +  c  -  ^)**. 

29.  Write  down  all  the  terms  which  involve  powers  of  d 
and  c  as  high  as  the  third  power  inclusive  in  the  expansion  of 
(a+ 6 +  <;)•. 
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30.  Write  down  all  the  terms  which  contain  c?""'  in  the  ex- 
pansion of  (a  +  6  +  c  +  dy. 

31.  Find  the  greatest  coefficient  in  the  expansion  of 

(a  +  J  +  c/*. 

32.  Find  the  greatest  coefficient  in  the  expansion  of 

{a -k- 1-^-0  +  dy\ 

33.  Shew  that  the  greatest  coefficient  in  the  expansion  of 

\n 
(»,  +  «,+ +aj"  is  ..    p/       ^w>  ^^ere  2-  is  the  quotient,  and 

r  the  remainder  when  n  is  divided  by  m. 

34.  Shew  that  in  the  expansion  of  {a^^-a^x-\-ajif+ )* 

the  coefficient  of  x^^  *  is  2  (ag^jp+i  +.  ^i^«p  +  <*2^«p_i  + +  ^p%+i)' 

35.  Expand  (1  -  2hx  +  ic')"'^  as  far  as  aj*. 

36.  Expand  (a+bx-^-  cst?)"^  as  far  as  a*. 

37.  Expand  (1  —  a;  —  a*  —  «*)"  as  far  as  «'. 

38.  In  the  expansion  of  (1  +  a?  +  a;'  + +  af)",  where  n  is 

a  positive  integer,  shew  that 

(1)  the  coefficients  of  the  terms  equidistant  from  the  beginning 
and  the  end  are  equal ; 

(2)  the  coefficient  of  the  middle  term,  or  of  the  two  middle 
terms,  according  as  nr  is  even  or  odd,  is  greater  than  any  other 
coefficient ; 

(3)  the  coefficients  continually  increase  from  the  first  up  to  the 
greatest. 

39.  If  a^,  ttj,  a,,  a^, be  the  coefficients  in  order  of  the 

expansion  of(l+a3  +  a^+ +  a;')",  prove  that 

(1)  a,  +  a,  +  a,+ +  a^=  (r  + 1)"  ; 

(2)  aj  +  2ag+  Za^'{- +wra„,  =  |wr(r+l)". 

40.  If  a^,  dj,  a,,  ttg, be  the  coefficients  in  order  of  the 

expansion  of  (1  +  aj  +  a;*)",  prove  that 

«.'-«.'+«.'-«.'+ +(-ir'«'.-.+i(-i)v=i«.- 
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XXXVIII.     LOGARITHMS. 

531.  Suppose  a*  =  n,  then  x  is  called  the  hgarii^im  of  tl  to  the 
hate  aj  thus  the  logarithm  of  a  number  to  a  given  base  is  the 
index  of  the  power  to  which  the  base  must  be  raised  to  be  equal 
to  the  number. 

The  logarithm  of  n  to  the  base  a  is  written  log^n;  thus 
log^n  =  X  expresses  the  same  relation  as  a'  =  n, 

532.  For  example,  3*  =  81;  thus  4  is  the  logarithm  of  81  to 
the  base  3. 

If  we  wish  to  find  the  logarithms  of  the  numbers  1,  2,  3,  

to  a  given  base  10,  for  example,  we  have  to  solve  a  series  of  equa- 
tions 10'=  1,  10*  =  2,  10'  =  3,  We  shall  see  in  the  next 

Chapter  that  this  can  be  done  approximatdy,  that  is,  for  example, 
although  we  cannot  find  such  a  value  of  a;  as  will  make  10'=  2 
^^"xictly,  yet  we  can  find  such  a  value  of  a;  as  will  make  10'  differ 
from  2  by  as  small  a  quantity  as  we  please. 

We  shall  now  prove  some  of  the  properties  of  logarithms. 

533.  The  logarithm  o/l  is  0  whatever  the  hose  may  5e, 
For  a*  =  1  when  a;  =  0. 

534.  The  logarithm,  of  the  base  itself  ia  unity. 
For  a*=ia  when  03  =  1 . 

535.  Th^  logarithm  of  a  product  is  equal  to  the  sum  of  the 
logarithms  of  its  factors. 

For  let  X  =  log„m,     y  =  log^n ; 

therefore  m  =  a%     n  =  a^; 

therefore  mn  =  a'a^  =  a^' ; 

therefore  log^  mn  =  a;  +  y  =  log„  m  +  log^n . 

536.  The  logarithm  of  a  quotient  is  equal  to  the  logaritfim  of 
t/te  dividend  diminished  by  the  logarithm  of  the  divisor. 

For  let  X  =  log^m,     y  =  log^n ; 
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therefor©  «i  =  a",     n  =  a* ; 


m     a* 


therefore  —  *  -^  =  a*^  j 

therefore  log«  -  =  a;  —  y  =  log«,m  —  log^w. 

537.  Th&  logarithm  of  cmy  power,  integral  or  fractional^  of  a 
number  is  equal  to  the  product  of  the  logarithm  of  the  number  ami 
the  index  of  the  power. 

For  let  wi  =  a* ;  therefore  m*"  =  (afy  =  a*', 

therefore  log„  {m!")  =  xr  =  r  log^  m* 

538.  To  find  the  relation  bettveen  the  logarithms  of  the  same 
number  to  different  bases. 

Let  a;  =  log„m,     y  =  logf,m; 

therefore  m^a'  and  =6*'; 

therefore  a'^b^; 

therefore  a^=b,  and  5*=  a; 

OG  U 

therefore  -  =  log^b,  and  -  =  logj,a, 

•r-w-  OS 

Hence  y  =  oi:logf,ay  and  = 


log«6' 

Hence  the  logarithm  of  a  number  to  the  base  b  may  be  found 
by  multiplying  the  logarithm  of  the  number  to  the  base  a  by 

log,«,  or  by  J3I3. 

We  may  notice  that  logja  x  loga5  =  1. 

539.     In  practical  calculations  the  only  base  that  is  used  is 

10;  logarithms  to  the  base  10  are  called  common  logarithms.    We 

will  point  out  in  the  next  two  Articles  some  peculiarities  which 

constitute  the  advantage  of  the  base  10.     We  shall  require  the  fol- 

Jowing  de&mtion :  the  integral  part  of  any  logarithm  is  called  the 

c/iaracieristiCi  and  the  decimal  part  tiie  maulxssa. 
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JS40.  In  the  common  Byalem  of  logarithms,  if  Uie  iogaril/im 
of  any  numhei-  he  known,  uw  can  immediatBly  cUlermiTis  the  logo- 
riihm  of  the  product  or  quotient  of  tJiat  nmiiher  hy  any  power 

of  Id. 

For       log,„{JV^x  10")-bg,„A'  +  log,J0'  =  iog,„-A^+n, 


"10" 


-  log,.iV-  log,,10'  =  log,o2ir-n. 


That  is,  if  we  know  the  logaritliia  of  any  number  we  con 
determine  the  logarithm  of  any  number  which  has  the  same 
figures,  but  differs  merely  by  the  position  of  the  decimal  point. 

5il,  In  the  common  system  of  logarithms  the  characteristic 
uf  tlte  logarithm  of  any  number  can  be  determined  by  inspection. 

For  suppose  the  number  to  be  greater  than  unity  and  to  lie 
between  10"  and  lO'*';  then  its  logarithm  must  be  greater  tiiaix  n 
and  less  than  n  +  1 :  hence  the  uhai-acteristic  of  the  l<^rithm  is  n. 

Next  suppose  the  number  to  be  less  than  unity,  and  to  lie 


1 


1 


1  Yjr;  and  iif.'+i)  ^l^"*  ^  between  10  "  and  10  '"*"■  tlien 
its  logarithm  will  be  some  negative  quantity  between  -n  and 
—  (n+  I):  hence  if  'we  agree  that  the  mantissa  shall  always  bo 
positive,  the  characteristic  will  be  —  {ji  +  1). 

Further  information  on  the  practical  use  of  logarithms  will  be 
fbnnd  in  works  on  Trigonometry  and  in  the  introductions  to 
Tables  of  I-ogarithms. 


EXAMPLES    OF    LOOABITHUS. , 

Find  the  logarithm  of  144  to  the  base  2^3. 

Find  the  characteriBtic  of  the  logarithm  of  7  to  the  base  2. 

Find  the  characteristic  of  logj  5. 

Find  log,  3125. 

Give  the  chameteristic  ol  log,,  1230,  a-ci4  o?  \o¥„;'i\'!.T>- 
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6.  Given  log  2  =  -301030  and  log  3  =-477121,  find  the  loga- 
rithms of  '05  and  of  5-4. 

7.  Given  log  2  and  log  3  (see  Example  6),  find  the  logarithm 
of  -006. 

8.  Given  log  2  and  log  3,  find  the  logarithms  of  36,  27,  and  16. 

9.  Given  log  648  =  2-81157501,  log  864  =  2-93651374,  find 
log  3  and  log  5. 

.10.     Given  log  2,  find  log  ^(1-25). 

11.  Given  log  2,  find  log -0025. 

12.  Given  log  2,  find  log  »/(-0125). 

13.  Given  log  2  and  log  3,  find  log  1080  and  log  (•0045)* 

14.  Given  log,,  2  =  -301030  and  log,o 7  = -845098,  find  the 
logarithm  of  (  oTq )    ^  ^®  ^^®  1^^^- 

15.  Find  the  number  of  digits  in  2**,  having  given  log  2. 

16.  Given  log  2,  aad  log  5-743491  =  -7591760,  find  the  fifth 
root  of  -0625. 

17.  If  P  be  the  number  of  the  integers  whose  logarithms 
have  the  characteristic  p,  and  Q  the  nimiber  of  the  integers  the 
logarithms  of  whose  reciprocals  have  the  characteristic  —  q,  shew 
that  logF-logQ  =  p'-q+l. 


18.  If  y  =  10i-i'«*  and  «  =  10l-^^  prove  that  re  =  10^-^'. 

19.  If  a,  6,  c  be  in  G.  p.,  then  log^n,  log^n,  log^n  are  in  H.  P. 

20.  If  the  number  of  persons  bom  in  any  year  be  j=  th  of 
the  whole  population  at  the  commencement  of  the  year,  and  the 
number  of  those  who  die  ^  th  of  it,  find  in  how  many  years  the 
population  will  be  doubled ;  having  given 

log  2  =  -301030,  log  180  =  2-255272,  log  181  =  2-257679, 
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SERIES. 

542.  To  eocpand  a*  in  a  aeries  of  ascending  potoers  of  x;  that 
isy  to  expand  a  nuniher  in  a  series  of  ascending  powers  of  its 
logaritkm,  to  a  given  base. 

af«a{l+(a— 1)}*;  and  expanding  by  the  Binomial  Theorem 
we  have 

{1 +  («-!)}•=  l-faj(a-l)  +  ^^\a-l)« 


+ 


x{x-\){x-.2)  x{x-\){x^2){x-Z) 

— TTYT^ — ^"^'^^  ■*■ 1.2.3.4  ^"""^^  ■"••• 


=  l+a5{a-l-i(a-l)'+J(a-l)'-i(a-l)*+ } 

+  terms  involving'  x\  x\  ko. 

This  shews  that  a*  can  be  expanded  in  a  series  beginning 
with  1  and  proceeding  in  ascending  powers  oi  x)  we  may  there- 
fore suppose  that 

a*  =  1  +  CiO;  +  Caos*  +  Cjos'  +  c^x*  + 

where  Cj,  c„  <?„  are  quantities  which  do  not  depend  on  aj, 

and  which    therefore    remain    unchanged    however   x  may   be 
changed;  also 

<j,=  a-l-i(a-l)'+J(a-l)'-i(«-l)*+ 

while  <jj,  Cj,  are  at  present  unknown;  we  proceed  to  find 

their  values.     Changing  x  into  a;  +  y  we  have 

a'^'  =  \  +<?,  (aJ  +  y)  +  c,(aj  +  2/)'  +  C3(aj  +  2/)'  + ) 

but         a'**  =  a'a^  =  a*  {1  +  CjO;  +  c^^a;*  +  c^a;' + }. 

Since  the  two  expressions  for  a*^^  are  identically  equal,  we 

may  asBume  that  the  coefficients  of  a;  in  the  two  expressions  are 

equal,  thus 

<?i  +  2c,y  +  3c,y' +  4c4y' + =  <?,«*' 

=  c,{l  +  c,y  +  c,3^'  +  r,y'+ }. 
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In  this  identity  we  may  assttme  that  the  coefficients  of  the 
corresponding  powers  of  y  are  equal ;  thus 

2c,  =  c/;        therefore  c,= -^; 

c  c  c  ' 

3c.  =  c^c,;       therefore  e^=^r=  j-^  ; 

ic^  =  cfi^]       therefore  c^  =  ^«  =  j-^S-^-j ; 


Thus  a'=l+c,a;  +  -^+-^  +  -|j-+ 

Since  this  result  is  true  for  all  values  of  Xy  take  x  such  that 
c.a;=l,  then  aj  =  — ,  and 

1 
fchis  series  is  usually  denoted  by  e ;  thus  a^i  =  e,  therefore  a  =  e^i 

and  Cj  =  log,a;  hence 

«-=l  +  (log.a).  +  (i2^+2^+ 

This  result  is  called  the  Exponential  Theorem. 

Put  e  for  a,  then  log,  a  becomes  log,e,  that  is,  unity  (Art  534); 

of      x'      X* 
thus  e*=  1 +a;  +  ,-5- +  -s^ +,-j  +  ...... 

if    1^    Li 

This  very  important  result  is  true  for  aU  values  of  x ;  and  the 
student  should  render  himself  so  familiar  with  it  as  to  be  able  to 
apply  it  to  special  cases.     For  example,  suppose  x  =  —  l;  thus 

-I        11111 
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Or  we  may  put  any  other  symbol  for  x ;  thus  putting  nz  for  x 

,                   „     -              nV     nV     nV 
we  have  e~  =  1  +  rw;  + -pr- + -r- -  +-77-  + 

[2         (3         [4 

"We  shall  in  Art  551  make  a  remark  on  one  part  of  the  pre- 
ceding investigation,  and  we  shall  recur  hereafter  to  the  asstimption 
wliich  has  been  made  twice  in  the  course  of  the  present  Article, 

543;  By  actual  calculation  we  may  find  approximately  the 
numerical  value  of  the  series  which  we  have  denoted  by  e ;  it  is 
2718281828 

544.  To  expand  log,  (1  +  x)  m  a  series  0/ ascending  powers  of  x. 

We  have  seen  in  Art.  542,  that  c,  =  log,a;  that  is,  by  the 
same  Article,  log,a  =  a-  1  -  ^{a-lf  +  J(a -  1)* -  4 (» - 1)*+ 

aj*     ic*     iK* 
For  a  put  1  +  a; ;  hence  log, (l  +  a5)  =  aj— —  +  -5^  ""T"*" 

This  series  may  be  applied  to  calculate  log,  (1  +  re)  if  a;  is 
a  proper  fraction ;  but  unless  x  be  very  small,  the  terms  diminish 
80  slowly  that  we  shall  have  to  retain  a  large  number  of  them ; 
if  jB  be  greater  than  unity,  the  series  is  altogether  unsuitable.  We 
Ishall  therefore  deduce  some  more  convenient  formula). 

545.  We  have  log. (l+a5)  =  a;  —  -^  ■*"T~T"*' '> 

(B*     a?'     X* 

liherefore  log,  (l~a;)=-a;-----  -q-t"" » 

^        o       4 

by  subtraction  we   obtain   the    value  of  log,  (1  +  a;)  -  log,  (1  —  x). 

that  is,  of  log,  •= ; 

1  —  a? 

therefore  log.  ^ =  2<a;+77  +  ^  + [• 

1  — a?        (,3       5  J 

In  this  series  write for  x,  and  therefore  —  for  -z 

m-¥n  n         i  —  x 

ih«Biog2=2f!?^+jf!?^y4f^'+ } (1). 

®  n        \m-\-n     3\m  +  n/     6\m-\-n/  )         ^  ' 

•   A.  22 
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Put  w  =  l,  then 
log.«»=2|— ^-.3(— ,)+^(;^)+ j (2). 

Again,  in   (1)  put  m  =  n  +  l,  thus  we  obtain  the  value  of 
log, ;  therefore  log,  (n  + 1)  —  log,  n 

"^l2iin"^3(2w  +  l)«'*"5(2»  +  l)*"*' J (^^' 

546.     The  series  (2)  of  the  preceding  Article  wiU  enable  us  to 
find  log,  2 ;  put  w  =  2,  then  by  calculation  we  shall  find 

log.  2  = -69314718 

From  the  series  (3)  we  can  calculate  the  logarithm  of  either  of 
two  consecutive  numbers  when  we  know  that  of  the  other.*  Put 
w  =  2,  and  by  "making  use  of  the  known  value  of  log,  2,  we  shall 
obtain  log.  3  =  1-09861229 

Put  n  =  9  in  (3);  then  log.  »  =  log,  9  =  log,  3*  =  2  log,  3  and  is 
therefore  known ;  hence  we  shall  find 

log,  10  =  2-30258509 

547.  Logarithms  to  the  base  e  are  called  Napierian  loga- 
rithms, from  Napier  the  inventor  of  logarithms;  they  are  also 
called  natural  logarithms,  being  those  which  occur  first  in  our 
investigation  of  a  method  of  calculating  logarithms.  We  have 
said  that  the  base  10  is  the  only  base  used  in  the  practical  appli- 
cation of  logarithms,  but  logarithms  to  the  base  e  occur  frequently 
in  theoretical  investigations. 

548.  From  Art.  538  we  see  that  the  logarithm  of  a  number 
to  the  base  10  can  be  found  by  multiplying  the  Napierian  loga- 

"*^  ^^  hirO'  *^"*  ^'  ^y  2-302T8509'  *'^-  ^^  -43*29448;  this 
multiplier  is  called  the  modulvs  of  the  common  system. 

The  base  e,  the  modulus  of  the  common  system,  and  the  loga- 
rithms to  the  base  e  of  2,  3,  and  5  have  all  been  calculated  to 
upwards  of  260  places  of  decimals.  See  the  Proceedings  of  the 
Royal  Society  ofLondon^  Vol.  xxvii.  page  88. 
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The  series  in  Ait.  545  may  be  so  adjusted  as  to  give  common 
logarithms ;  for  example,  take  the  series  (3),  multiply  throughout 
by  the  modulus  which  we  shall  denote  by  /x ;  thus 

that  is, 

log,.  (»  +  1)  -  log„«  =  2^{2;ip^ +^^^2^' +  6p^'+ •••} ^ 
549.     By  Art  542  we  have 

=  af  +  terms  containing  higher  powers  of  » (1). 

Again,  by  the  Biuomial  Theorem, 

(e'-l)"  =  6"'-ne«"-'>'  +  ''^^^"'^^e<"-')'-. (2). 

Expand  each  of  the  terms  e^,  e**"***, ;  thus  the  coefficient 

of  af  in  (2)  wiU  be 

fT       (n  -  ly     n(n-l)(7t~2y     n(n-l)(n-2)  (n- 3/ 

Ir""*    Ir    "    i!       Ir  1^  Ir   ^ 

Hence  from  (1),  by  the  same  principle  as  in  Art.  542,  we  see 
that 

is  =  In  if  r  =  n,  and  is  =  0  if  r  be  less  than  n. 

It  is  easy  to  see  that  the  term  on  the  right-hand  side  of  (1) 
which  involves  a^**  is  ^  x^*\  Thus  we  get,  by  the  same  principle 
as  before, 

n-*»-n(n-ir»  +  ^fc^(n-2r»- =  ^n|n+l. 

650.  We  will  give  another  method  of  arriving  at  the  expo- 
nential theorem.     By  the  Binomial  Theorem 

11— "l 
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/,     ly    ,  1      nx(nx-l)   1      nx(nX'-l)(nx-'2)   1 

\      nj  n  [2  n  [£  w 

wo;  {nx  -  1)  (na;  —  2)  (nx  -  3)   1 
that  is, 


(*-^)  (*-S  ("-S 


Put  a;  =  l,  then  (l  +  -) 
,      ,  n      \      n)\       n)  \      n)\       n)\   "  n) 

^^^^-jT-^ ^ -^ [4 ^ 


hence  1  +  a?  +  - 


]2—  |3 


Now  this  being  true  however  large  n  may  be,  will  be  true 

1 

when  n  is  made  infinite  :  then  -  vanishes  and  we  obtain 

n 

x'     x^     X*  (  111  )' 

^^''^H^ll'-^^ =  l^-'^-'l2-'[3-'(i-' j' 

that  is,  =e*. 
We  have  thus  obtained  the  expansion  of  e'  in  powers  of  oj ; 
to  find  the  expansion  of  a'  suppose  a  =  6*  so  that  c  =  log,  a,  thus 

cV     c^x*     c*x* 


«"  =  e"=l  +  cx+^  +  -^+-j^  + 
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551.     The  student  will  notice  that  in  the  preceding  Article  we 
have  used  the  Binomial  Theorem  to  expand  a  power  of  1  +  - ,  and 

if  -  is  less  than  unity,  we  are  certain  that  the  expansion  gives  an 

cvrUhmeticaUy  true  result  (Art.  519).  In  the  proof  given  of  the 
exponential  theorem  in  the  first  Article  of  this  Chapter,  if  a  -  1  is 
greater  than  unity,  the  expansion  by  the  Binomial  Theorem  with 
which  the  proof  commences  will  not  be  arithmetically  intelligible  ; 
and  consequently  the  proof  can  only  be  considered  sound  pro- 
vided a  is  less  than  2.  With  this  restriction  the  proof  is  sound, 
and  X  may  have  any  valua  In  order  to  complete  that  proof  we 
have  to  shew  that  the  theorem  is  true  for  any  value  of  a ;  and  as 
e  is  greater  than  2  we  ought  not  to  change  a  into  e  until  we  have 
removed  this  restriction  as  to  the  value  of  a.  This  restriction 
can  be  easily  removed ;  for  in  the  theorem 

a'  =  l  +  (log,a)a?4-^   ^'   ^       +^    ^    '      + 

put  a  =  -4*,  and  by  taking  y  small  enough  A  msij  be  made  as 
great  as  we  please,  while  a  is  less  than  2.     Then  log,  a  =  y  log,  A  ; 

^«.     1      /I       >ix           (log,il)VV      (log.^)Va;' 
thus    A^=l  +  {\og.A)yx+^       J  +  iq  + J 

therefore,  putting  z  for  yx. 

If  l£        • 

thus  the  exponential  theorem  is  proved  universally. 

552.     We  have  found  in  Art.  650,  that  when  n  increases 
without  limit  (14--]     ultimately  becomes  6*;  in  the  same  way 

we  may  shew  that  when  n  increases   without  limit  ( 1  4-  -  j 
ultimately  becomes  e". 
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EXAMPLES   OF   LOGARITHMIC   SERIES. 

1.  Prove  that  log,  (a;  +  1)  =  2  log.  x  -  log,  (x-l) 

Given  log^^  3  = '47712  and  :| r^  = -43429,  apply  the  above 

series  to  calculate  log^^^  11. 

2.  Shew  that  log,  (x  +  2A)  =  2  log,  (x  +  h)-  log,  x 

+  1^-, 7T-.  +^T rr-+ > 


Xx+hy    2{x+hy    3{x  +  hy   j* 

3.     If  a,  b,  c  be  three  consecutive  numbers, 
log,c  =  21og,6-log,a 


\2ac  + 1 


1                       1.  ) 

'^3(2ac+l/"*'5(2ac+l)*'^ /' 


4.  If  X  and  fi  be  the  roots  of  ax^  +  ^  +  c  =  0,  shew  that 
log,(a-6a;  +  caj*)  =  log,a  +  (X  +  fi)aj ^^^'^ 

5.  Log,  {1  + 1  +  aj  +  (1  +  xY]  =  3  log,(l  +»)  -  log, a; 

r  1      1    1         1  ) 

1(1 +  «)»"*■  2(1 +  «:)•"*' 3  (!+«;)»'** /* 

6.  Log.(a:  +  l)  =  2^1og,a;-g^Jlog,(a:-l) 

2     r      1  2  3  I 

2a;+ll2.3.aj''^3.5.iB*"*'4.7.a;''*' ]' 

7.  Log,{(l^.)-(l-.)-}«j^  +  3^+^  + 
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8.  Find   the    Narjierian   loga>'ithm   of  ^-^ .      To   how   luj 
decimal  placea  is  your  resralt  correct ) 

9.  Assuming  tlie  series  for  Ic^,  (1  +  x)  and  c',  shew  tliEit 

(-3"-('-s) 

nearly  wljen  n  is  largo ;  and  find  the  next  term   of  the  aeries 
wliich  the  expression  on  the  Bocoud  side  is  the  commencejnent. 

10.  Find  the  coefficient  of  a;"  in  tho  development  of 


11.      Shew  that  Iog,4  =  l4 


1.2.3      3.4.3      5.6. 7 


-($^'^)v^ 


XL.     CONVERGENCE  AND  DIVERGENCE  OF  SERIES. 

553.     The   expression  m^  +  m^ +  Mj  +  m.  + in  which  the 

BUCCMsiTe  terms  are  formed  by  some  regular  law,  and  the  number 
of  the  terms  is  unlimited,  is  called  an  infinite  series. 

654.  An  infinite  series  ia  said  to  be  convergent  when  the  sum 
of  the  first  71  terms  cannot  numerically  exceed  some  finite  quan- 
tity however  great  n  may  be, 

555.  An  infioito  series  is  said  to  be  divergent  when  the  sum 
of  the  first  n  terms  can  be  made  numerically  greater  than  airj 
finite  quantity,  by  taking  n  large  cuougK 


J 
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556.  Suppose  that  hy  adding  more  and  more  terms  of  an 
infinite  series  we  continually  approximate  to  a  certain  result,  so 
that  the  sum  of  a  sufficiently  large  number  of  terms  will  differ 
from  that  result  by  less  than  any  assigned  quantity,  then  that 
result  is  called  the  sum  of  the  in/mile  series. 

For  example,  consider  the  infinite  series 

l  +  x  +  x'+ , 

and  suppose  x  a  positive  quantity. 
"We  know  that 


l+a  +  a5*+ +»""'  = 


l-x  • 


Hence  if  a;  be  less  than  1,  however  great  n  may  be,  the  sum 

1 

of  the  first  n  terms  of  the  series  is  less  than  •= :  the  series  is 

1  — a; 

therefore  convergent.     And,  as  by  taking  n  large  enough  the  sum 
of  the  first  n  terms  can  be  made  to  differ  from  .; bv  less  than 

any  assigned  quantity,  := is  the  sum  of  the  infinite  series, 

K  a;  =  1,  the  series  is  divergent ;  for  the  sum  of  the  first  n 
terms  is  n,  and  by  taking  sufficient  terms  this  may  be  made 
greater  than  any  finite  quantity. 

If  a;  is  greater  than  1,  the  series  is  divergent ;  for  the  sum 

sc*  —  1 
of  the  first  n  terms  is  =-,  which  may  be  made  greater  than 

any  finite  quantity  by  taking  n  large  enough. 

557.  An  infinite  series  in  which  all  the  terms  are  of  the  same 
sign  is  divergent  if  each  term  is  greater  than  some  assigned  finite 
quantity y  houjever  small. 

For  if  each  term  is  greater  than  the  quantity  c,  the  sum  of  the 
first  n  terms  is  greater  than  nc,  and  this  can  be  made  greater  than 
any  finite  quantity  by  taking  n  large  enough. 
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558,  An  infinile  series  of  tsrma,  Ike  aigm  of  which  are  alter- 
nately  positive  and  negative,  is  convergent  if  each  term  it  nvmeri- 
cally  less  than  the  preceding  Cemi, 

Let  tlio  series  he  u^  —  u^  +  "^  —  "^  +  ;  this  may  be  written 

(«,-«,)*(».-«j +(«.-«.)+ 

and  also  thiia, 

»,-(•.-«.)-{«.-«.)-(»,-«,)- 

From  the  first  mode  of  wiiting  the  series  we  see  that  tho  suui 
of  any  number  of  terms  is  &  positiye  quantity,  and  from  the 
second  mode  of  writing  the  Beriea  we  aee  that  the  suia  of  any 
number  of  terma  ia  lesa  thaa  u^ ;  hence  the  series  13  coniierffent. 

It  ia  necesaaiy  to  shew  in  tliis  case  that  the  sum  of  any 
number  of  terms  is  positive  ;  because  if  we  only  know  that  tho 
sum  is  less  than  Wj,  we  ai'e  not  certain  that  it  ia  not  a  negative 
quantity  of  uiilim.ited  magnitude. 

An  important  distinction  should  be  noticed  with  respect  to 
the  aeries  here  considered.  If  the  terras  u^,  w,,  m^,  ...  diminish 
toilhovt  limit  the  sum  of  m  terma  and  the  sum  of  it  +  1  terma  will 
differ  by  aa  indefinitely  Bmall  quantity  when  n  is  taken  large 
enough.  But  if  the  terms  u^,  u^,  u^,  ...  da  not  dimiiiiek  vntliout 
limit  the  Bum  of  n  terms  and  the  sum  of  n  +  1  terms  will  always 
differ  by  a  finite  quantity.  The  series  continued  to  an  infinite 
number  of  terms  will  have  a  sum,  according  to  the  definitioa  of 
Art.  55C,  in  the  foiTuer  case,  but  not  in  the  latter  case.  In  both 
cases  the  series  is  convergent  according  to  our  definition.  But 
some  writers  prefer  another  definition  of  convergence ;  namely, 
^ej  consider  a  series  convergent  only  when  tho  sum  of  an  in- 
definitely large  number  of  terms  can  be  made  to  differ  from  one 
fised  value  by  less  than  any  a3aif^e<l  quantity :  and  according  to 
this  definition  the  series  is  convergent  in  the  first  case,  but  not  in 
the  second. 
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559.  An  irifinUe  aeries  is  convergent  if  from  and  after  any 
fixed  term  tJie  ratio  of  each  term  to  ike  preceding  term  is  nv/mericaUy 
less  than  some  quantity  which  is  itself  numerically  less  than  unity. 

Let  the  series  beginning  at  the  fixed  term  be 


«j  +  Wj  +  W3  + 


and  let  S  denote  the  sum  of  the  first  n  of  these  terms.     Then 

/S^  =  w,  +  w.  +  w.  + -\-u 

19s  ■ 

T-i      w.      u.  w„      u^ «.  u,  ) 

Now  first  let  all  the  terms  be  positive,  and  suppose 
-*  less  than  k^     -^  less  than  k,     —  less  than  k,  


u  u  tt- 

«»i  **f  ^a 


Then  S  is  less  than  u^{l+k  +  k'+ +k^'^};  that  is,  less 

1  —  ife" 
than  w.  -:; — r  •     Hence  if  ^  be  less  than  unity,  S  is  less  than 
*  1— Al 

— ^— ;   thus  the  sum  of  as  many  terms  as  we  please  beginning 

with  Wj  is  less  than  a  certain  finite  quantity,  and  therefore  the 
series  beginning  with  u^  is  convergent. 

Secondly,  suppose  the  terms  not  all  positive ;  then  if  they  are 
all  negative,  the  numerical  value  of  the  sum  of  any  number  of 
them  is  the  same  as  if  they  were  all  positive ;  if  some  terms  are 
positive  and  some  negative,  the  sum  is  numerically  less  than  if 
the  terms  were  all  positive.  Sence  the  infinite  series  is  still  con- 
vergent. 

Since  the  infinite  series  beginning  with  u^  is  convergent,  the 
infinite  series  which  begins  with  any  fixed  term  before  u^  will  be 
also  convergent ;  for  we  shall  thus  only  have  to  add  a  finite 
number  of  finite  terms  to  the  series  beginning  with  w,. 

560.  An  infinite  series  is  divergent  if  from  a/nd  after  any 
jia:ed  term  the  ratio  of  each  term  to  the  preceding  term  is  greater 
eAan  unity f  or  equal  to  unity  ^  and  thA  terma  ewe  all  of  the  same  sign. 
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Let  the  aeries  beginning  at  the  fixed  term  bo 

Mj+K.  +  lij  + , 

ad  let  S  denote  the  sum  of  tLe  fiwt  n  of  these  terms.     Then 

-S:=Uj  +  U,+  M,+ +«, 

Now,  fii-st  suppose 
-*  greater  tlian  1,     -'  greater  tbaa  1,     ~  greater  than  1,  ... 


Then  S  is   nuTOoriadly  gi'eater    than   m^  Jl  +  1  + "•"^li 

that  iH,  numerically  greater  than  nv,,.  Hence  S  may  be  made 
nnmerioally  greater  than  any  finite  quantity  by  taking  n  largo 
enough,  and  therefore  the  seriea  beginning  with  it,  is  divergent. 

Next,  Buppoae  the  ratio  of  each  term  to  the  preceding  to  bo 
unity;  then  S~nu„  and  this  may  be  made  greater  than  any  finite 
quantity  by  tafeing  n,  large  enougli. 

And  if  we  begin  with  any  fixed  term  before  u,  the  series  will   ■ 
obviously  stUl  be  divergent. 

5G1.  The  rulea'in  the  preceding  Articlea  will  det«nmne  in 
many  oases  whether  an  infinite  series  is  convergent  or  divergent. 
There  ia  one  case  in  which  they  ilo  not  apply  which  it  is  desirable 
to  notioe,  namely,  when  the  ratio  of  each  terai  to  the  preceding  is 
less  than  unity,  but  contimially  appnaaching  unity,  so  that  we 
cannot  name  any  finite  qnantity  i  which  ia  leaa  than  unity,  and 
yet  always  greater  than  this  ratio.  In  such  a  case,  as  will  appear 
from  tlia  osaiaple  in  the  following  Ai-ticle,  the  scries  may  be  con- 
rer^tent  or  divergent, 

663.      Consider  the  infinite  scries 
1      1       1       i 

Here   the  ratio    of    the    n""    term    to   the   (n-I)"^   term   is 


("- J  ;  if  p  bo  positive,  this  is  less  than  unity,  but  cQntiiiiio.U^ 
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appix)aches  to  unity  as  n  increases.  This  case  then  cannot  be 
tested  by  any  of  the  rules  ah-eady  given ;  we  shall  however  prove 
that  the  series  is  convergent  if  p  be  greater  than  unity,  and 
divergent  i£  phe  unity,  or  less  than  unity. 

I.  Suppose  p  greater  than  unity. 

The  first  term  of  the  series  is  1,  the  next  two  terms  are  toge- 

2 
ther  less   than   ^,    the   following  four   terms  are  together  less 

4  .         .  '8 

than  jp,   the  following  eight  terms  are   together  less   than   ^, 

and  so  on.     Hence  the  whole  series  is  less  than 

,248 

1^2-^^4-^^8'^ 

that  is,'  less  than 

1  +  a;  +  a;*  +  a;*  + 

2 
where  x  =  —  .     Since  p  is  greater  than   unity,  x  is  less  than 

unity ;  hence  the  series  is  convergent. 

II.  Suppose  p  equal  to  unity. 

The  series  is  now  1+k  +  o-'-t  +  f+ 

J      «5      4      0 

The  first  term  is  !>  the  second  term  is  ^ ,  the  next  two  terms 

2        1 
are  together  greater  than  j  or  ^,  the  following  fotir  terms  are 

,41 
together  greater  than  ^  or  ^,   and  so  on.     Hence  by  taking  a 

o         J 

sufficient  number  of  terms  we  can  obtain  a  sum  greater  than 
any  finite  multiple  of  ^  ;  the  series  is  therefore  divergent. 

III.  Suppose  p  less  than  unity  or  negative. 

Each  term  is  now  greater  than  the  corresponding  term  in  II.  : 
the  series  is  therefore  a  /ortiori  divergent. 
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5G3.     We  will   now  give  a  general   theorem  whioh  can  \m 

■oved  in  the  manner  exemplified  in  the  preceding  Article.      If 

i/>  (a:)  be   positive  for  all   positive  integral  values  of  x,   and  con- 

inually  diminish  as  x  inei-eoseB,  and  rtt  be  any  poaitiye  integer, 

titen  the  two  infimte  aeries 

■Ki)+«m+*(3)+*(*)+*(5)+ 

rmd  .^(l)  +  ™*('»)  +  mVK)  + »■*(»■)* 

ire  both  convergent  or  buth  divergent. 

Couaidev  all  the  terms  of  the  tirat  series  comprised  between 

P  (rn'J  and  i^  (w'^'),  including  the  last  and  excluding  the  first,  !e 
being  any  positive  integer;  the  number  of  these  terms  is  m'°*'  —  m*, 
and  their  sum  ia  therefore  greater  than  m'  (m  —  1)  ^  (/;("■').  Thus 
aU  the  first  series   beginning   with   tlie   term    ifi  {m'  +  1)  will  bo 


»,f(,«"'). 


times  the  second  & 
Thus  if  the  second  & 


s  beginning  with  tka 
3  be  divergent,  bo  alaa 


JB  the  first 

Again,  the  terms  selected  from  the  first  series  are  loss  tliaa 
iM'(m— 1)  ^(m*).  Thus  all  the  first  series  beginning  with  the 
t«rm  ^(m*  +  l)  will  be  less  than  nj-1  times  the  second  series 
banning  with  m'l^  (m*).  Thus  if  the  second  series  be  convergent, 
BO  also  is  the  first. 

Ab  an  example  of  the  use  of  this  the 
following :  (he  genes  of  which  tiie  general  term 
vergent  if  ^  be  greater  than  ttnilr/,  and  divergent  if  p  he  equal  to 
unity  or  legs  t?ian  unity.     By  the  theorem  the  proposed  series 
convergent  or  divergent   according  aa  the   series  of  which   the 

general  term  jb  — ^^t^ -^-  ia  convergent  or  divergent ;  the  latter 


general  term  is 


I"(l0g7«7 

1 


I  that  it  bears  a  constant  ratio  to  the  I 


(logman'' 

term  —  for  all  valuce  of  n.     Hence  the  requiied  result  1 
hy  Art.  5G2. 
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664.     The  series  obtained  by  expanding  (l+x)^  by  the  Bino- 
mial Theorem  is  convergent  i/x.i8  numerically  less  them  vmty. 

For  the  ratio  of  the  (r+ 1)***  term  to  the  r*^  is x.  If n 

is  negative  and  numerically  greater  than  unity  the  factor  

is  numerically  greater  than  unity ;  but  it  continually  approaches 
unity,  and  can  be  made  to  differ  from  unity  by  less  than  any 
assigned  quantity  by  taking  r  large  enough.     Hence  if  a:  is  nume- 

rically  less  than  imity  the  product  a?,  when  r  is  large 

enough,  will  be  numerically  less  than  a  quantity  which  is  itself 
numerically  less  than  imity.  Hence  the  series  is  convergent. 
(Art.  559.) 

If  n  is  positive  the  factor  is  numerically  less  than 

unity  when  r  is  greater  than  n;  if  n  is  negative  and  numerically 
less  than  unity  this  factor  is  always  numerically  less  than  unity ; 
if  n  =  —  l  this  factor  is  numerically  equal  to  unity :  thus  in  the 
first  case  when  r  is  greater  than  w,  and  in  the  other  two  cases 

always,  if  a;  is  numerically  less  than  \mity  the  product  x 

is  numerically  less  than  a  quantity  which  is  itself  numerically  less 
than  imity.     Hence  the  series  is  convergent     (Art.  559.) 


565,  TJie  series  obtained  by  eospanding  log  (1  +  x)  in  powers 
ofiLis  convergent  if  yi  is  numerically  less  than  unity. 

For  the  ratio  of  the  (r  +  If"  term  to  the  r**'  is  -  -^ .    K  then 

X  be  less  than  unity,  this  ratio  is  always  niunerically  less  than  a 
'  quantity  which  is  itself  numerically  less  than  imity.     Hence  the 
series  is  convergent.     (Art.  559.) 

566.  The  series  obtained  by  expanding  a*  in  powers  of  x  is 
always  convergent. 


EXAMPLES.      XL.  851 

For  the  ratio  ofthe(r+l)*^  term  to  the  r*»^  is  ^-^^.    What- 

ever  be  the  value  of  x,  we  can  take  r  so  large  that  this  ratio  shall 
be  less  than  unity,  and  the  ratio  will  HiminiRli  as  r  increases. 
Hence  the  series  is  always  convergent.     (Art.  559.) 

EXAJiPLES  OF  COliyEROENCE  AND  DIYEBGENCE  OF  SERIES. 

Examine  whether  the  following  ten  series  are  convergent  or 
divergent : 

1  1  1 


1. 


x{x  +  a)      (x  +  2a)  (x  +  3a)      (x  +  id)  (x  +  5a) 


^      3        5a:*      7a;'      9-c*  2w+l 

2         5        10      17  n  + 1 

3.     =^  + r^  + 5-^  + 

a  a  a 

i.     (a  + 1)»  +  (a+  2)*aj  +  {a  +  3)"  re"  + 

5.  l»  +  2*aj  +  3V+ 

6.  U      ^  ^  ' 


2     l+J-2     1+^3      1+74 


X  of  x' 


-1111 

8     — I —  H ^  —  +  ..  . 

•    I'^y    5^*    7' 


05  ic*  a?' 


9.     1"  +  2'*x  +  3V  + 

^^'     {^T&/  ***  (a  4-  26)'  "^  (a  +  3^)^  "^ 

11.  Suppose  that  in  the  series  Wo+Wj+w,+it3+ each  term 

is  less  than  the  preceding ;  then  shew  that  this  series  and  the  series 
u^+2u^  +  2\  +  2\  +  2\^+ are  both  convergent   or  both 

divergent. 

12       3 

12.  Shew  that  the  series  ^  +  o*  "*"  3"  "*"  4"  "*" is  convergent 

if  n  be  greater  than  2,  and  divergent  if  w  be  less  than  2  or  equal 
to  2. 
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XLI.     INTEREST. 

567.  Interest  is  money  paid  for  tlie  use  of  money.  The  sum 
lent  is  called  the  Principal.  The  Amount  is  the  sum  of  the 
Principal  and  Interest  at  the  end  of  any  time. 

568.  Interest  is  of  t-vro  kinds,  simple  and  compound.  When 
interest  of  the  Principal  alone  is  taken  it  is  called  simple  interest ; 
but  if  the  interest  as  soon  as  it  becomes  due  is  added  to  the 
principal  and  interest  charged  upon  the  whole,  it  is  called  com- 
pound  interest. 

569.  The  rate  of  interest  is  the  money  paid  for  the  use  of  a 
certain  sum  for  a  certain  time.  In  practice  the  sum  is  usually 
£100  and  the  time  one  year;  and  when  we  say  that  the  rate  of 
interest  is  £L  6s.  8c?.  per  cent.,  we  mean  that  X4.  Qs.  8c?.,  that  is, 
X4J,  is  due  for  the  use  of  £100  for  one  year.  In  tlieory  it  is 
convenient,  as  we  shall  see,  to  use  a  symbol  to  denote  the  interest 
of  one  pound  for  one  year. 

570.  To  find  the  amount  of  a  given  sum  in  any  time  at  simple 
hiterest. 

Let  P  be  the  principal  in  pounds,  n  tlie  nimiber  of  years  for 
which  interest  is  taken,  r  the  interest  of  one  pound  for  one  year, 
M  the  amount. 

Since  r  is  the  interest  of  one  pound  for  one  year,  Pr  is  the 
interest  of  P  pounds  for  one  year,  and  therefore  nPr  the  interest 
of  P  pounds  for  n  years ; 

therefore  M=P  -¥  Pnr, 

From  this  equation  if  any  three  of  the  four  quantities  Jf,  P, 
n,  r  are  given,  the  fourth  can  be  found ;  thus 


P  = 


M  M-P  M--P 


n  =  — s^ —  ,         r  = 


l^nr*         '         Pr    '  Pn    ' 
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571.  To  find  the  anwtmt  of  a  given  mm  in  any  lime  at  com- 
j/ound  interest. 

Let  S  denote  the  amount  of  one  pound  in  one  year,  ko  tliab 
^  ■=  1  +  r,  Uien  PS  ia  the  amount  o[  P  in  one  year  j  tho  amount 
of  Pfi  in  one  year  ia  PJiJi  or  PR',  wliicli  is  therefore  the  amount 
of  P  in  two  years  at  oonipoimd  interest.  Similarly  the  amount 
of  PR'  in  one  year  ia  PH',  which  is  therefore  the  amount  of  P 
a  lAree  years.  Proceeding  thus  wo  find  that  the  amount  of  P  in 
i  years  ia  PUT ;  therefore  denoting  tiiia  amount  by  M, 

M^  PR". 


Hence 


_M      ^    logJf-logP  AlAi 

IS-'  lot 


-(?y- 


Theintereat  gained  in  rt  years  is  Jf-P  or /"(^-l). 

572.     Next  suppose  interest  ia  due  more  frequently  than  onea 
a  year;    for  example,  suppose  interest  to  be  due  every  quarter, 

and  let  v  be  the  interest  of  one  pound  for  ono  quarter^  Then,  at 
compound  interest,  the  amount  of  7*  in  n  years  is  i*  f  J  +  --  J  ; 
for  the  amount  ia  obviously  the  same  os,  if  tho  number  of  yearn 
were  iti,  and  ^  the  interest  of  ono  pound  for  one  year.  Simi- 
larly, at  compound  interest,  it  intereat  bo  duo  q  times  a  year,,  aivl 
tho  interest  of  one  pound  be  —  for  each  interval,  tbo  anjemat  ef 


n  years  u 


K-r- 


At  simple  interest  the  amoant  wUI  be  the  same  in  the  casea 
supposed  aa  if  the  interest  were  payable  yearly,  r  being  the  inter- 
est of  one  pound  for  one  year. 

573,  The  formulio  of  tho  preceding  Articles  have  been  ob- 
tained  on  the  suppositirjii  that  n  ia  an  integer ;  wo  may  therefoi-a 
aak  whether  they  Eire  true   wlicn  ji  ia  not  an  integer.      SuppoHB 


354  UTTEBEST. 

1  1  . 

n  ^m-^  -y  where  m  is  an  integer  and  -  a  prc^r  fraction.     At 

fA  /A 

Simple  interest  the  interest  of  F  for  m  years  is  Fmr ;  and  if  the 

borrower  has  agreed  to  pay  for  any  fraction  of  a  year  the  same 

Pr  . 
fracti(m  of  the  annual  interest,  then  —  is  the  interest  of  P  for 

©^  .  .  Pr  , 

of  a  year ;  hence  the  whole  interest  is  Pmr  +  — ,  that  is, 

Pnr,  and  the  formula  for  the  amount  holds  when  n  is  not  an 
integer.  Next  consider  the  case  of  compound  interest;  the 
amount  of  -P  in  m  years  will  be  PUT ;  if  for  the  fraction  of  a  year 
interest  is  due  in  the  same  way  as  before^  the  interest  of  PPT^  for 

( -  J    of  a  year  is  ^ ,  and  the  whole  amount  is  PPrfl  +  - ) . 

On  this  supposition  then  the  formula  is  not  true  when  n  is  not 
an  integer.     To  make  the  fqrmula  true  the  agreement  must  be 

that  the  amount  of  one  pound  at  the  end  of  f-j     of  a  year 

shall  be  (1  +  r)"-,  and  therefore  the  interest  for  ( - )     of  a  year 

1 
(l  +  r)''-l.     This  supposition  though  not  made   in  practice   is 

often  made  in  theory,  in  order  that  the  formuke  may  hold  uni- 
versally. 

Similarly  if  interest  is  payable  q  times  a  year  the  amount  of 

P  in  w  years  isPfl+-j  ,by  Art.  572,  if  n  be  an  integer ;  and 

it  is  assumed  in  theory  that  this  result  holds  if  n  be  not  an 
integer. 

574.  The  amount  of  P  in  w  years  when  the  interest  is  paid 

q  times  a  year  is  P  ( 1  +- )  ,  by  Art.  572 ;  if  we  suppose  q  to 

increase  without  limit,  this  becomes  Pe"'  (Art.  552),  which  will 
therefore  be  the  amount  when  the  interest  is  due  every  moment. 

575.  The  Present  value  of  an  amount  due  at  the  end  of  a 
given  time  is  that  sum  whieh  with  its  interest  for  the  given  time 


£XAMI>L£S.      XLL  355 

will  be  equal  to  the  amount.     That  is,  (Art  567),  the  Principal  is 
the  preserU  vcUtte  of  the  amount. 

576.  DUcount  is  an  allowance  made  for  the  payment  of  a 
sum  of  money  before  it  is  due. 

Fix)m  the  definition  of  present  value,  it  follows  that  a  debt  due 
at  some  future  period  is  equitably  dischai'ged  by  paying  the 
present  value  at  once;  hence  the  discount  will  be  equal  to  the 
amount  due  diminished  by  its  present  value. 

577.  To  fi)vd  tlie  present  value  of  a  sum  due  at  the  end  of 
a  given  time  and  the  discount. 

Let  P  be  the  present  value,  M  the  amount,  D  the  discount, 
r  the  interest  of  one  pound  for  one  year,  n  the  number  of  yeara, 
R  the  amount  of  one  pound  in  one  year. 

At  simple  interest : 

J/=P(l  +  wr),    (Art.  570); 

therefore  i>  =  -J^,         D  =  M^P^^^, 

1  +  nr  1  +  Tir 

At  compound  interest : 

M=PR%    (Art.  571); 

thewfore  7>^g,         D  =  M^P  =  ^^^f^. 

578.  In  practice  it  is  very  common  to  allow  the  interest  of  a 

sum  of  money  paid  before  it  is  due,  instead  of  the  discount  as  here 

_^  £^nr 

defined     Thus  at  simple   interest,  instead   of  = the  payer 

^  1  +  Tir 

would  be  allowed  Mnr  for  immediate  payment. 

EXAMPLES   OF   DTTEaEST. 

1.  Shew  that  at  simple  interest  the  discount  is  half  the  har- 
monic mean  between  the  sum  due  and  the  interest  on  it. 
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2.  At  simple  interest  the  interest  on  a  certain  sum  of  money 
is  j£180,  and  the  discount  on  the  same  sum  for  the  same  time  and 
at  the  same  rate  is  £150  :  find  the  sum. 

3.  If  the  interest  on  £A  for  a  year  be  equal  to  the  discount 
on  £B  for  the  same  time,  find  the  rate  of  interest 

4.  If  a  sum  of  money  doubles  itself  in  40  years  at  simple 
interest,  find  the  rate  of  interest. 

5.  A  tradesman  marks  his  goods  with  two  prices,  one  for 
ready  money,  and  the  other  for  a  credit  of  6  months :  find  what 
ratio  the  two  prices  ought  to  bear  to  each  other,  allowing  5  per 
cent,  simple  interest. 

6.  Find  in  how  many  years  £100  will  become  £1050  at 
6  per  cent,  compound  interest ;  having  given 

log  14  =  1-14613,    logl5  =  M7609,    log  16  =  1-20412. 

7.  Find  how  many  years  will  elapse  before  a  sum  of  money 
trebles  itself  at  SJ  per  cent  compound  interest ;  having  given 

log  10350  =  401494,        log  3  =  -47712. 

8.  If  a  sum  of  money  at  a  given  rate  of  compound  interest 
accumulate  to  p  times  its  original  value  in  m  years,  and  to  q 
times  its  original  value  in  n  years,  prove  that  n  =  m  log,  q. 


XLIL     EQUATION  OF  PAYMENTS. 

579.  When  different  sums  of  money  are  due  from  one  person 
to  another  at  different  times,  we  may  be  required  to  find  the  time 
at  which  they  may  all  be  paid  together,  so  that  neither  lender 
nor  borrower  may  lose.  The  time  so  found  is  called  the  equated 
time, 

580.  To  find  the  equated  time  of  payment  of  two  sums  due  cU 
different  times  supposing  simple  interest. 

Let  Pj,  P^  be  the  two  sums  due  at  the  end  of  <,,  t^  years 


EQUATION  OF  PAYMENTS. 


357 


respeotivelj ;  suppose  f,  greater  than  t^ ;  let  r  be  the  interest  of 
one  pound  for  one  year,  x  the  number  of  years  in  the  equated 
time. 

The  condition  of  fairness  to  both  parties  may  be  secured  by 
supposing  that  the  discount  allowed  for  the  sum  paid  before  it  is 
due  is  equal  to  the  interest  charged  on  the  sum  not  paid  until 
after  it  is  due. 

P  (t  —x)r 

The  discount  on  P,  for  <.  —  a  years  is  ^  *   ' V-  ; 

■         "        ^  l  +  («,-ic)r' 

the  interest  on  P^  for  x—t^  years  is  P,  (a?  -  ^,)  r ; 

therefore  P  (<,-a;)    ^p  f^_.y 

!+(<,  — a;)  r        *^        ' 

This  will  give  a  quadratic  equation  in  x,  namely, 

that  root  must  be  taken  which  lies  between  t^  and  t^, 

581.  Another  method  of  solving  the  question  of  the  preced- 
ing Article  is  as  follows : 

F 
The  present  value  of  P,  due  at  the  end  of  L  years  is  = — 7- ; 

P 
the  present  value  of  P^  due  at  the  end  of  t^  years  is  = — y-  ; 

P  +P 
the  J)resent  value  of  P,  +  P,  due  at  the  end  of  x  years  is  y *. 

Hence  we  may  propose  to  find  the  equated  time  of  payment, 
Xj  fixMn  the  equation 

P,  P,        P.  +  P. 

1—  + L 


l  +  ^jr     l  +  t^r      l+xr 

582.  If  such  a  questicm  did  occur  in  practice  however  the 
method  would  probably  be  to  proceed  as  in  the  first  solution,  with 
tfhki  exception,  that  the  lender  would  allow  interest  instead  of  dig-' 
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count  on  the  suni  paid  before  it  was  due ;  tlius  we  should  find  x 
from 

therefore  {F^  +  ^,)  a;  =  F,i^  +  F^t^, 

In  this  case  the  interest  on  P^  +  P^  for  x  years  is  equal  to  the 
sum  of  the  interests  of  P^  and  P^  for  the  times  t^  and  t^  respect- 
ively ;  this  follows  if  we  multiply  both  sides  of  the  last  equation 
by  n  This  nde  is  more  advantageous  to  the  borrower  than  that 
in  Art.  580,  for  the  interest  on  a  given  amount  is  greater  than  the 
discount.     See  Art.  577. 

583.  Suppose  there  are  several  sums  P^,  P^,  P^, due  at 

the  end  of  t^,  t^j  t^, yeara  respectively,  and  the  eqtcated  time 

of  payment  is  required. 

The  first  method  of  solution  (Art.  580)  becomes  very  compli- 
cated in  this  case,  and  we  shall  therefore  omit  it. 

The  second  method  (Art.  581)  gives  for  determining  x,  the 
number  of  years  in  the  equated  time, 

P,  P.  P,  ^,  +  ^,  +  ^«+ 

l  +  t^r      l  +  t^r      l-^t.f     l+ar 

P  P  P  P 

Denote  the  sum  ■= — ^—  +  = — ^—  +  r — ^—  + bv  % . 

l  +  t^r     l  +  t^r      1  +  V  l+tr* 

and  the  sum  P^  +  P^  +  P^-h by  SP;  then  we  may  write  the 

above  result  thus, 

\l  +  try      1  +  XT 
The  third  method  (Art.  582)  gives 

which  may  be  written  x^P  =  ^Pt. 

584.  Equation  of  payments  is  a  subject  of  no  practical  im- 
portance, and  seems  retained  in  books  chiefly  on  account  of  the 
Apparent   paradox    of    different    methods    occurring   which    may 
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appear  eqoally  kit,  but  which  lead  to  different  results.  We 
refer  the  student  for  more  information  on  the  question  to  the 
-article  Hiacount  in  lie  Eiigliak  Cyclopaidia.  \Va  may  observe, 
however,  that  the  difficulty,  if  such  it  be,  arises  from  the  fact  that 
njnple  interest  is  almost  a  fiction ;  the  moment  any  ^xnn  of  money 
ia  due,  it  matters  not  whether  it  is  called  principal  or  interest,  it 
is  of  equal  value  to  the  owner ;  and  thus  if  the  interest  on  bor- 
rowed money  is  retained  by  the  bonxiwer,  it  ought  injustice  to 
HiB  lender,  to  be  united  to  the  principal,  and  chai^d  with  in- 
tn«st  afterwards. 

585.     If  compound    interest    he    allowed,    the    solutions    in 
Arts.  580  sad  S81  will  give  the  same  result. 


For  the  solution  according  to  Art.  580  will  be  as  follows  : 
the  discount  on  P^  for  (,  —  l  years  ia  i",  ( 1  ■ 


the  mteieat  on  P,  for  x-t^  yeais  ia  T',  {R^'i  -  1) ; 

bn  ^,(l-jjs)-i",('^''-l)- 

From  this  equation  x  must  be  found ;  by  transposition  we 
■hall  see  that  this  is  the  same  equation  as  would  be  obtained  by 
the  method  of  Art.  581 ;  for  we  obtain 


which  shews  that  x  is  such  that  the  present  value  of  7*^  +  P^ 
due  at  the  eud  of  a;  years  is  equal  to  the  sum  of  the  present 
values  of  i*,  ajid  P,  due  at  the  end  of  (^  and  t^  jeaa-s  respectively. 

ess.      If  there  are  different  sums  7",,  P,,  /"„  due  at  the 

end  of  (,,  (,,  (,, years  respectively,  the  equated  time  of  puj- 

ment,  ie,  allowing  compound  interest,  may  he  fotind  from 


^  H''  "^  W*i  "^  * 
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which  may  be  written 


587.  "We  have  said  in  Art.  580,  that  we  must  take  that  root 
of  the  quadratic  equation  which  lies  between  t^  and  t^  \  we  will 
now  prove  that  there  will  in  fact  be  always  one  root,  and  only 
one,  between  <,  and  t^, 

"We  have  to  shew  that  the  equation 

■P.  («-«,)  {1 +  («.-«)»•}- -P.  (<,-«)  =  0 

has  one  root,  and  only  one,  lying  between  t^  and  t^ 

The  expresaion  P^  (^  —  ^i)  {1^  +  (^,  -x)r)-  P^  {t^  —  a)  is  obviously 
positive  when  x  =  t^.  If  this  expression  is  arranged  in  the  form 
aa;*  +  5aj  +  c,  the  coefficient  a  is  negative,  being  -P^r]  hence  t^ 
must  lie  between  the  roots  of  the  equtUicm  by  Art,  339 ;  that  is, 
one  root  is  greater  than  t^  and  one  root  less  than  t^  It  is  obvious 
too  that  no  value  of  x  less  than  t^  can  make  the  eocpression  vanish, 
so  there  cannot  be  a  root  of  the  eqiuUlon  less  than  <, ;  there  must 
then  be  one  root  between  t^  and  t^,  and  one  root  greater  than  t^. 

It  may  be  remarked  that  the  value  a;  =  f.  +  -  also  makes  the 
expression  positive,  and  so  the  root  which  is  greater  than  t^  must 
by  Art.  339  be  greater  than  <,  +  - . 


MISCELLAKEOUS   EXAMPLES. 

1.  Find  the  equated  time  of  payment  of  two  sums,  one  of 
X400  due  two  years  hence,  the  other  of  £2100  due  eight  years 
hence,  at  5  per  cent.     (Art.  580.) 

2.  Find  the  eqtiated  time  of  payment  of  two  sums,  one  of 
jE20  due  at  the  present  date,  the  other  of  £16.  55.  due  270  days 
hence,  the  rate  of  interest  being  twopence-halfpenny  per  hundred 
pounds  per  day.     (Art.  580.) 
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Stil 


3.  Find  the  equated  time  of  paying  two  Bums  of  money  duo 
at  different  epochs,  interest  being  Bupposed  due  every  moment. 

4.  A  sum  of  money  is  left  Ijy  will  to  he  divided  into  threa 
parta  such  that  their  iimouuta  at  compound  interest,  in  a,  6,  c  years 
respectively,  shall  bo  equal ;  determine  the  parts. 

5.  If  (t  and  n  be  positive  integers,  the  integi-al  ])art  of 
{a  +  V(a'  -  1)}-  is  odd. 


If  a  and   ! 


-tegers, 
is  even,  and 


the 


itegral   part  of 
when  n  is  odd. 


{^(rt'+l}  +  a}"i3oddwhen 

7.     Shew  that  the  remainder  after  n  terms  of  the  Bxpansion  of 

/ 1  in  a,  series  of  ascending  powers  of  a:  is 

(-')■»■  i»+l)»  +  «; 

.-   ■     (a  +  ^y    ■ 

S.    If^{)i,r)  =  nOi-I){«-2)...{)i-r+I),  shewthttt 
*(»,r)  =  *(«-2,r)  +  2r^(»-3,  r_l)4.r(>--l)t(.-2,  ,-2). 


,  shew  that 


l,l)  +  *(.«-l,l)*(«-«.  +  l,2) 

+  *(».-l,2),J(,-,»  +  l,3)4. 

10.  With  the  same  notation  shew  that 

.-(.  +  «*{»,  l)+(a  +  2fl^(»,2)-(.+  3/9),f(„,  3)+  

+  (-l)-(.*««*{n,»).0. 

11.  If  g  he  the  stun  of  n  terms  of  a  geometrical  progression 
whose  first  term  ia  a  and  common  ratio  1  +  ic,  where  x  is  very 


small,  shevr  that  n  =  -  J ' 

the  i 
that 

.Q^     (Art.  574.) 


2a 


J-  approximately. 


12.  If  a  quantity  change  continuously  in  value  from  n  to  6 
in  a  given  time  t^,  the  increase  at  any  instant  bearing  a  constant 
ratio  to  its  value  at  that  instant,  shew  that  its  value  at  any  time  t 
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588.  To  find  the  amount  of  an  annuity/  ^fb  unpaid  for  any 
number  of  years ^  aliounng  simple  interest  upon  eac3h  sum  from  the 
Urns  it  becomes  due. 

Let  A  be  the  annuity,  n  the  number  of  years,  r  the  interest  of 
one  pound  for  one  year,  M  the  amount. 

At  the  end  of  the  first  year  A  becomes  due,  and  at  the  end  of 
the  second  year  the  interest  of  the  first  annuity  is  r^l ;  at  the  end 
of  this  year  the  principal  becomes  2-4,  therefore  the  interest  due 
at  the  end  of  the  third  year  is  2rA  ;  in  the  same  way  the  interest 
due  at  the  end  of  the  fourth  year  is  ^rA ;  and  so  on ;  hence  the 
whole  interest  is  ril  +  2rA  +  ^rA  + +  (w  —  1)  r-4  ;    that  is, 

—^ — jr-J- ,  by  Art.  459 ;  and  the  Sum  of  the  annuities  is  nA  : 

therefore  Jf  =  Wil  +  — ^-^ — -  rAn 

589.  To  find  the  present  value  of  an  annuity  ^  to  continue  for 
a  certain  number  of  yearSy  aliounng  simple  interest. 

Let  F  denote  the  present  value ;  then  F  with  its  interest  for 
n  years  should  be  equal  to  the  amount  of  the  annuity  in  the  same 
time ;  that  is, 

therefore  '    p  ^!lAj!±L^tz2M . 

I  +nr 

590.  Another  method  has  been  proposed  for  solving  the 
question  in  the  preceding  Article. 

A 

The  present  value  of  A  due  at  the  end  of  1  year  is , 

(Art.  577) ;  the  present  value  of  A  due  at  the  end  of  2  years  is 

A  ,       A 

- — TT- :  the  present  value  of  A  due  at  the  end  of  3  years  is  ■= — —  . 
1  +  2r '  ^  ^  1  +  3r 

and  so  on ;   the  present  value  of  the  annuity  for  n  years  should 


be  equal  to   the  sum   of  the  prea 
uieiLtS  :  hence 


'aUies  of  the  different  i 


1  + 


^l  +  -3r 


1  + 


Some  writers  on  Algebra  have  adopted  the  solution 
a  ill  Art.  589,  and  others  that  in  Art.  590  ;  we  have  already 
intimated  in  o,  similar  case  (Art.  58i),  that  the  solution  of  Bucli 
questions  hy  simple  interest  must  he  unsatisfaftory.  The  student 
may  consult  on  this  point  Wood's  Algebra,  the  Treatise  on  Aritk- 
mHic  and  Algebra  in  the  Libi-aiy  of  Useful  Knowledge,  p.  102; 
Jones  on  the  Value  of  Annuities  arid  Reversionary  Payments, 
VoL  I.  p.  D  ;  and  the  article  Diecounl  in  the  English  Cyelopcedia. 

593.      Tlie  fonnuite  in  Arts.  589  and  590  make  the  value  of  a 
perpetual  annuity  iiiJiniU.     Fur  the  value  of  i*  in  Art.  589  may 


^  +  ^(„-l)rX  . 


when  n  is  infinite  the  denominator  of  thia  expression  becomes  r, 
aud  the  numerator  becomes  infinite ;  thus  P  is  infinite.  The 
series  given  for  P  in  Art  590  also  becomes  infinite  when  n  ia 
infinite. 

Thia  result  ia  another  indication  that  the  value  of  annuities 
should  be  estimated  in  a  different  way.  We  proceed  to  the  sup- 
position of  compound  interest. 

593.  To  find  the  amount  of  an  annuity  left  unpaid  for  any 
KitTBier  o/yeaTS,  aUoiaing  compound  interest. 

Let  A  be  the  annuity,  n  tlie  number  of  years,  R  the  amount 
of  one  pound  in  one  year,  M  the  required  amount. 

At  the  end  of  the  first  year  A  ia  dtie  ;  at  the  end  of  the 
second  year  RA  is  the  amount  of  the  first  annuity,  hence  the 
whole  sum  due  at  the  end  of  the  second  year  is  PA  +  A,  that  ia, 
{R-i- 1)  A  ;  similarly  at  the  end  of  the  third  year  the  whole  sum  due 
i  R{E^\)A  +  A,  that  is,  {R'  +  R-^\)A;  and  so  on ;  hence  the 
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whole  sum  due  at  the  end  of  n  years  is  (/?"'*  +  i?""*  4- +  1)  -^  i 

thus  M  =  -^ — ---4. 

it—  i 

594.  To  find  tlie  present  value  of  an  annuity ,  to  continue  for 
a  certain  number  of  years,  allowing  compound  interest. 

Let  F  denote  the  present  value ;  then  the  amount  of  P  in 
n  years  should  be  equal  to  the  amount  of  the  annuity  in  the 
same  time;  that  is, 

,  /£- 1  r 

595.  We  may  also  solve  the  question  of  the  preceding  Article 
by  supposing  F  equal  to  the  siun  of  the  present  values  of  the 
different  payments. 

The  present  value  of  A  due  at  the  end  of  1  year  is  -= , 

A 
the  present  value  of  A  due  at  the  end  of  2  years  is  -^ ; 

A 
the  present  value  of  A  due  at  the  end  of  3  years  is  ^3 ; 

and  so  on ; 
therefore  p  =  ^  +  ^^  +  ^^  + +  _ 


Ail-R'") 


If  the  present  value  of  an  annuity  A  for  any  number  of  years 
be  mA,  the  annuity  is  said  to  be  worth  m  years^  purchase, 

596.     To  find  tlie  present  vahie  of  a  perpetual  annuity. 

A(\  —  R~*\ 
Suppose  n  to  be  infinite  in  the  formula  F  =  — ^-^ — = — - , 

thus  ^=:k3i=7- 
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597.  To  Jind  the  present  value  of  an  annuity,  to  commence  at 
the  end  ofp  years,  a>id  l/ieii  to  eontinue  q  years. 

Tlie  present  value  of  an  annuity  to  commence  at  the  end  of 
p  years,  and  then  to  continue  q  years,  is  found  by  subtracting  the 
present  value  of  the  annuity  tor  p  years  from  the  present  value  of 
the  annuity  for  p  +  q  years ;  thus  we  obtain 


1 


1  -  «-''+" 

If  the  annuity  ic 
to  continue  for  ever 

value  becomes  -^ — 

pi-esent  value  is  the  . 


,  1-;;-' 


■  Ji- 


,  that  ii 


{li^'-H-'-'). 

at  the  end  of  ^  years,  and  then 
must  suppose  q  infinite,  and  the  present 

Tiiis  may  be  obtained  directly;   for  the- 

of  the  following  inSnit«  series. 


M'*' 


Ji'^' 


698.  The  preceding  Article  may  be  applied  to  calculate  the 
^ne  which  must  be  paid  for  the  renewal  of  a  leasa  Suppose  an 
estate  to  be  worth  £A  ])er  annum,  and  that  a  lease  of  the  estate 
ia  granted  lor  p-hq  years  for  a  certain  sum  of  money  paid  down ; 
and  aiippose  that  when  q  years  have  elajsed,  the  lessee  wishes  to 
obtain  a  new  lease  for  p+q  years  ;  he  must  therefore  pay  a  sum 
e<iuiva]ent  to  the  value  of  an  annuity  of  £A  to  begin  at  tlio  end 
of  p  years,  and  to  continue  for  q  years.  This  sum  is  culled  the 
Jine  to  bo  piaid  for  renewing  q  yeai-s  of  the  lease. 

599.  We  have  hitherto  in  the  present  Chapter  confined 
ourselves  to  the  case  in  which  the  interest  and  the  annuity  aro 
due  only  once  a  yeai".  We  will  now  give  a  more  general  pro- 
position. 

To  Jind  the  amoiinl  of  an  annuity  left  unpaid /or  n  years,  at 
compound  interest,  supposing  interest  due  q  times  a  year,  and  the 
annuily  payable  m  times  a  year. 

Let  —  bo  the  interest  of  one   pound  for  ( -  j     of  a  year ; 

dien   by   Art.    573,    the   amount    of   one   pound   i 
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0  ^iJ 


wLethar  0  be  an  integer  or  not ;  thus  the  amount  of  one 


pound  for  f  —  j    of  a  year  is  f  1  +  -  i";  we  shall  denote  this  by  p. 

Let  a  be  the  instalment  of  the  annuity  that  should  be  paid  each 
time ;  then  the  amount  of  the  annuity  at  the  end  of  n  years  is  the 
sum  of  the  following  mn  terms  : 

that  IS,  a- =->  that  IS,     a  ^ 

EXAMPLES   OF   ANNUITIES. 

In  the  examples  the  interest  is  supposed  compound  unless 
otherwise  stated. 

1.  A  person  borrows  £G00.  5^. :  find  how  much  he  must  pay 
annually  that  the  whole  debt  may  be  discharged  in  35  years, 
allowing  simple  interest  at  4  per  cent. 

2.  Determine  what  the  rate  of  interest  must  be  in  order  that 
the  present  value  of  an  annuity  for  a  given  nimiber  of  years,  at 
simple  interest,  may  be  equal  to  half  the  sum  of  the  annuities. 

3.  A  freehold  estate  of  £100  a  year  is  sold  for  £2500  :  find 
at  what  rate  the  interest  is  calculated. 

4.  The  reversion,  after  2  years,  of  a  freehold  worth  £168.  2*. 
a  year  is  to  be  sold  :  find  its  present  value,  supposing  interest  at 
2^  per  cent. 

5.  If  20  years'  purchase  must  be  paid  for  an  annuity  to  con- 
tinue a  certain  number  of  years,  and  26  years*  purchase  for  an 
annuity  to  continue  twice  as  long  :  find  the  rate  per  cent. 

6.  When  3^  per  cent,  is  the  rate  of  interest,  find  what  sum 
must  be  paid  now  to  receive  a  freehold  estate  of  £320  a  year 
1 0  years  hence ;  having  given 

log  1  032  =  -0136797,  log  7*29798  =  -8632030. 
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7.  Supposing  an  nnnmty  to  oontinua  for  evw  to  be  worth 
25  years'  piirciiase,  find  tlie  annuity  to  continue  for  3  years  wixich 
can  be  purcliased  for  X625. 

8.  A  sum  of  £1000  is  lent  to  be  repaid  with  interest  at  '4 
per  cent,  by  annuait  instalments,  beginning  with  £40  at  the  end 
of  the  firat  year,  and  increasing  30  per  cent,  each  jeax  on  tbo 
last  preceding  instalment.  Pind  when  the  debt  will  ba  paid  off; 
having  given 

log  3  =  -30103,  log  3  =  ■47712. 

0.  Find  the  present  value  of  an  annuity  which  ia  to  com- 
mence at  the  end  of  p  years,  and  to  continue  for  ever,  each  pay- 
ment being  m  times  the  preceding.     What  limitation  is  there 


10.  Find  what  sum  will  amount  to  XI  in  20  years,  at  6  per 
ocnt.,  the  interest  being  supposed  to  be  payable  every  instont. 

11.  If  interest  be  payable  every  instant,  and  the  interest  for 
one  year  be  (  —  J     of  the  principal,  find  the  amount  in  ii  years. 

12.  A  person  borrows  a  sum  of  money,  and  pays  off  at  the 
Mid  of  each  year  as  much  of  the  principal  as  he  pjiys  intereat  for 
that  yeor  :  find  how  much  he  owes  at  the  end  of  n  years. 

13.  An  estate,  the  clear  annual  value  of  which  is  £A,  is  let 
on  a  lease  of  20  years,  renewable  every  7  years  on  payment  of  a 
fine :  calculate  the  fine  to  he  paid  on  renewing,  interest  being 
allowed  at  six  per  cent.  ;  having  given 

log  106  =  2'0S53059,  log  4-688385  =  -6710233, 

log3-118042  =  -4938820. 

I.     A  person  with  a  capital  of  £a,  for  which  he  receives 

interest  at  r  per  cent.,  spends  every  year  £b,  which  is  more  than 

hia  original  income,     JFind  in  how  many  years  he  will  be  ruined. 

Ex.  If  »  =  1000,  r  =  5,  6  =  90,  shew  that  he  will  be  ruined 
before  the  end  of  the  17th  year ;  having  given 

log  2  =  -3010300,         log  3  =  -4771213,         log  7  =  -8450980. 
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XLIV.     CONTINUED   FRACTIONS. 

600.  Every  expression  of  the  form  a± -j  is  called 

a  continued  fraction.  e*cic. 

We  shall  confine  our  attention  to  continued  fractions  of  the 
form  a  + = — ,  where  a,  6,  c, are  all  positive  integers. 

c  +  <fec. 
For  the  sake  of  abbreviation  the  continued  fraction  is  some- 
times written  thus  :  a  +  5 ; —  • 

6  +  c  +  <fec. 

When  the  number  of  the  terms  a,  6,  c, VAfinite,  the  con- 
tinued fraction  is  said  to  be  terminating ;  such  a  continued  fic- 
tion may  be  reduced  to  an  ordinary  fraction  by  effecting  the 
operations  indicated. 

601.  To  convert  any  given  fraction  into  a  continued  fra>ction. 

Let  --  be  the  given  fiuction;  divide  m  by  w,  let  a  be  the 

•  7n  f)  1 

quotient  and  p  the  remainder  :  thus  —  =  »  +  —  =  «  +  -.    Next  di- 

^  '  n  n  n 

P 
vide  n  by  p,  let  b  be  the  quotient  and  q  the  remainder ;  thus 

-  =6  +  i.  =6  +  -.     Similarly,  -  =  c  +  -=c  +  -,   and  so  on. 
P  2^  P  ^  9  g 

q  r 

Thus  —  =  a  + 


5  + 


c  +  (kc. 

If  m  be  less  than  n,  the  first  quotient  a  is  zero. 

We  see  then  that  to  convert  a  given  fraction  into  a  continued 
fraction,  we  have  to  proceed  as  if  we  were  finding  the  greatest 
common  measure  of  the  numerator  and  denominator;    and  we 
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moBt  therefore  at  last  arrire  at  a  point  where  tlie  remaiiider  ia 
WTO  and  the  operation  temiinatea ;  hence  every  fraction  can  bo 
converted  into  a  terminating  continued  fraction, 

602.     The  fractions  formed  by  taking  one,  two,  three,  ...  of 

the  quotients  of  the  continued  fraction  a  +  z :—  are  called 

converging  fractions  or  convergenfa.    Thns  the  first  convergent  is  a ; 

the  second  convergent  ia  formed  from  a  +  ^ ,  it  ir  '■'•  — ' — 


the   third   convei^ent   i 


s  therefore  - 


•^"Z^.J^  ■  and  s 


G03.  The  eonveTgenia  taken  in  order  are  aliemalelij  leas  and 
greater  than  Hie  coniinued fraction. 

The  first  convergent  o  is  too  small  because  tlie  part  ,  ■  v;—  tA 
omitted ;  a  +  ~  ia  too  great  becanse  the  dcDominator  b  is  too 
small ;    a  + is  too  small   because  6  +  -  ia  too  great ;   and  , 


60i.     To  prove  the  law  of  formation  of  ^  euceeaaive  ( 

vergenta. 

IT.     j?_i  ii.  ,  a     ai  +  1      aia  +  a- 

Ihe  aim  three  convergents  are   y,   - — j—,    — j- — =- 

numerator  of  the  third  is  c{ab  +  !)  +  «,  that  is,  it  may  be  formed.^ 
by  multiplying  the  numerator  of  the  second  by  the  third  quotient  * 
and  adding  the  numerator  of  the  first;  the  denominator  of  the 
third  convergent  may  be  formed  in  a  similar  manner  by  multi- 
pljiing  the  denominator  of  the  second  by  the  third  quotient,  and 
adding  the  denominator  of  the  first.  We  shall  now  shew  by  in-  _ 
duction  that  such  a  law  holds  universallv. 

T.  A.  "  2i 
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P     p'     P^' 
Let  -,  -^j  "^z,  be  three  consecutive  convergents;  m,  m\  m!\ 

the  corresponding  quotients ;  and  suppose  that 

Let  w"'  be  the  next  quotient;   then  the  next  convergent 
differs  from  ^,  only  in  taking  in  the  additional  quotient  m"', 

BO  that  we  have  to  write  m"  +  — tt?  instead  of  m'':  thus  the  next 

m 

convergent 


mfy-^p' 


w!"  {m"q'  +  q)  +  q'     m"'q''  +  q' ' 


If  therefore  we  suppose 

jP   =  m  ^  +  ^    and  g'   =  wi  5^  +  g' , 


jf  .jtf 


P      •  /^ 

the  next  convergent  to  ^  will  be  equal  to  ^ ,  thus  the  converg- 

ent  ^,  may  be  formed  by  the  same  law  that  was  supposed  to 

hold  for  ^, ;   but  the  law  has  been  proved  to  be  applicable  for 

the  third  convergent,  and  therefore  it  is   applicable  for  every 
subsequent  convergent. 

We  have  thus  shfewn  that  the  successive  convergents  may  be 
formed  according  to  a  certain  law ;  as  yet  we  have  not  proved 
that  when  they  are  so  fonned  each  convergent  is  in  its  lowest 
terms,  but  this  will  be  proved  in  Art.  606. 

605.  The  difference  hetvceen  any  two  consecutive  convergents 
is  a  fraction  whose  numerator  is  unity,  and  whose  denominalot^  is 
the  product  of  the  denominators  of  the  convergents. 

This  is  obvious  with  respect  to  the  first  and  second  converg- 

^     06  +  1     a     1 

ents,  for  — r t  =  r  • 

0         X     0 
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Suppose  the  law  to  hold  for  any  two  consecutiye  convergenta 
|,  I';  ihatiB,Buppo«ey^.;>g'  =  *l,sothat 

then,    fi-jlq['=  {my+p) q-p' {m!'q'  +  q) ^pq^qp'=.^\, 

80  that  C^--C  =  =p__. 

^      ^       9  9 

thus  the  law  holds  for  the  next  convergent.     Hence  it  is  univer- 
sally trua 

606.  AU  convergenta  are  in  their  lowest  terms. 

For  if  the  numerator  and  denominator  of  ~  had  any  common 
measure  it  would  divide  p'q  -  pq'  or  unity,  which  is  impossible. 

607.  Every  convergent  is  newrer  to  the  continued  fraction  Hum 
m%y  of  the  preceding  convergents. 

We  shall  prove  this  by  shewing  that  every  convergent  is  nearer 
to  the  continued  fraction  than  the  preceding  convergent. 

7}        %)         V 

Let  ->  "^j  ^  be  consecutive  convergents  to  a  continued 

fraction  x  :  then  ^,  =    f,      ■.     Now  x  differs  from  S?  only  in 
'  5^'     mq-hq  q 

taking  instead  of  w''  the  complete  quotient  ml'  +  —fj-, — -jr-  \  this  will 

be  some  quantity  greater  than  unity,  which  we  shall  denote  by  /x ; 
thus 

thereiore  — x  = -. =  — 7 — -, r- = — 7 — ? r» 

q  q      iiqf  +  q       q{fiq +q)        qim+qy 


^    M'-^q   q'   ^M-^q)    q'if^-^qY 

24—2 
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Now  1  is  less  than  fi  and  q  is  greater  tlian  q  j  hence  on  both 
accounts  the  difference  between  x  and  —,  is  less  than  the  differ* 

ence  between  x  and  -  ;  that  is,  ^  is  nearer  to  x  than  -  is. 

q'  '  q'  q 

608.     To  determine  lindta  to  ike  error  made  in  taking,  any 

convergent  for  tlie  continvsd  fraction,, 

P 

By  the  preceding  Article  the  difference  between  x  and  -  is 

or 1 ;  this  is  less  than  — /  aad  greater  than 


.     Since  q'  is  greater  than  q,  the  error  a  fortiori  is  less 


9W  +  9)'        ^f^^^V  ^i 

1 

than  -J  and  greater  than  ^-75 ;  these  limits  are  simpler  than  those 
first  given,  though  of  course  not  so  close. 

609.  In  order  that  the  error  made  may  be  less  than  a  given 

quantity  ^ ,  we  have  therefore  only  to  form  the  consecutive  con- 

,  ,  p 

vergents  until  we  arrive   at  one   -,   such   that   (f  is  not  less 

than  k, 

610.  Any  convergent  is  nearer  to  the  continiLed  fraction  than 
any  other  fraction  which  has  a  smaller  denominator  than  the 
convergent  has. 

p  ■  r  » 

Let  =->.be  the  convergent,  and  -  a  fraction,  such  that  s  is 
q  s 

P 

less  than  t^.     Let  x  be  the  continued  fraction,  and  -  the  con- 
vergent immediately  preceding  ^ ,     Then  -,«,—,  are  either  in 

jL  2  2*' 

r 

ascending  or  descending  order  of  magnitude  by  Art.  603.     Now  - 

cannot  lie  between  -  and  ^ :  for  then  the  difference  of  -  and  - 

q  gf'  9  q 


CONTINUED  FRACTIONS.  873 

would  be  less  than  the  difference  of  ~  and  ^ ,  that  is,  less  than 

q  q''  ^ 

— ;-,  and  therefore  the  difference  of  ps  and  qr  would  be  less  than 
qq 

g 
-/,  that  is,  an  integer  leas  than  a  proper  fraction,  which  is  im- 

"  ■  •  f  •  / 

ff  If)        T  T       7)  J) 

possible.     Thus  either  - ,  a?,   -, ,    -,  or  -,  ^,  x,  ^,  must  be  in 

q        q     8        8    q        q 

T 

order  of  magnitude.     In  the  former  case  -  differs  more  from  x 

than  — ,  does  :  in  the  latter  case  -  differs  more  from  x  than  -  does, 
q  s  q 

and  therefore  a  fortiori  more  than  S  does. 

P     V 
611.     Suppose  -  ,   -/  two  consecutive  convergents  to  a  con- 
tinued fraction  oj,  then  ^-~  is  greater  or  less  than  a*  according 

qq 

as  -  is  greater  or  less  than  ^ .     For,  as  in  Art.  607,  we  have 

q  q 

«,  =  ?^;   therefore  ^-?^' =4^-^^^^ 

Eeduce  the  fractions  on  the  right-hand  side  to  a  common  de- 
nominator ;  then  the  numerator  is  pp^{fiq^+  qY-  qq'  (ftp'  +py,  that 
is,  fi'  (ppY  -  qqy')  +  pp'q'  -  qq'p%  that  is,  Wq'-pq)  {pq-p'q). 

The  factor  fJi'p*q'—pq  is  necessarily  positive ;  the  fsLctor  pq^—p'q 

is  positive  or  negative,  according  as  -  is  greater  or  less  than  ~, ; 

hence  ~  is  greater  or  less  than  —^  ,  that  is,  ^  is  greater  or  less 
qx        ^  p"  '  qq'       ^ 

than  a*,  according  as  -  is  greater  or  less  than  ^ . 
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Conyert  the  following  four  fractions  into  continued  fractions : 

1380  9     ^  o      19763  743 

•     1051'  612'  44126*  611* 

5.  Find  three  fractions  converging  to  3*1416. 

6.  Find  a  series  of  fr*actions  converging  to  the  ratio  of 
5  hours  48  niinutes  51  seconds  to  24  hour& 

P      P      P 

7.  If  '^j  ^,  "^  be  three  consecutive  eonvergent&   shew 

9,     9,     9s 

8.  Prove  that  the  numerators  of  any  two  consecutive  con- 
vergents  have  no  conunon  meadui^  greater  than  unity;  and 
similarly  for  the  denominatorSi 

9.  If  — * ,   ^ ,  "^ ,  . . .  be  successive  convergents  to  a  continued 

9x        92        % 

fi^action  greater  than  unity,  shew  that  1?,9',_,  "Pn-i^n  ~  (""  1)* 

10.  Shew  that  the  difference  between  the  firsfc  convergent 
and  the  n^  convergent  is  numerically  equal  to 

1  1  1  (-1)- 

9,92     929z     9z9^  9n-^9. 

11.  Shew  that  (^^-l\  (l -^^>^  =  (—'-0  (^ "  ~)  ' 

12.  If  fL^  be  the  n^  quotient  in  a  continued  fraction  greater 
than  unity,  shew  that  pjj^_^ -Pn~29n  =  (-  1)""V«- 

13.  If  ?^i^,   ^Jizi^  ^, be  successive  convergents  to  the 

9n-2         9n-y         9n 

continued  fraction  -^  -^  -^ shew  that 

and  hence  th&t    p„7u~x '-Pn-i9n=^  ir^Y''Pyf^^ P.- 
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p  F 

14.  J£  ^  denote  the  w*  convergent  to  a  fraction  t^«  and 

i?,  denote  the  n***  remainder  which  occurs  in  the  process,  of 

P 
converting    the  fraction   tt  to  a  continued  fraction,  shew  that 

15.  Shew  that  the  difference  of  ^  and  ^  is  tt*^  . 

16.  In  converting  a  fraction  in  its  lowest  terms  to  a  con- 
tinued fraction,  shew  that  any  two  consecutive  remainders  have 
no  common  measure  greater  than  unity. 


XLV.     REDUCTION   OF   A  QUADRATIC  SURD   TO   A 

CONTINUED   FRACTION. 

612.  A  quadratic  surd  cannot  be  reduced  to  a  terminating 
continued  fraction,  because  the  surd  would  then  be  equal  to  a 
rational  fraction,  that  is,  would  be  commensurable;  we  shall  see, 
however,  that  a  quadratic  surd  can  be  reduced  to  a  continued 
fraction  which  does  not  terminate :  we  will  first  give  an  example, 
and  then  the  general  theory.     Take  the  square  root  of  6 ; 

2 

1 

V(6)  ^.  2  ,/(6)  -  2  2  1 

1       ~  1       ~*'^V(6)  +  2"    ^6y+2' 

2 
the  steps  now  recur;  thus  we  have 

111        1 


V(6)  = 


2  +  4H-:5-f4  +  (toc. 
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In  the  above  process  the  expression  which  occurs  at  the  beginning 
of  any  line  is  separated  into  two  parts,  the  first  part  being  the 
greatest  integer  which  the  expression  contains,  and  the  second  part 
the  remainder;  thus  the  greatest  integer  in  ^6  is  2,  we  therefore 
\(rrite 

n/(6)  =  2  +  {V(6)-2}; 
again,  the  greatest  integer  in         — -  is  2,  we  therefore  write 

n/(6)  +  2     g,  V(6)-2 
2  2       ' 

and  so  on;  the  remainder  is  then  made  to  have  its  numerator 
rational,  and  is  expressed  as  a  fraction  with  unity  for  numerator; 
we  then  begin  another  line  of  the  process. 

We  may  notice  in  the  example  that  the  quotients  begin  to 
recur  as  soon  as  we  arrive  at  a  quotient  which  is  double  of  the 
first.     This  we  shall  presently  shew  is  always  the  case. 

613.  Let  iV  be  any  integer  which  is  not  an  exact  square;  let 
a  be  the  greatest  integer  contained  in  ,jy^;  write  J^  in  the  form 


1 


for  symmetry,  and  proceed  thus : 


J(A')  +  0        .  J(N-)-a     _,         r 


r  "'^  r  ~        n/(^)  +  «" 

if  a'  =  rb~a,  and  r'= : 

r 

y        '"  *  r'  '      \/{N)  +  a"' 

if  a"  =  r'6'  -  a',  and  r"  =  ^—  ; 

J{^)  +  a"     ^n.J{^  +  a"-r"b"     . 
-r, =*  + pT =  <fcc. 
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In  this  process  we  suppose  h,  b\  h'\  ...  to  be,  like  a,  the  grecUesi 
int^ers  contained  in  the  expressions  from  which  they  respectively 
spring;  hence  it  follows  that  r,  /,  /',  r"', ...  are  all  positive.  Eor 
a'  is  less  than  I^,  hence  r  is  positive,  and  b  is  the  greatest  integer 

in  — — ,  so  that  5  is  of  course  less  than  -^^-^ — ;  hence  of* 

T  T 

is  less  than  Ny  and  so  /  is  positive ;  and  so  on.  We  have  noticed 
this  fact,  because  it  follows  very  obviously  from  the  process ;  it  is, 
however,  included  in  the  proposition  of  the  following  Article. 

614.     In  the  expressions  which  occur  at  the  beginning  of  the 
lines  in  Art  613,  we  have  the  following  series  of  quantities: 

0,  a,  a',  a!\  a!",  &c (1), 

1,  r,  r',r",r%&c (2), 

and  the  corresponding  series  of  quotients  is 

a,  5,  6',  6",  5"',  &c (3). 

We  shall  now  shew  that  the  terms  in  (1)  and  (2)  are  all  posi- 
tive integers;  those  in  (3)  are  known  to  be  such. 

Let  a,  a',  a"  be  any  thi*ee  consecutive  terms  of  (1);  p,  p\  f/' 
the  corresponding  terms  of  (2);  ^,  ^,  )8"  those  of  (3).     Let  the 

corresponding    convergents    to    s]{N)    be    -,,,—,,   so   that 

*»"  />//„/    .     „  2  2  2 

Sr  =  "SJ^T — -  ;  these  convergents  can  all  be  formed  in  the"  usual 
q        pq-^q 

wa,j,  since  all  the  terms  in  (3)  are  positive  integers. 

Since  the  comj)lete  quotient  corresponding  to  j8"  is  ^^ — {-, , 

P 
we  have,  by  Art.  607, 
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Multiply  up,  and  then  equate  the  rational  and  irrational 
parts  (Art.  299);  thus 

therefore  a"  {pq'  -p'q)  =  PP'  -  qq^y 

p"{pq'-p'q)  =  q"Jf-p". 

Now  pq'  —  p'q  =  ±  1,  hence  a"  and  p"  are  integers.  And  it  is 
proved  in  Art.  611  that  pq^—p'q,  pp'  —  qq'^y  and  q^N  —p'*  have 
the  aaine  sign ;  hence  a"  and  p"  are  positive  integers. 

This  investigation  may  be  applied  to  any  corresponding  pair 
of  quantities  in  (1)  and  (2)  except  the  first  two  pairs;  it  cannot  be 

applied  to  these  because  two  convergents  -  and  ~  are  assumed  to 

„// 
precede  the  convergent  ^  .     But  the  first  two  pairs  of  quantities 

in  (1)  and  (2),  namely  0  and  1,  and  a  and  r,  are  known  to  be 
positive  integers.  Thus  all  the  quantities  in  (1)  and  (2)  are 
positive  integers. 

615.  The  greatest  term  in  (1)  is  a.  For  by  the  mode  of 
foi-mation  of  the  series,  pp  ^N—  a';  since  p  and  p'  are  positive,  a'* 
is  less  than  iV",  and  therefore  a'  is  not  greater  than  a, 

616.  N'o  term  in  (2)  or  (3)  can  be  greater  than  2a.  For  by 
the  mode  of  formation  of  the  series,  a'4-a"  =  p')8';  and  since  neither 
a'  nor  a"  can  be  greater  than  a,  neither  p'  nor  /3'  can  be  greater 
than  2a. 

617.  If  p"=l,  thena"=a. 

For,     by    Art.     614,     a'  +  p"?,  =  ^,,      therefore     if    p"=  1 

a"  +  a  fraction  =  —^ .     Now  ^  is  a  nearer  approximation   to   ^N 

than  a  is,  and  a  is  less  than  -y/iV ;  therefore  —,  is  greater  than  a ; 
hence  a"=a. 
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618.  If  any  term  in  (1),  excluding  the  first,  be  subtracted 
from  a,  the  remainder  is  less  than  the  corres[K)nding  term  in  (2). 

For,  by  Art   614,    aq+p'q=p';  therefore  ?  =  l/^'-a''^  : 

thex«fore  ^  —  o"  is  less  than  p";  therefore,  a  fortiori,  a-af'  ia  less 

thanp''. 

This  demonstration  will  only  apply  to  the  third  or  any  fol- 
lowing term,  because  in  Art.  614  it  is  supposed  that  two  terms 
Oj  a'  precede  a".  The  theorem,  however,  holds  for  the  second 
term,  as  ia  obvious  by  inspection,  for  a  —  a,  or  zero,  is  less 
than  r. 

619.  It  is  shewn  in  Arts.  615  and  616  that  the  values  of  the 
terms  in  (1)  and  (2)  cannot  exceed  a  and  2a  respectively ;  hence 
the  same  values  must  recur  in  the  two  series  simultaneously,  and 
there  cannot  be  mare  than  2a'  terms  in  each  series  before  this 
takes  place. 

620.  Let  the  series  (1)  be  denoted  by 

«!>    C^a>    »8J    *m-lJ    «mJ    ««i+l> <*ii-lJ    »•>    ^«+l> 

jmd  let  a  similar  notation  be  used  for  (2)  and  (3).  We  have 
proved  that  a  recurrence  must  take  place,  suppose  then  that  the 
terms  from  the  m***  to  the  (n  —  1)"*  inclusive  recur,  so  that 

^»==^m>  ^«+l==^m+l>  ^n+8  =  ^m+a> 

**i»*^m>  **n+l~^m+l>  '^n+i~  ^m+ii 

We  shall  shew  that 

We  have  r^^^r^  =  N-  ajy        r^_^r^  =  N-  a^\ 
but  r^  =  r^,  and  a„  =  a„;  therefor©  rn_,  =r^_j. 

Again,   a«_i  +  a«  =  r„_i5^_i,  an-i  +  ^n  =  ^n-i^«-i; 

therefore  a,.i  -  a^_^  =  (5^i  -  h^^  r^., ; 

therefore     '»-^~   "»-'  =  J^  ^  _  5^_j  =  zero  or  an  integer. 
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But,  by  Art.  618,  o-a«^-i  is  less  than  r„^i,  and  «^a,_i 
is  less  than  r^^  so  that  a  —  a^^  is  less   than  r,^ij  therefore 

««  1  —  ^i»-i  is  less  than  r^i ;  therefore  -^^ ^^  is  less  than  1. 

Comparing  this  with  the  former  result,  we  see  that  "^^  — "^^ 
must  be  zero ;  therefore  a„_i  =  a^i,  and  6^i  =  6^_i. 

c 

Hence,  knowing  that  the  ni^  term  recurs,  we  can  infer  that 
the  (m-l)*^  term  also  recurs.  This  demonstration  holds  as 
long  as  m  is  not  less  than  3 ;  for  it  depends  on  the  theorem 
established  in  Art.  618.     Hence  the  terms  recur  beginning  with 

the  complete  quotient  -^^^ . 

621.  The  last  quotient  will  always  be  2a. 

For  let  the  last  complete  quotient  be  — — -.  then  the 

next  is  — — '- ;  hence  a^-^-a^ r„5»,  r^r  =  N-  a*;  but  r  =  N-  a* : 

r 

therefore  r„=  1  j  therefore,  by  Art.  617,  ««  =  »  j  therefore  l>^  =  2a. 

622.  Every  periodic  continued  fraction  is  equal  to  one  of  the 
roots  of  a  quadratic  equation  with  rational  coefficients, 

1  111 


Let  x  =  a  + 


b  + h+  k  +  y' 

1  111 


where  t/  =  r  +  — 

8+ u  +  v+  y 

so  that  a,  b,  h,  k  are  the  quotients  which  do  not  recur,  and 

r,  8,  u,  V  are  those  which  recur  perpetually. 

Let  ^  be  the  convergent  formed  from  the  quotients  a,  5,  ... 

p 
down  to  k  inclusive  j  and  let  -  be  the  convergent  immediately 

preceding  ^ ;  then,  as  in  Art.  607, 


«=?;?^ (1). 
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Let  ^  be  the  convergent  formed  from  the  quotients  r,  «, ... 

.  F 

down  to  V  incluslTe;  and  let  ^  be  the  convergent  immediately 

preceding  ^ ;  then 

^=W^^ <2)- 

From  (1)  and  (2)  by  eliminating  y  we  obtain  a  quadratic 
equation  in  x  with  rational  coefficients.  To  obtain  x  we  must 
solve  this  equation :  or  we  may  take  the  positive  value  of  y  found 
from  (2),  that  is,  from  QY+{Q -P") y-F  =  0,  and  substitute 
it  in  (1). 

3 

623.  The  following  theorem  in  continued  fractions  may  be 
noticed. 

Let  J ; 77  be  the  development  of  a  proper 

F 
fraction  ^ ;  and  let  the  corresponding  series  of  convergents  be 

1         c  P     ^     ^     ^ 

6'   cb  +  l' q'   ^'    ^"    Q' 


then  the  development  of  ^  will  be 


1    1 


m''  +  m'-^m  + c+  b' 

that  is,  the  same  quotients  will  occur  but  in  the  reverse  order. 

For  0  =  m'V  +  g',  therefore  ^  =  ;  : 

2 

f/  1 

5^'  =  m'q  +  qy    therefore    ~„  =  — ; 

^       w'  +  ? 

and  so  on. 

g'         1        1       1  11 
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624.     The  preceding  theorem  will  furnish  an  addition  to  the 
results  obtained  in  the  present  Chapter. 

Let  -  and  — ,  be  two  successive  convergents  to  JN^  such 

that  -7  is  the  last  convergent  formed  before  the  quotients  recur ; 
therefore  by  Arts.  614  and  621,  je>'  =  05'  +  q. 

Now  the  development  of  - — 7-^,  that  is  of  ^^-a,  will  be 

with  the  notation  of  Art.  620 

111  111 


and  the  last  convergent  will  be  - — —.     But  we  have  just  seen 
that  3'=^  — og''.     Hence  by  Art.  623 

62o.  There  is  also  a  recurrence  of  the  same  terms  in  the 
i^everse  order  with  respect  to  the  second  and  the  third  series  of 
Arts.  614  and  620,  like  that  which  has  just  been  demonstrated 
with  respect  to  the  first  series. 

We  have  imiversally 

r     T  ^.N-aJ  (1),         »„-,  +  ««.=»•«-,  ^^-1  (2). 

Put  in  (1)  f or  m  successively  the  values  2  and  w;  thus 

we  know  that  a^  =  a^  for  each  =  a,  and  that  r,  =r^  for  each  =  1  : 
therefore  r^  —  r    ,. 

Put  in  (2)  for  m  successively  the  values  3  and  n ;  thus 

wo  know  that  a,  =  a^,  that  r^  =  r^_^^  and  that  h^  =  h^__^  :  therefore 

Again,  put  in  (1)  for  m  successively  the  values  3  and  w—  1  : 
hence  we  obtain  ^3  =  ^,_,.  Put  in  (2)  for  m  successively  the  values 
4  and  w-  1  :  hence  we  obtain  ^4=  a^«,.     And  so  on. 


Wo  Pc  / 
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62G.  The  following  theorem  relating  to  continued  fractions 
was  communicated  to  the  present  writer  by  Mr  Bickard  of  Bir- 
TOinghA-Tw-  The  theorem  will  furnish  high  convergents  to  the 
square  root  of  a  number  with  little  labour. 

Let  iT  be  a  positive  integer  which  is  not  an  exact  square, 
and  let  the  convergents  to  J^  be  supposed  formed  in  the  usual 
way;  let  c  be  the  number  of  recurring  quotients  in  one  com- 
plete cycle,  or  any  multiple  of  that  number ;  let  —  be  the  c^ 

convergent,  and  —  the  (2cy^  convergent ;  then  will 

Let  a  be  the  greatest  integer  in  ^iT,  and  let  the  quotients 
obtained  by  converting  ^iT  into  a  continued  fraction  in  the  usual 
way,  be  denoted  by 

Then  from  Arts  620,  621  we  have 

^«  =  *c+2>  h  =  K+t,  ^4  =  *c+4 (1); 

also  6i  =  a,  6e+i=2a (2). 

Let  -^  and  -^  be  the  convergents  immediately  preceding 
2'c_i  2'c+i 

andfoUowing^;  then ^^  =  ^^^^!i±^^\ 

Now  fj^  differs  from  ^^  in  this  respect ;    instead  of  using 

tiie  quotient  bc^i  we  must  use  the  corresponding  complete  qfwtient, 
which  is  a  +  JN,  by  Art.  621. 

Therefore  ^^  ^  j^  ^  n/^  P- ^  ?^-^ ; 

multiply  up,  and  equate  the  rational  and  the  irrational  parts; 
thus 

^P^'^P^-.i^^q.f     «yo+7c-i=/>o • (3). 
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Again,  —  differs  from  ^^  in  this  respect;  instead  of 
osing  the  quotient  b^+i  we  must  use  the  continued  fraction 
6,.  1  + , J-  ;  and  this  continued  fraction  by  (1)  and  (2)  is 

equal  to  a  +  6, +r—  r»  that  is,  it  is  equal  to  a+^. 

Therefore 


Pic         \  gc/ 9^ 


^'c  +  9'c-l 


.b.(%    .i(£*f-)- 


We  can  give  an  interesting  geometrical  illustration  of  the 

Pe 

theorem.     If  iV.  denote  the  area  of  a  rectangle  and  —  be  taken  for 

one  side,  the  other  side  is  — ^.     Thus  ^^  is  equal  to  half  the  sum 

of  the  sides  of  this  rectangle.     Let  h  and  k  denote  the  side^  of  one 
rectangle;  then  if  J  (A  +  A;)  denote  a  side  of  another  rectangle  of 

the  same  area  the  other  side  will  be  ; — =■ ;  the  difference  of  these 

h  +  k 

two  sides  will  be  ^— — ^,  which  is  less  than  h-k.     Now  in 

2  {h  +  k) 

seeking  JN"  we  in  fact  desire  the  side  of  a  square  of  which  the 

area  is  N ;  and  the  present  theorem  may  be  considered  to  supply 

a  series  of  rectangles,  in  which  a  side  of  each  rectangle  is  half  the 

sum  of  the  sides  of  the  preceding  rectangle;  so  that  each  rectangle 

is  more  nearly  equilateral  than  the  preceding  rectangle :  and  the 

rectangles  tend  to  the  form  of  a  square.     This  illustration  has 

been  suggested  by  a  paper  entitled  The  Eectangula/r  Theorem  by 

Henry  Brook. 

Suppose  for  an  example  that  A^  =  a*+  1 ;  then  the  quotients  are 
a,  2a,  2a,  2a, ...;   that  is,    the  cycle  of  recurring  quotients  re- 
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duoes  to  tlie  single  quotient  2a,     In  this  case  then  c  may  be  any 
whole  number  whatever. 

Suppose  for  another  example  that  i\r=a*—  1 ;  then  the  quo- 
tients are  a-1,  1,  2(a-l),  1,  2(a-l), ...;  thus  the  cycle  of 
recurring  quotients  consists  of  the  two  quotients  1  and  2  (a-  1). 
Thus  in  the  above  theorem  c  may  be  any  even  whole  number. 
In  this  case  however  the  theorem  will  also  be  true  if  c  be  any 
odd  whole  number,  as  we  will  now  shew. 

Suppose  c  any  odd  whole  number.  Since  the  ((j+ 1)*  quotient 
is  unity  we  have 

Pc^i=Pc+Pc^u      9'c+i  =  3'c  +  gc_i (4). 

And,  in  the  same  manner  as  equations  (3)  were  proved, 
we  have 

Now   ~    differs    from    ^^    in    this    respect:    instead    of 

ucdng  the  quotient  unity  we  must   use  the  continued  fraction 

l+TT? TT — T  I  and  this  continued  fraction  is  equal  to 

2  (a  - 1)  +  1 '  ^ 

1  a 

,  that  is,  to  ^^  by  the  second  of  equations  (5). 
^^-(a-1)  ^' 

Thus  ^=—± =_§ ,  by  (4). 

From  equations  (5)  since  i\r=a"—  1,  it  may  be  deduced  that 

^^+^"       2(a-l)       '      ^'^'''      2(a-l)     ' 
Substitute  these  values  in  the   last  expression  for  ^  and 

we  obtain  —  =      ,,         . 
q2c         ^Pc 

T.  A.  ^^ 
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EXAMPLES   OF  CONTINUED   FRACTIONS   FROM   QUADRATIC  SURDS. 

Express  the  following  fourteen  surds  as  continued  fractions, 
and  £bid  the  first  four  convergents  to  each  : 

.       1.  JS.            2.    V(10).             3.    V(14).  4.    V(17)- 

5.  ^(19).         6.    V(26).            7.    J{27).  8.    ^(^6). 

9.  V(53).                     10.    jaOl).  11.    V(«'+l). 

12.  Jia*-!).                13.    V(«'  +  4  li.    N/(a"-4 

15.  rind  the  S^  convergent  to  ^(13). 

16.  Find  the  8"*  convergent  to  ^(31). 

17.  Shew  that  the  9**"  convergent  to  ^/(33)  will  give  the  true 

value  to  at  least  6  places  of  decimals. 

211 

18.  Find  limits  of  the  error  when  -jj-  is  taken  for  J{23). 

916 

19.  Shew  that   yqT  <iifiers  from  ^(23)  by  a  quantity  less 

than  -j^  and  greater  than  ^  .^^^y . 

1151 

20.  Find  limits  of  the  error  when  -oTTT  ^  taken  for  ^/(23). 

21.  Find  limits  of  the  error  when  the  8*^  convergent  is  taken 
for  V(31). 

3  +  2+3  +  2  + "Vw' 

23.     Shew  that 


22.     Shew  that  1  +  7;—  s— 


/      _l__l_i_i_          VJ_JL^JL  "^  =  5 

\       b+a+b+  a+ /\6  +  a  +  6  +  a+ Jb' 

24.     Shew  that 

1111 

a+4a+a+4:a+  ^^  ^' 

shew  that  the  second  convergent  differs  from  the  true  value  by  a 

quantity  less  than  1  +  a  (4a*  +  1)  ;  and  thence  by  making  a  =  7, 

99  1 

shew  that  =^  differs  from  ^2  by  a  quantity  less  than  .  ^-^.^  . 
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25.  Shew  that  the  3**  convergent  to  J{a'  +  a  +  1)  is  J  (2a  +  1). 

26.  Find  convergents  to  ^  :  shew  that  z^  exceeds  the  true 

4  30 

value  by  a  quantity  less  than       -^  . 

27.  Find  the  6**  convergent  to  .  /(k)  • 

28.  Find  the  6**  convergent  to  the  positive  root  of 

2ic*-3a;-6  =  0. 

29.  Find  the  6***  convergent  to  each  root  of 

«*-5a;  +  3  =  0. 

30.  Find  the  7^  convergent  to  the  greater  root  of 

2a:*-7aJ  +  4  =  0. 
1 


31.     Find  the  6***  convergent  to 


V(45)- 


32.     Find  the  value  of  1  +  s—  ^5- 

2  +  2  + 


33.     Find  the  value  of  :; —  jr-  -^ —  s— 

1+2+1+2+ 


34.  Find  the  value  of  1  +  -„—  ^—  =—  ^r—  o"  1 — 

2+3+1+2+3+1+ 

35.  Find  the  value  of  ^ —  ^r—  - —  -ir-  tt-  1 — 

3+  2+ 1+  3  +  2+  1  + 


36.     Findthevalueof  2  +  ^^^-^-^:=^ 

1+3+5+1+5+1+ 


XLYL     INDETERMINATE  EQUATIONS  OF  THE 

.  FIRST  DEGREE. 

627.  When  only  one  equation  is  given  involving  more  than 
one  variable,  we  can  generally  solve  the  equation  in  an  infinite 
number  of  ways ;  for  example,  if  aas  +  5y  =  c,  we  may  ascribe  any 
value  we  please  to  x,  and  then  determine  the  corresponding  value 
of  y. 

25-2 
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Similarly,  if  tliere  be  any  number  of  equations  involving  more 
than  the  same  number  of  variables,  there  will  be  an  infinite 
number  of  systems  of  solutions.  Such  equations  are  called  in- 
determinate equations. 

628.  In  some  cases,  however,  the  nature  of  the  problem  may 
be  such,  that  we  only  want  those  solutions  in  which  the  variables 
have  positive  integral  values.  In  this  case  the  number  of  solutions 
may  be  limited,  as  we  shall  see.  We  shall  proceed  then  to  some 
propositions  respecting  the  solution  of  indeterminate  equations  in 
positive  integers, .  The  coefficients  and  constant  terms  in  these 
equations  will  be  assumed  to  be  integers. 

Before  we  give  the  general  theory  we  will  shew  by  an  example 
how  such  equations  are  often  solved  in  practice. 

Required  to  find  corresponding  integral  values  of  x  and  y  in 
the  equation  5a;  +  8y  =  37. 

Divide  the  given  equation  by  5,  the  least  coefficient :  thus 

3y»r2  ^2-3y.  J  XI.. 

£D  +  y  +  -^=7+^,  oroj  +  y  —  7=  — ^-^ .    As  x  and  y  are  to  be  m- 

2-3y 
tegers  — = — must  be  an  integer;  denote  it  hy  pso  that  2— 3y=5/>. 

Divide  by   3:    thus   «-y=;>  +  -^,    or  p+y= — «-^.     Hence 

2  —  2» 

— 5-^  must  be  an  integer ;  denote  it  by  q,  so  that  2  -  2p  =  3^. 

Divide  by  2  ;  thus  1  —p  =  q  +  ^.     Hence  ^  must  be  an  integer ; 

denote  it  by  5,  so  that  q  =  2s.  Then  l—p  =  2s  +  9,  so  that  ^  =  1  —  3«. 
Then  2-3y  =  5^  =  5- 15«,  so  that  y  =  5*-l.  Then  5a?=37-8y 
=  45  -  4iOs,  so  that  a?  =  9  -  85. 

We  have  then  y  =  5s  —  1  and  a;  =  9  —  8s ;  and  if  we  ascribe  an^/ 
integral  value  to  s  we  shall  obtain  corresponding  integral  values 
of  X  and  y :  but  the  only  positive  integral  values  of  x  and  y  are 
obtained  by  putting  8  =  1 ;  then  y  =  4,  and  x=l. 
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629.  2f either  of  the  er/uations  ajc  +  by^c,  ax— by=c  can  he 
stalled  in  integers  if  a  and  b  have  a  divisor  which  does  tiM 
divide  c. 

For,  if  poSBible,  suppose  that  either  of  the  equHtiona  has  such 
a  solution ;  tlien  divide  both  sides  of  the  equation  by  the  common 
divisor  j  thus  the  left-hand  member  is  integral  and  the  right  hand 
m.eniber  fi-actional,  ■whieh  ia  imposaiblo. 

If  a,  b,  0  have  any  common  divisor,  it  may  bo  removed  by 
division,  so  that  we  shall  in  futuix;  suppose  that  a  and  b  have  no 
common  divisor. 

630,  Given  one  solution  o/ax  —  hy  =  c  in  positive  integerg,  to 
find  the  general  solution. 

a,  y~p  ia  one  solution  of  ax  —  by  =  c,  so   that 
.     By  subtraction 
a{a:--a)~&(;/-/9)  =  0;    therefore  ^  =  ?^ . 


'i' 


ita  lowest  terms,  Emd  x  and  y  are  to   have 


integral  vfdues,  we  must  have  {aa  will  be  shewn  in  the  Chapter  on 
the  Theory  of  Numbei-a), 

x-a^U,         y-p  =  al, 
where  t  is  an  integer ;  therefore 

x  =  a  +  bt,         y  =  /3  +  ttl. 
Hence  if  one  solution  is  known,  we  may  by  ascribing  to  t  dif- 
ferent positive  integi-al  values,  obtain  as  many  solutions  aa  we 
please.     "We  may  also  give  to  t  such  negative  integral  values  aa 
make  bt  and  at  numerically  less  than  a  and  /I  respectively. 


We  ahail  now  shew  that  one  solution  can  alwaya  be  found. 
631.    A  solution  of  the  equation  fix-hj  =  c  in  positive  integer, 
'.n  always  he  found. 
IiSt   ~  be  converted  into  a  continued  fi-action,  and  the  succea 
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sive  convergehts  formed;    let  -  be  the  convergent  immediately 

preceding  t  ;  then  o^^  -  6p  =  *  1. 

First  suppose  aq-hp  =  l,  therefore  aqc-hpc  =  c.  Hence 
x  =  qc,  y  =pc  is  a  solution  of  ax  — by  =  c 

Next  suppose  aq-hp^  —  l,  then  a(b  —  q)'-b{a -p)  =  1 ;  there- 
fore a{b  —  q)  C'-b{a-p)c  =  c,  Hence  x  =  (b'-q)c,  f/  =  {a'-p)c 
is  a  solution  of  oos  -  5y  =  c. 

If  a  =  l,  the  preceding  method  is  inapplicable;  in  this  case 
the  equation  becomes  x  —  by^c]  we  can  obtain  solutions  ob- 
viously by  giving  to  y  any  positive  integral  value,  and  then 
making  x  =  c-¥by.     Similarly  if  6  =  1. 

632.  Given  one  solution  of  the  eqtmtion  ax  +  by  =  c  in  positive 
integers,  to  find  the  general  solution. 

Suppose  that  x  =  a,  y  —  P  is  one  solution  of  aaj  +  5y  =  c,  so 
that  aa-^-bp  =  c.     By  subtraction, 

a(x^a)+b(y-B)^0:   therefore  ?=?-^. 


a 


Since  ^  is  in  its  lowest  terms  and  x  and  y  are  to  have  inte- 
gral values,  we  must  have 

x  —  a  =  bt,  p  —  y  =  (iti 

where  ^  is  an  integer;  therefore 

x-a-¥bt,  y  =  P  —  at, 

633.  It  may  happen  that  there  is  no  such  sohition  of  the 
equation  ax  +  by  =  c.  For  example,  if  c  is  less  than  a-hb,  it  is 
impossible  that  c  =  ax  +  by  for  positive  integral  values  of  x  and  y, 
excluding  zero  values. 

By  the  following  method  we  can  find  a  solution  when  one 

exists.    Let  y  be  converted  into  a  continued  fraction,  and  let  - 
b  q 

be  the  convergent  immediately  preceding  - ;  then  a^  —  5p  =  *  1. 
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First  suppose  og  —  5p  =  1,  then  aqc  —  hpc  =  c  j  combine  this 
-with  ax-hby  =  c;  therefore  aiqo  —  x) -b  {pc-hf/)szO  ^  therefore 
qe—x  =  ht,  pc+f/  =  at,  where  t  is  some  integer.     Hence 

x=  qc—  bty  y  =  at  —po. 

Solutions  will  be  found  by  giving  to   ^,  if  possible,  positive 

integral  values  greater  than  —  and  less  than  ~- , 

Next  suppose  aq  —  hp  =  '-ly  then  aqc  —  hpo  =  —  c ;  combine  this 
with  ax  +  by^  Cy  therefore  a(x-\-  qc)  —  b  {pc  -  y)  =  0.     Heilce 

x  =  bt-qc,  f/=pc  —  a6. 

Solutions  will  be  found  by  giving  to  ^,  if  possible,  positive 

integral  values  greater  than  -^  and  less  than  —  , 

634.  To  find  the  number  of  solutions  in  positive  integers  of  the 
equation  ax  +  by  =  c. 

Let  =-   be   converted   into   a  continued   fraction,   and  let  - 
b  q 

be  the  convergent  immediately  preceding  - ;  then  a<7  -  5p  =  ±  1. 
Suppose  o^  —  5/?  =  1. 
Then  by  the  preceding  Article, 

x^qc  —  bt,         y  —  <xt-pc. 

c  c 

I.     Suppose  -  and  r  not  to  be  integers. 

Let  ^—  =  7/1+/,  -r  =  n-hg, 

a  0 

where  m  and  n  are  integers,  and  y  and  g  are  proper  fi-actions. 

Tlien  the  least  admissible  value  of  t  is  m  + 1,  and  the  greatest 

qc     pc      » 
is  n\  thus  the  number  of  solutions  is  w  —  m,  that  is,  -y +/—  9^ 

'  0       d 

that  is,  -7  +/-  g.     And  as  this  result  must  be  an  integer  it  must 

be  the  nearest  integer  to  -r ,  superior  or  inferior  according  as 
fbrgia  the  greater. 
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II.  Suppose  -  an  integer. 

Then  f=  0 ;  thus  when  <  =  w  the  value  of  y  is  zero.     If  we 
mdvde  this  solution  the  number  of  solutions  is  equal  to  the 

greatest  int^er  in  — r  +  1 ;  if  we  exclude  this  solution  the  number 
of  solutions  is  equal  to  the  greatest  integer  in  -7  • 

III.  Suppose  Y  an  integer. 

Then  g-^\  thus  when  t^n  the  value  of  as  is  zero.     If  we 
include  this  solution   the  number  of  solutions  is  equal   to   the 

greatest  integer  in  -r  +  1 ;  if  we  exclude  this  solution  the  niunber 

/• 
of  solutions  is  equal  to  the  greatest  integer  iii  -r  • 

c  c 

IV.  Suppose  -  and  ^  to  be  integera. 

Then  /=  0,  and  ^  =  0 ;  thus  when  t-m  the  value  of  y  is  zero^ 
and  when  t^.n  the  value  of  as  is  zero.     If  we  include  these  solu- 

tions  the  number  of  solutions  is  equal  to  -7  +  1 ;   if  we  exclude 

ao 

these  solutions  the  number  of  solutions  is  -r  —  1. 

ao 

Thus  the  ninnber  of  solutions  is  determined  in  every  case. 
Similar  results   will   be    obtained    on    the    supposition  that 

635.  To  solve  the  equation  ax  ■¥  hy  ■¥  cz  =  d  in  positive  inte- 
gers we  may  proceed  thus  :  write  it  in  the  form  ax+hy^^d—cz, 

then  ascribe  to  «  in   succession  the  values  1,  2,  3, and  de- 

tei-mine  in  each  case   the   values   of  x  and  y  by  the  preceding 
Articles. 

636.  Suppose  we  have  the  simultaneous  equations 

oa;  +  6y  +  c«  =  (/,  a^x  +  h'y  +  c'«  =  c?' ; 

eliminate  one  of  the  variables^  z  for  example,  we  thus  obtain  an 


EXAMPLES.      XLVL  393 

equation  coaneoting  the  other  two  varialjleg,  Ax  +  By  =  Q,  sup- 
pose. Now  '^  A  and  M  contain  no  common  factors  except  such  as 
are  also  oontainod  in  C,  by  proceeding  as  in  the  previous  Articles, 
we  may  obtain 


+  5(, 


}/  =  p-At. 


Substitute  these  values  in  one  of  the  given  equations,  we  thug 
obtain  an  equation  connecting  I  and  s,  wJiich  we  may  write 
A't  +  £'z  =  C\  From  this,  if  A'  and  B'  contain  no  common  factors 
except  such  aa  are  also  contained  in  C,  we  may  obtain 

t^a'+m;        z^^'-A't: 

Substitute  the  value  of  (  in  the  expressions  found  for  x  and  y ; 
thus 

ic  =  a  +  (a'  +  B'tj  B,  y  =  ^  „  („'  +  B't")  A, 

or  x  =  a  +  Ba.'+Biyt',  y^S-a'A^AB't'. 


Hence  we  obtain  for  each  of  the  variables  x 
of  the  same  form  aa  that  already  obtained  for  s. 


1  expression 
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I  eqiuiUoi 


P  Solve  the  following  i 
1.  8a:+65j/  =  81. 
3.  19a!+  5y=119. 
5.  3a!-)-  7y  =  250. 
Find  the  general  integral  values 
eijuatjona,  and  the  least  values 
^V       7.       7x-9!/  =  29. 

^^K^    II.     Find  in  how  many  ways  ^S'OO  can 
'         five-pound  notes. 

12.     Find  in  how  many  ways  £100  can 

ci-owns. 
'  13.     Find  in  how  many  ways  ;£100  can 

and  Borereigns. 


positive  integei-s  ; 
.     17!C-h23v=18; 


733-1-10^  =  297. 
i.     13a:-i-19y  =  1170. 
each  of  the  following  tour 
X  and  y  which  satisfy  each : 
8.       9:<;-ny  =  8. 
10.     17a!-40y-i-8  =  O. 

giuneaa  and 


he  paid  i 
ho  paid  ii 


gnineas  a 


be  paid  in  half-guineas 
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14.  Find  in  how  many  ways  19«.  6d.  can  be  paid  in  florins 
and  half-crowns. 

15.  Find  in  how  many  ways  £22.  Ss,  6d,  can  .be  paid  with 
French  five-franc  pieces,  value  4«.  eachi  and  Turkish  dollars^  value 
38,  6d.  each. 

16.  K  there  were  coins  of  7  shillings  and  of  17  shillings,  find 
in  how  many  ways  £30  could  be  paid  by  means  of  them. 

17.  Find  the  simplest  way  for  a  person  who  has  only  guineas 
to  pay  10«.  6d,  to  another  who  has  only  half-crowns. 

18.  Supposing  a  sovereign  equal  to  25  francs,  find  how  a  debt 
of  44  shillings  can  be  most  simply  paid  by  giving  sovereigns  and 
receiving  francs. 

19.  Divide  200  into  two  parts,  such  that  if  one  of  them  be 
divided  by  6  and  the  other  by  11,  the  respective  remainders  may 
be  5  and  4. 

20.  Find  how  many  crowns  and  half-crowns,  whose  diameters 
are  respectively  '81  and  '666  of  an  inch,  may  be  placed  in  a  row 
together,  so  as  to  make  a  yard  in  length. 

21.  Find  n  positive  integers  in  arithmetical  progression  whose 
sum  shall  be  w* :  shew  that  there  are  two  solutions  when  n  is  odd. 

22.  Find  the  least  number  which  divided  by  28  leaves  a 
remainder  21,  and  divided  by  19  leaves  a  remainder  17. 

23.  Find  the  general  form  of  the  numbers  which  divided  by 
3,  5,  7,  have  remainders  2,  4,  6,  respectively. 

24.  Find  the  least  number  which  being  divided  by  28, 19,  and 
15,  leaves  remainders  13,  2,  and  7. 

25.  Solve  in  positive  integers  17a:  +  23y  +  Sz  =  200. 

26.  Find  all  the  positive  integral  solutions  of  the  simul- 
taneous equations  5a3  +  4y  -f- «  =  272,  8a3  +  9y  +  3«  =  656. 

27.  Find  in  how  many  ways  a  person  can  pay  a  sum  of  £15 
in  half-crowns,  shillings,  and  sixpences,  so  that  the  number  of 
shillings  and  sixpences  together  shall  equal  the  number  of  half- 
crowns. 
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28.  Find  in  tow  many  different  wajB  the  sum  of  £4.  IGs. 
can  te  paid  in  guineas,  crowns,  and  ehillinga,  so  that  the  numlier 
of  coins  used  shall  be  exactly  1 6. 

29.  Find  how  £.2.  is.  can  be  paid  in  crowns,  half-crowns,  and 
florins,  if  there  be  as  many  crowns  used  as  half-crowns  and  florins 
together. 

30.  The  difference  between  a  certain  multiple  of  ten  and  the 
sum  of  its  digits  is  90  :  And  it 

31.  The  same  number  is  represented  in  the  undenary  and 
Beptenary  scales  fay  the  same  three  digits,  the  order  in  the  scales 
being  reveraed  and  the  middle  digit  being  zero  ;  6nd  the  number. 

32.  A  nnmber  consists  of  three  digits  which  together  make 
tip  20;  if  16  be  taken  from  it  and  the  remainder  divided  by  2 
the  digits  will  be  reveraed ;  find  the  number. 

33.  Find  a  number  of  four  digits  in  the  denary  scale,  such  - 
that  if  the  firat  and  last  digite  be  interchanged,  the  result  is  the 
same  number  expressed  in  the  nonary  scale.  Shew  that  there  is 
only  one  solution. 

34.  A  farmer  buys  oxen,  sheep,  and  ducks.  The  whole 
number  bought  is  100,  and  the  whole  simi  imid  =  £100.  Sup- 
posing the  oxen  to  cost  £.5,  the  sheep  £1,  and  the  ducks  Is.  per 
head ;  find  what  number  ho  bought  of  each.  Of  how  many  solu- 
tions does  the  problem  admits 

35.  Find  three  proper  fi'actions  in  Arithmetical  Progression 
whose  denominators  shall  be  G,  9,  18,  and  whose  sum  shall  be  2|. 

36.  Three  faeUs  commenced  tolling  simultaneously,  and  tolled 
at  intervab  of  25,  29,  33  seconds  respectively.  In  less  than  half 
an  hour  the  firat  ceased,  and  the  second  and  third  tolled  18 
seconds  and  31  seconds  respectively  after  the  cessation  of  the 
first  and  then  ceased ;  how  many  times  did  each  hell  toll  i 

37.  Two  rods  each  c  inches  long,  and  divided  into  m,  n  equal 
parts  respectively,  where  m  and  n  have  no  common  measure 
greater  than  unity,  are  placed  in  longitudinal  contact  with  tiheir 
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ends  coincident.    Prove  that  no  two  divisions  are  at  a  less  distance 

than  —  inches,  and  that  two  pairs  of  divisions  are  at  this  distance. 

If  m  =  250  and  n  =  243,  find  those  divisions  which  are  at  the  least 
distance. 

38.  There  are  three  bookshelves  each  of  which  will  carry 
20  books ;  when  books  are  composed  of  3  sets  of  5  volumes  each, 
6  of  4,  and  7  of  3,  find  how  they  must  be  distributed,  so  that  no 
set  is  divided. 

39.  Determine  the  greatest  sum  of  money  that  can  be  paid  in 
10  difierent  ways  and  no  more,  iic  half-crowns  and  shillings; 
allowing  a  zero  number  of  half-crowns  or  of  shillings. 

40.  Determine  the  greatest  simi  of  money  that  can  be  paid 
in  10  different  ways  and  no  more,  in  half-crowns  and  shillings ; 
excluding  a  zero  number  of  half-crowns  or  of  shillings. 

XLVII.    INDETERMINATE  EQUATIONS  OF  A 
DEGREE  HIGHER  THAN  THE  FIRST. 

637.  The  solution  in  positive  integers  of  indeterminate  equa- 
tions  of  a  degree  higher  than  the  first  is  a  subject  of  some  com- 
plexity and  of  little  practical  importance ;  we  shall  therefore  only 
give  a  few  misceUaneous  propositions. 

638.  To  solve  in  positive  integers  ike  equation 

mxy  +  naf-^px  +  qj/  =  r. 

This  equation  contains  only  one  of  the  squares  of  the  variables,  and 
it  can  always  be  solved  in  the  manner  indicated  in  the  following 
example.     Required  to  solve  in  positive  integers  the  equation 

doer/  +  2x'  =  %  +  4aj  -h  5. 
Here  y  (Sx  -  5)  =  -  2x'  +  4a5  +  5 ;   therefore  y  = ^ ^ —  i 

oX  ""  o 

let  3x  =  z;  therefore   9y  = ~ =  _  2/5  +  2  + 


-5  «-5' 

55 
therefore  92/  =  -  6aj  +  2  +  ^ — ^ . 

SiB-O 
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Since  X  and  y  are  to  have  integral  values  3a;  —  5  muBt  to  a 
divisor  of  55,  and  fi-om  this  condition  we  can  find  by  trial  the 
values  of  x,  find  then  deduce  thoae  of  y.  The  only  cases  fur 
examination  are  the  following : 


J.  55, 


3a;- 


tll, 


Out   of  these  < 
TBiue  to  a; : 


-  5  -  J=  5,  3a;  -  5  -  ±  1. 

■a  only  the  following  give  a 


^^^^nten 


the  proposed  equatio: 


3a!  -  5  =  55,  therefore  a:  =  20  ; 

3a!  —  5  =  1,     thei-efore  x-2. 
30  wo  do  uot  obtain  a  positive  int^ral  value  for  y  ; 
3  have  y  =  5  ;  this  is  therefore  the  only  solution  of 


integers. 


639.  The  equatioa  a^  —  A"^'  =  1  can  always  he  solved  in 
integers  when  iV  is  a  whole  number  and  not  a  perfect  square. 
For  in  the  process  of  converting  ^N  into  a  continued  fraction 
we  arrive  at  the  following  equation  (see  Ai-t.  614), 

and  at   the   end   of    any   completo   period   of    quotients    p"  =  1 
(Art.  621);  thus 


j,q  -pq^q 


'N- 


SuppoBe  now  that  the 
then  i-7  is  always  an  even 


tuber  of  the  rec\UTing  q 
iivergent,  and  is  therefore  greater  than 
ji/ff,  mid  so  greater  than  -.  Hence  2^q~9'p  —  l,  and  we  have 
—  1  =5''»V— p";  so  that  p"-~Nq"=l,  Hence  we  obtain  solu- 
tiona  of  the  proposed  equation  by  putting  x  =p'  and  y  =  g*,  where 

--,  is  any  convergent  just  preceding  that  formed  with  the  quo- 
tient 2a. 

Next  suppose  that  the  number  of  the  i-ecuriing  quotients  is  odd; 
then  when  first  p"  =  1  the  convergent  ^  is  an  odd  convergent, 
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when  next  p'  =  1  the  convergent  ^  is  an  even  convergent,  and 

80  on.  Hence  solutions  can  be  obtained  by  restricting  ourselves 
to  even  convergents  occurring  just  before  those  formed  with  the 
quotient  2a. 

640.  If  the  number   of  recurring  quotients  obtained  from 

JN  be  odd^  then,  as  appears  in  the  preceding  Article^  if  ^  be 

any  odd  convergent  immediately  preceding  that  formed  with 
the  quotient  2a,  we  have  p^  —  p^q^^N -p^,  and  p^ -pq='  1 ; 
thus  we  obtain  in  this  case  solutions  in  integers  of  the  equation 

641.  The  equation  a5*-i\ry*  =  Aa*  by  putting  x-aan'  and 
y^a}/  becomes  a/'  -  Ny'^  =  =*=!>  which  we  have  considered  in 
the  preceding  Articles. 

642.  The  relation p"{jpq'-'P'q)=q*J^-p'\  that  is,  drp''=^ir~;?'«, 
will  give  solutions  of  the  equation  a5'-iVy*  =  «fcc  in  some  cases 
in  which  c  is  different  from  unity.  The  method  will  be  similar 
to  that  given  in  Arts.  639  and  640. 

643.  If  one  solution  in  integers  of  the  equation  cc*  -  Ny*  =  1 
be  known,  we  may  obtain  an  xmlimited  number  of  such  solutions. 
For  suppose  x  =  p  and  y  =  q  to  be  such  a  solution,  so  that 
p'-J^q'^l;  then  (p-g'^ir)(p  +  gr^i\^  =  l  .  therefore 

{p-qsl^''{p+qJNf=^\={x-yJN){x^yJN\ 
by  supposition.     Put  then 

x-yJN=(p-qJN)',    x  +  y  JN=(j^  +  q  JN)', 

thus  x  =  \[(j?  +  qJ^'-^{p-qJN)'^, 

it  is  obvious  that  if  w  be  any  positive  integer,  these  values  of 
X  and  y  will  be  positive  integers. 
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644.  Similarly,  if  one  solntion  in  integers  of  the  equation 
a?  —  Ny*  =  ~  1  be  known,  we  mity  obtain  an  unlimited  numlier 
of  such  solutions.  For  suppose  x=p  and  y  =  q  to  be  such  a 
solution,  then  {p  —  qtJ^){p-^q^JN)=—'\.  Now  take  n  any 
odd  integer ;  tben 

(J>-?^/J')•b+^^/*)■-^l)■--^ 

-{<"-!/  •/■^)  (a;  +  y  J^),  by  supposition. 
Then  we  pi-oeeed  as  in  Art.  643. 

645.  If  one  solution  in  integers  of  the  equation  a^  —  Ny'=  a 
bo  known,  we  may  obtain  an  unlimited  number  of  such  solutions. 
For  suppose  x—p  and  y  =  qtQ  be  such  a  aohition,  and  let  ic  =  )» 
and  y~n  be  a  solution  of  3^  —  N^  —\  ;  tben  the  equation 
a^«- J'y'  =  o  may  be  written 

= p'm,' +  N'q'n'  —  N {p'ti' +  g'm')  =  (pm.  'i=  A'qn)'  —  N {pn-''  qui)' ; 
we  may  therefore  take  a;  — pni*  ^'511,  y=pn^qm. 


I 


OF  INDETERMINATE  EQUATIONS. 

1.     Solve  in  positive  integers  Zxy  —  \y  +  Zx=  14. 

Solve  in  positive  iategers  scy  +  a;'  =  2aj  +  Sji  +  29. 

Find  a  solution  ia  positive  integers  of  a!*-13y  =  -l. 

Find  a  solution  in  positive  integers  of  x'~  lOli/'  =  -  1. 

Shew  how  to  find  series  of  niimbora  which  shall  bo  at  the 
same  time  of  tlie  two  forms  «'  - 1  and  lOnt',  and  find  the  value 
of  the  smallest. 

6.  A  gentleman  being  aaked  the  size  of  his  paddock  an- 
swered, "  between  one  and  two  roods  ;  also  were  it  smaller  by 
3  square  yards,  it  would  be  a  square  number  of  square  yards,  and 
if  my  brother's  paddock,  which  is  a  square  number  of  square 
yards,  were  larger  by  one  square  yard,  it  would  bo  exactly  half 
as  largo  as  mine."     Find  the  siie  of  his  paddock. 
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7.  Find  a  whole  number  wHch  is  greater  than  three  times 
the  integral  part  of  its  square  root  by  unity :  shew  that  there  are 
two  solutions  of  the  problem  and  no  more. 

8.  Shew  that  the  number  of  solutions  in  positive  integers  of 
%f  +  aa?  =  6  is  limited  when  a  is  positive. 

9.  Find  all  the  solutions  in  positive  integers  of 

3y*-2ay  +  7ic'=27. 

10.  Find  all  the  solutions  in  positive  integers  of 

2a:'-9a^  + 73^=38. 

11.  Find  a  general  form  for  solutions  in  positive  integers 
of  a;'—  23^*  =  1,  having  given  the  solution  aj  =  24  and  y  =  5. 

12.  Find  a  general  form  for  solutions  in  positive  integers 
of  a;*  -  %f  =  7,  having  given  the  solution  a;  =  3  and  y  =  1. 

XLVIII.     PARTIAL  FRACTIONS  AND  INDETERMI- 
NATE COEFFICIENTS. 

646.  An  algebraical  fraction  may  be  sometimes  decomposed 
into  the  sum  of  two  or  more  simpler  fractions;  for  example, 

2aj-3  1  1 

a?'- 3a; +2     a;-l     a;- 2* 

The  general  theory  of  the  decomposition  of  a  fraction  into 
simpler  fractions,  called  'partial  fractions^  is  given  in  treatises  on 
the  Theory  of  Equations  and  on  the  Integral  Calculus.  (See 
Theory  of  Equations^  Chap,  xxiv.,  Integral  Calculus^  Chap,  ii.) 
We  shall  here  only  consider  a  simple  case. 

647.  Let  ; r-; ^r7 \  bo  a  fi-action,  the  denominator 

(aj-a)(a;-/3)(a;-y) 

of  which  is  composed  of  three  different  factors  of  the  first  degree 
with  respect  to  a;,  and  the  numerator  is  of  a  degree  not  higher 
than  the  second  with  respect  to  a; ;  this  fraction  can  be  decom- 
posed into  three  simple  fractions,  which  have  for  their  denomina- 
tors  respectively  the  factors  of  the  denominator  of  the  proposed 
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eratora  certain  quantities  i 
ABC 


fi'action,  anil  for  tlieL"  nun: 
of  a!.     To  prove  this,  aasuni 

w^here  A,  B,  G  are  at  present  undetermined;  we  have  then  to 
sliow  that  such  constant  values  can  be  founil  for  A,  B  and  C,  as 
will  make  the  above  equation  an  iihntUy,  tliat  is,  true  whatever 
maybe  the  value  of  a^  Multiply  by  (x  — a)  (a;— ^  (ic— y);  then 
aJl  that  we  require  ia  that  the  following  shall  be  aa  identity, 
o«-  +  i«H...^(»^/!)(».-y)+2i(;.-a){l-y)  +  C(.-a)(»-fl; 
this  will  he  secured  if  we  arrange  tlie  terms  on  the  right  hand 
according  to  powere  of  x,  and  equate  the  coefficient  of  each,  power 
to  the  coireapondiug  coefficient  on  t!ie  Ipft  hand;  we  ahall  thus 
obtoiu  three  simple  equations  for  (letermining  A,  £  and  C. 

648.  The  method  of  the  preceding  Article  may  be  applied  to 
any  fraction,  the  deaoniiuator  of  wliich  ia  the  product  of  different 
simple  factors,  and  the  numerator  of  lower  dimensions  than  the 
denominator. 

The  preceding  Article  however  ia  not  quite  satisfactory,  because 
■WB  do  not  show  that  the  final  equations  which,  we  obtain  are  in- 
dependent and  caasisteiil.  But  as  we  shall  only  have  to  apply  the 
method  to  simple  examples,  whore  the  results  may  be  easily 
verified,  we  sliall  not  devote  any  more  space  to  the  eubject,  but 
refer  the  student  to  the  T/ieory  of  Equations  and  the  Integral 
Calculus. 

2a:- 3 

649.  Suppose   we  have  to   develop   j~o n  "*  ^   series 

proceeding  according  to  ascending  powers  of  ic;  there  are  various 
methods  which  may  be  adopted.  We  may  proceed  by  ordinary 
algehi-aical  division,  writing  the  diviaov  in  the  oi-der  2  —  Sx  +  x' 
and  the   dividend  in  tlio  order  —  3  4-  2x.     Or  we  may  develop 

-^- — ^  by  writing  it  in  the  form  («'  — 3a:  + 2)"',  and  finding 

the  coefScienta  of  the  successive  powers  of  x  by  the  multinomial 
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theorem ;  we  must  then  multiply  the  result  by  2x  -  3.  It  is 
however  more  convenient  to  decompose  the  fraction  into  partial 
fractions  and  then  to  develop  each  of  these.     Thus 

2a:-3  1111 


= r  + 


a^-3x  +  2     x-l     x-2        l-x     2-aj' 
"YZ^  =-(l-a;)~*=-ll  +  aj  +  a:^  +  aj®  +  ...+aj" +  ...[, 

1            lA     xy'        l(.     X     x'     aj'                a;*  ) 

~2T^=""2V"'2;    ="2r'*'2^2''"'2«'*' "^^"^ /* 


Hence  the  required  series  for     g^  ^  has  for  its  general 


teion 


-(l+2^)«^. 


650.  Without  actually  developing  such  an  expression  as  the 
above,  we  may  shew  that  the  successive  coefficients  will  be  con- 
nected by  a  certain  relation ;  before  we  can  shew  this  it  will  be 
necessary  to  estabUsh  a  general  property  of  series. 

651.  If  the  series  a^-ha^x+ajc^  +  a^x^-h is  always 

equal  to  zero  whatever  may  be  the  value  of  x,  the  coefficients 

a^f  ctj,  a^f  ctg, must  each  separately  be  equal  to  zero.     For 

since  the  series  is  to  be  zero  whatever  may  he  the  value  of  x, 
we  may  put  a;  =  0 ;  thus  the  series  reduces  to  a^,,  which  must 
therefore  itself  be  zero.  Hence  removing  this  term  we  have 
ftia5+a^'+a^*+...  always  zero;  divide  by  a;,  then  a, +«,« +«,«'+... 
is  always  zero.  Hence,  as  before,  we  infer  that  a^  =  0.  Proceeding 
in  this  way,  the  theorem  is  established. 

If  the  series        a^  +  a^x  +  ajxf  +  a^a?  + 

and  A^  +A^x  -¥A^x^+  A^x^+ 

are  always  equal  whatever  may  be  the  value  of  a^  then 

a^-A^^{a^''A^)x-¥{a^-A^7?^ 

Is  always  zero  whatever  may  be  the  value  of  a;;  hence  we  infer  that 

a^-ip  =  0,        aj--4j  =  0,        a^-i4,  =  0,  ...... ; 
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that  IS,  the  coefficients  of  like  powers  of  x  in  the  two  aeriea 
are  equaL 

The  theorem  here  given  la  sometimes  quoted  as  the  Principle 
qf  Indeterminate  C'oe^eiente;  wo  asaiuned  its  truth  in  Arta.  526, 
Bi2,  and  Bi9. 

652.  The  demonstration  of  the  preceding  Article  is  that 
which  Laa  been  usually  given  in  eiementaiy  works  on  Algebra; 
there  is  however  a  difficulty  in  it  which  requires  examination. 

"We  confine  ouraelvea  to  the  theorem  that  if  the  series 
Oo  +  a,a;  +  a,ic' +  ...  ia  always  equal  to  zero,  each  coefficient  must  be 
equal  to  zero;  the  theorem  in  the  latter  part  of  the  Article  follows 
from  this. 

When  we  say  that  the  series  w  aboaya  equal  to  zero  we  mean 
that  it  is  equal  to  zero  for  all  such  values  of  a;  as  make  the  Beriea 
convergent;  for  of  course  a  divergent  seriea  cannot  be  said  to 
-vanish. 

In  the  demonstration  we  shew  that  a^a;  +  n^'  + Oja;'+ ... 
is  always  zero;  that  ia  xS^  is  always  zero,  where  S^  stands  for 
a,  +  a^  +  a^'  +  ...  Hence  if  a:  is  not  zero  5,  must  be  zero; 
but  if  X  is  zero  xS^  vaniahea  whatever  finite  value  5,  may  have: 
thus  in  fact  we  ought  not  to  assume  that  S^  is  zei'o  when  x  ia 
zero,  and  so  the  result  a,  =  0  is  not  strictly  demonstrated  This 
is  the  difficulty  we  have  to  examine. 

We  have  ^S^  =  a^  +  xS^  where  S^  stands  for  a^  +  a^  +  a^  +  , . , ; 
fliid  although  we  are  not  juiitified  in  saying  that  S^  is  zero  when  x 
is  zero,  yet  we  may  say  that  5,  is  Zero  however  small  x  may  bft 
Since  the  original  seriea  is  supposed  to  be  convergent  S^  ia  also  a 
convergent  seriea,  and  therefore  it  will  not  increase  beyond  some 
fixed  value  when  x  is  made  small  enough;  and  therefore  by  maldng 
fb  Hraall  enough  xS^  may  he  made  as  small  as  we  please :  hence  a, 
fiiuat  be  zei-o,  for  if  a,  were  not  Hero  we  could  not  have  S^  2ero 
Jwwerer  small  »  might  be. 
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Thus  the  result  a,  =  0  follows  strictly  if  /S^,  is  convergent  when 
X  is  made  as  small  as  we  please.  In  like  manner  the  result  a^^O 
follows  strictly  if  /SJ,  is  convergent  when  x  is  made  as  small  as  we 
please,  where  S^  stands  for  a,  +  a^ps  +  a^x^  +  . . .  And  so  on. 

Since  the  original  series  is  supposed  to  be  convergent  the 
series  S^,  S^,  ...  are  convergent,  when  x  is  made  as  small  as  we 
please;  and  so  the  theorem  of  the  preceding  Article  holds. 

653.     Suppose   that    the    series    u^  +  u^x  +  u^x^  +  u^x*  + 

represents  the  development  of  ^ -^;  then 

a  +  hx={l  —  px—  qx')  {u^  +  u^x  +  u^  +  u^^  + ). 

If  w  be  greater  than  1,  the  coefficient  of  a"  on  the  right-hand 
side  is  w^--Jt?t^n_i--9'^n_sj  hence  since  there  is  no  power  of  x 
higher  than  the  first  on  the  left-hand  side,  we  must  have  by 
Art  651,  for  every  value  of  n  greater  than  1, 

And  by  comparing  the  first  and  second  terms  on  pach  side, 
we  have 

the  last  two  equations  determine  u^  and  u^^  and  then  the  previous 

equation  will  determine  w,,  Wj,  w*, by  making  successively 

w  =  2,  3,  4,  ...... 

EXAMPLES   OF  PABTIAL  FBACTIONS  AND  INDETERMINATE 

COEFFICIENTS. 

Expand  each  of  the  following  seven  expressions  in  ascending 
powers  of  x,  and  give  the  general  term : 

,  1  ^        5-lOa;  «  3a; -2 


3-2aj'  2-a;-3»''  (a -  1) (a - 2) (a -  3)  ' 

.    •             X                         ^             1  ^        5  +  6a5 

*•     /.. r^Ti -^  .  5.     -z — i .  0. 


7. 


(l-»)(l-jt>aj)'  •     l-2a;  +  a«*  "      (l-3»y 

1  +  4aj  +  a* 
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Espand  eadi  of  the  following  five  expressions  in  OBcencIing 
powers  ot  X  aa  fiir  &a  five  terms,  and  write  down  tho  relation 
which  connects  the  coefficie.ntB  of  conaecutivo  terms ; 


r  13.     Sum  the  foUowing  s 
term  into  partial  fractions  : 


l—pji+px^  —  x^' 
3  to  «  terms  by  separating  each 


(1 +«)(!+«. 

.)-(!  +  „ 

U.     Sumi 

1  ft  similar 

,(i- 

.,) 

15.     Detera 
ejcpanslon  of  — 


,)(l  +  »V)"(l+«V)(l  +  .'x)' 

tlie  following  series  to  n  term 


,  6,  c,  cl,  e,    BO    tiiat   the   i 


■a,)      (1  + 


j— majbe»V 


") 


Shew  how  to  decompose 


fl^ 


■{x-a){x-b)(x-c)-.. 
tial  fractions,  supposing  that  n  is  the   number  of  factors   i 
denominator,  and  that  ^  is  an  integer  less  than  n. 
If  p  he  less  than  n,  shew  that 


(a-b)ia-c)...^(b-a)(b^c}.-r{c-a){o^b}.. 


XLIX.  EECTJRKING  SERIES. 
654.  A  series  is  called  a  recurring  series,  when,  firom  and 
after  some  fixed  t^rm  each  term  is  equal  to  the  sum  of  a  fixed 
number  of  the  preceding  terms  multiplied  respeetivelj  by  certain 
constarUs.  By  constants  here  we  mean  quantities  which  remain 
unchanged  whatever  term  of  the  series  we  consider. 

G55.     A   geometrical   progression  is  a  simple  example  of  ii 
raonnring  serieB;  for  in  the  aeries  a  +  or  +  ar^ -t- or"  + each 
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term  after  the  first  is  r  times  the  preceding  term.  If  w^_^  and  u, 
denote  respectively  the  (n—l)^  term  and  the  n^  term,  then 
u^  -  *^n-i  =  ^  i  *li®  sum  of  the  coefficients  of  u^  and  u^^i  "with 
their  proper  signs,  that  is,  1  -  r,  is  called  the  8cale  of  relation. 

Again, -on  the  series  2  +  4a5+ 14iB'  +  46iB*  +  152aj*+ the 

law  connecting  consecutive  terms  is  Wn  -  3aM^^_i  -  aj'w^^j  =  0 ;  this 
law  holds  for  values  of  w  greater  than  1,  so  that  every  term  after 
the  second  can  be  obtained  from  the  two  terms  immediately  pre- 
ceding.    The  scale  of  relation  is  1  —  3a;  -  a;'. 

656.     To  find,  the  sum  o/n  terms  of  a  recurring  series. 

Let  the  series  be  u^  +  u^x  +  u^x'  +  u^x^  + ,  and  let  the  scale 

of  relation  be  l—px  —  qaf,  so  that  for  every  value  of  n  greater 
than  unity  u^—pUn^i  —  qu^^^  —  O,  Denote  the  first  n  terms  of 
the  series  by  S,  then 

S=  Uq  4-  u^x  +  ujxf  +  u^af  + +  w,_,aj"~*, 

pxS  =  uj)x  +  Uipx*  +  u^pa^  + +  u^^^px*'^  +  u^__^px*y 

qx'S=s  u^qx* -h  u^qa^ -^ -^u^.^qx^'^-hu^^^qx^^+u^^^qotf*^; 

hence 

;S'  -  pxS  -  qx*S = Wq  +  u^x  -  u^px  -  u^^ipx*  -  w,j_8  qx'*  -  w„_i  qaf^*  \ 

for  all  the  other  terms  on  the  right-hand  side  disappear  by  virtue 
of  the  relation  which  holds  between  any  three  consecutive  terms 
of  the  given  series ;  therefore 

c,_Uo-^x{u^-pu^)-af{pu^i  +  qv^^+qxu^^} 

1  -px  -  qx' 

If  the  term  a?'*  {pu^^i  +  qu^^  +  ^^^^n-i]  decreases  without  limit 
as  n  increases  without  limit,  we  may  say  that  the  sum  of  an  in- 
finite number  of  terms  of  the  recurring  series  is 

1-pa;  — ^05* 

It  is  obvious,  that  if  this  expression  be  developed  in  a  series 
according  to  powers  of  x,  we  shall  recover  the  given  recurring 
series.     (See  Art.  653.) 
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657.  If  the  recurring  aeries  be  m^  +  m,  +  m,  +  it,  + ,  ant) 

the  scale  of  relation  1  —p  —  q,  we  hare  only  to  make  a;  =  1  in  the 
reaiilta  of  the  preceding  Article,  in  order  to  find  the  sum  of  n 
terms,  or  of  an  infinite  number  of  terma. 

658.  Whenl  — ;ja;— gx'can  be  resolved  into  two  real  factors  of 

tho  first  degree  in  x,  the  expression  — "-= >— ' — ^-^  may  be  de- 

composed  into  partial  fi-actions,  each  having  for  its  denominator  an 
expi'cssion  containing  only  the  firat  power  of  x :  see  Arts.  337 
and  647.  In  this  case,  sbce  each  partial  fraction  can  be  developed 
into  a  geometrical  progression,  we  can  obtain  an  expre^on  for 
the  general  term  of  the  recurring  series.  We  have  thus  also 
another  method  of  obtaining  the  sum  of  n  terma,  since  tho  sum  of 
n  terms  of  each  of  the  geometrical  progrcaaions  is  known. 
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Find  the  expi-essiona  from  which  the  following  three  series 
are  derivable ;  resolve  the  expressions  into  partial  fractions,  and 
give  the  general  term  of  each  aeries  : 

-"       1.     4  +  9a:  +  Sla;'+5lK'+ 

H     2.     l  +  lla;  +  89a;'+659a'+ 

C^     S.     l  +  3a;  +  ll3;=  +  433;'  + 

4.  Find  how  amall  x  must  be  in  order  that  the  series  in 
Example  3  may  be  convergent. 

6,    Find  the  general  term  of  the  series  3  +  11  +32  +  84  + 

6.  Sum  the  following  series  to  n  terms 

1  +  5  +  17  +  53  +  161  +  485+ 

7.  Find  the  general  term  of  the  series  10  + 14  +  10  + 6  +  ... 
and  the  sum  to  infinity. 

8.  Find  the  expression  from  which  the  following  aeries  la 
derivable,  and  obtain  the  general  term 

-6a!'+10a;'-l7a:'  + 
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L.     SUMMATION   OF  SERIES. 

659.  Series  of  particular  kinds  have  been  summed  in  the 
Chapters  on  Arithmetical  Progression,  Geometrical  Progression, 
and  Recurring  Series;  we  shall  here  give  some  miscellaneous 
examples  which  do  not  fall  imder  the  preceding  Chapters. 

660.  To  find  the  sum  of  the  series  V  +  2'+  3'+ +n\ 

"We  have  already  found  this  sum  in  Arts.  460,  482 ;  the  fol- 
lowing method  is  however  usually  given.     Assume 

l'+2*+3"+ +n'  =  A  +  £n+Cn'  +  I)n''  +  En*'h , 

where  Ay  B,  (7,  2>,  E, are  constants  at  present  undetermined. 

Change  n  into  w '+  1 ;  thus 

l»  +  2»+3»+ +W'+(71  +  1)«  =  ^  +  J?(7l+1) 

+  G {n  +  \y  +  D  {n  +  \Y  +  E  {n-¥  \y  + 

By  subtraction, 

w'+  271+ 1  =  ^  +  C  (2w  + 1)  +  2)  (3n'  +  3w+  1) 

+  ^(4w^  +  6n«+ 471+1)  + 

Equate  the  coefficients  of  the  respective  powers  of  w;  thus 
^  =  0,  and  so  any  other  term  after  E  would  =  0  ; 

32>  =  1;    32)  +  2(7  =  2;    i>  +  C  +  ^=l; 
hence  ^^3'       ^^2'      "^^6* 

Thus  P  +  2«  +  3'+ +w»  =  ^  +  ^+^'+^. 

o      ^       o 

To  determine  A  we  observe  that  since  this  equation  is  to  hold 
for  all  positive  integral  values  of  7i,  we  may  put  n=\;  thus 
-4  =  0.     Hence  tlje  required  sum  is 

^w(n+l)(2w  +  l). 

The  same  method  may  be  applied  to  £nd  the  sum  of  the  cubes 
of  the  first  n  natural  numbers,  or  the  sum  of  their  fourth  powers, 
and  so  on.     See  also  Art.  671. 
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661.     Suppose  the  m""  term  of  a  Beries  to  l>e 

{«»  +  6}{«(n+l)  +  6}{«(«  +  2)  +  6} {a(n  +  m-l)  +  b], 

a  fixed  positive  integer,  and  a  and  6  kno-mi  constants ; 
tiien  the  siun  of  the  first  n  terms  of  this  series  ■will  he 

(»4-ti|«(.tl)^t| (-(»4-^-l)tt)ia(,.  +  ^)4-t|     „ 

where  C  is  some  constant. 

Let  ii„  denote  the  Ji""  term  of  the  proposed  series,  5'„  the  sum 
of  n  tei-ms ;   tlien  wo  have  to  prove  that 

■     (.,.  +  l)„"-*'" 
AsBume  that  the  fonnula  ia  trao  for  an  assigned  vahic  of  n ; 
add  the  (n  +  1)"  term  of  the  series  to  both  sides ;  then 


that  ia,     S^^ 


'('* 


4-Ci 


-«...+ C; 


■■(»  +  l)ti.. 

(».+  l)«        --..-"-    („+!)„ 

thus  the  same  formula  wiU  hold  for  the  sum  of  n  +  1  t«rrua, 
which  was  assumed  to  hold  for  the  sum  of  n  terms.  Hence  if  the 
formula  be  true  for  any  number  of  terms  it  is  true  for  the  next 
greater  number  ;  and  so  on.  But  the  formula  will  he  true  when 
ji  =  1  if  we  take  C  such  that 

^-iLiA^.,+c,,h.ti,.,.j^^„..C; 

C  is  determined  and  the  truth  of  the  theorem  estahlialiod. 


KB  C  is  detcrt 
Since 


Thus  the  aum  of  the  first  n  terms  of  the  proposed  b 
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tained  by  subtracting  the  constant  quantity ^r"   ^^^^  ^ 

certain  expression  which  depends  on  n.  This  expression  is 
7 iT~^«+i^  '^^  ^^7  ^^  P^*  *^  expression  into  the  equi- 
valent form  —. Y^ — ^»>  ^^^  ^  assist  the  memory  we  may 

observe  that  it  can  be  formed  by  inf/roducing  cm  additional  factor 
at  the  end  of  w^,  and  dividing  hy  the  product  of  the  number  of 
factors  thus  increased  and  the  coefficient  ofn, 

^^2,     We  may  obtain  the  result  of  the  preceding  Article  in 
another  way.     As  before,  let  w„  denote 

v:;     {aw  +  5}{a(w+l)  +  6}{a(n  +  2)  +  6} {a(n  +  w-l)  +  5}, 

and  let  S^  denote  the  sum  of  the  first  n  terms  of  the  series  of 
which  u^  is  the  w"*  term. 

We  have 

a(n^rriS-\-h  amu 

I  u  .,  =— ^^ { — u  =w  +         "  • 


"**  an +  6         "       *     an-^b' 

let  an  +  b=p)  thus 

P  K+,  -  ^J  =  «^^« ; 
change  n  into  n  — 1,  thus 

similarly, 

{p-2a}  (w^.i  ~  w„_5,)  =  aww„^„ 

{ ^  -  3a}  K_,  -  w„_a)  =  amu^^^, 


{^  -  (n  - 1)  a}  (i^2  —  Wi)  =  anmi. 
Hence,  by  addition, 

therefore  p  (u^^^  -  Wx)  +  ^^^i  =  ^*^^«  +  ^'^n  > 

.11.                    ^        an  +  5  6t*i 

iJierefore  o^  =  •: rr—  u^.,  — 


(m+l)a    ""^^     (m  +  l)a* 
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1)63,     Suppose  tlis  n"'  term  of  a.  series  to  bi 
the  aame  as  in  tlie  preceding  Article  ;  then  the  a 


Assume,  rs  before,  Sa  =  ~j- 
add  to  both  sides,  then 


I 


'S.. 


1 


»  +  4 


•.„      ("-l)" 

before,  the  truth  of  the  theorem  is  established,  pro- 
vided C  be  such  that  ^  =  -,„.""t-,^;„  +  ^-     Thus  (7  = 


{m-])« 


im-l)a^ 


„and  -S- 


(m— l}aw;,     {n»  — l)a«, ' 
This  result  iua7  also  be  obtfdued  in  the 


of  Art.  6G2. 


664.  A  series  may  occur  which  is  not  directly  included  in 
the  general  form  of  the  preceding  Article,  hiifc  may  be  decomposed 
iiito  two  or  nioj'e  wliich  are.  For  example,  required  the  sum  of 
n  terms  of  the  series 


1.2.4.6  ■  2 

3.6.6 

3.4.6.7  

Here  the  w*"  term 
»  +  2 

(»  +  2)" 

»(»+l)(»  +  3)(» 
Now  (»  +  2)'.»(»  + 

+  4)     , 
l)  +  3w  + 

iT4)-(; 

«+l)(»  +  2)(»  +  3)(» 
1;  thus  the  w'^  term 
I 

+  4) 

»(»+l)(»  +  3)(»  +  3)( 
3 

+  2)(»+3)(„  +  4) 
4 

(n  +  l){n-t-2){n  +  3}(n  +  i)      n(»  + l)(w  +  2)  (tH-3)(w+4)  ' 
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If  each  term  of  the  proposed  series  be  decomposed  in  this 
manner  we  obtain  three  series,  each  of  which  may  be  summed 
by  the  method  of  the  preceding  Article;  thus  the  proposed  series- 
can  be  summed.     In  the  present  case  the  required  sum  is 
111  3 

TT     i" 


24     2{n  +  3)(n  +  ^)     24     3(n  +  2)(n  +  3)  (n  +  4) 

1  4 

+ 


24     4  (71  +  1)  {n  +  2)(n'\-  3)  (7i  +  4) ' 

665.  Polygonal  Numbers.  The  expression  n  +  ^n(n-\)h  is 
the  sum  of  n  terms  of  an  arithmetical  progression,  of  which  the 
first  term  is  unity  and  the  common  difference  is  5,  If  we  make 
6  =  0,  1,  2,  3,  ...  we  obtain  expressions  which  are  called  the  gene- 
ral terms  of  the  2nd,  3rd,  4th,  order  of  polygonal  numbers 

respectively.     The^s^  order  is  that  in  which  every  term  is  unity. 
Thus  we  have 

1st  order,   n^  term  1 ;  series  1,  1,  1, 

2nd  order,  n^  term  n\  series  1,  2,  3,  4,  5, 

3rd  order,  n^  term  |7i(w+'l);  series  1,  3,  6,  10, 

4th  order,  n^  term  w";  series  1,  4,  9,  16, . 

5th  order,  n^  term  ^  w(3n-  1);  series  1,  5,  12,  22, 

and  so  on. 

The  numbers  in  the   2nd,  3rd,  4th,  5th, series  have  been 

called  respectively  lineaTy  triangular,  square,  pentagonal,  

666.  The  n*"^  term  of  the  r*^  order  of  polygonal  numbers  is 

?i  +  ^7i(w— 1)  (r-2); 
the  sum  of  n  terms  of  this  series  is,  by  Art.  661, 

n(n+l)     r-2    (n-l)n(7i  +  l) 
2        '^~2~'  3  ' 

or  in (71+1)  {(r-2) (71-1)4.  3}. 

Hence  for  triangular  numbers  S^  =  ^n{n+1)  (n+  2),  for  square 
numbers  S^=^n{n  +  l)  {2n  +  1),  and  so  on. 

667.  To  find  the  number  of  cannon-halls  in  a  pyramidal  pile, 

(1)  Suppose  the  base  of  the  pyramid  an  equilateral  triangle, 
let  there  be  n  balls  in  a  side  of  the  base ;  then  the  number  of 
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balls  in  the  lowest  layer  ia  Tt  +  {M  -  1)  +{n-2)+ -f  1,  that  is, 

the  trianffular  munber  J  Ji  (n  +  1) ;  the  number  in  the  next  layer 
will  be  found  by  changing  n  into  n—  I ;  and  ao  on.  Hence,  by 
Art.  665,  the  number  of  aU  the  balls  is  J  n  (m  +  1)  (ii  +  2). 

(2)  Suppose  the  base  of  the  pyramid  a  square;  let  there  be 
n  balls  in  a  aide  of  the  baae ;  tlien  tlie  number  of  balls  in  the 
lowest  layer  is  n',  in  the  next  layer  (n—  1)',  and  so  on.  The 
number  of  all  the  balls  is  i  ii{jn- 1)  (2ii  +  l). 

Similai-Iy  we  may  proceed  for  any  other  form  of  pyramid. 

We  may  see  from  this  proposition  a  reason  for  the  terms 
triangular  number,  square  number,  

If  the  pile  of  cannon-balls  be  incomplete,  we  must  first  find 
the  ntunber  in  the  pile  supposed  complete,  then  the  number  in 
the  leaser  pile  which  ia  deficient^  and  the  diffcvence  will  be  the 
number  in  the  incomplete  pile. 

668.  A  question  analogous  t«  that  in  Art.  CC7  arises  when 
we  have  to  aiim  tlie  balls  in  a  pile  of  which  the  baae  ia  rectangular 
but  not  square.  In  this  case  tlie  pile  will  terminate  in  a  single 
row  ut  the  top  ;  suppose  p  the  number  of  balls  in  this  row ;  then 
the  li"'  layer  reckoned  from  the  top  baa  p  +  n  —  l  balls  in  its 
length  and  h  in  its  breadth,  and  thei-efore  contains  n{p  +  n—\) 
balls.     Hence  the  number  of  balls  in  n  layers  ia 

If  nt  be  the  number  in  the  length  of  the  lowest  mw,  m  =  p  +  )i  —  1, 
and  the  sum  maybe  written  \n{n+  l)(3ni-K  +  1);  aa  w  is  the 
number  in  the  breadth  of  the  lowest  row,  the  sum  ia  thua  expressed 
in  terms  of  the  nuniiiei-s  in  the  length  and  breadth  of  the  base. 

669.  Figurate  NuTiibers.  The  following  series  form  what  are 
called  the  difftii-eut  orders  d  Jlgurale  numbers: 

1st  oi-dcr,    1,  1,  1,  1,  1,  

_2nd  order,    1,  2,  3,  4,  5, 

3rd  order,    1,  3,  6,  10,  15, 
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the  general  law  is,  that  the  vJ^  term  of  any  order  is  the  sum  of 
n  terms  of  the  preceding  order.    Thus  the  n^  term  of  the  second 

order  is  ti,  of  the  3rd  order  is  —\ — jr^,  of  the  fourth  order  is 

.. — ^-^ -^  and  generally  the  t^  term  of  the  r***  order  is 

--^ Y"  V, -—  .     This  we  may  prove  by  induction.     For, 


assuming  this  expression  for  the  n^  term  of  the  r***  order,  we 
may  find  the  sum  of  the  first  n  terms  of  the  r*^  order  by  the 
formula  of  Art  661.  We  have  only  to  put  1  for  a,  0  for  6,  and 
r  —  1  for  m.     Hence  we  obtain  for  the  sum 

w(n+l)(w  +  2) (w  +  r-1) 

-  ^  i 

and  then,  by  definition,  this  is  the  expression  for  the  n^  term 
of  the  (r  + 1)"*  order. 

670.  We  have  already  shewn  that  the  Binomial  Theorem 
may  be  sometimes  applied  to  find  the  sum  of  a  series  (see  Art.  526); 
we  give  another  example.     Find  the  simi  of  the  series 

where     ^^=r(r  +  l)(r  +  2) (»*+S'-l), 

and        P^=(n-f)  (r&-r+  l)(r&-r  +  2) (w-r+^-  1).    . 

We  can  see  that 
$,-[£xthe  coejficient  of  af ""*  in  the  series  for  (1— a;)"^^^*, 

and  P,=  Lp  X  the  coefficient  of  oT*-'  in  the  aeries  for  (1  -aj)^^''*''>. 

Hence  we  have  so  far  as  terms  not  higher  than  a?"^, 

Therefore  the  series  which  we  have  to  sum  is  equal  to  the 
product   of  [^  [2  into  the  coefficient  of  a;""*  in  the  expansion  of 

the  product  of  (1 -»)"«'' '^  and  (!-«:)**+*>;  that  is,  the  series  is 
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equal  to  the  product  of  |^[£  into  the  coefficient  of  a'"'  in  the 
expaDsion  of  (1  —  a;)"**'*'''.     Hence  the  series  ia  equal  to 

^[p|?  \n-l+p  +  q 
lp  +  7  +  1  ^  \n^  • 
671.  By  the  method  of  Art.  6G0  we  may  inveatigate  ao  ex- 
pression for  the  aum  l'  +  2'  +  3'  + +n',  where  r  ia  any  posi- 
tive integer.  Denote  this  sum  by  S ;  then  it  may  be  shewn,  bb 
in  Ai-ts.  460  and  i61,  that  S  can  be  pnt  in  the  form  of  a  aeries 
of  descending  powers  of  n,  beginning  with  m""*"',  and  all  we  have 
to  do  ia  to  deteiTuine  coiTectly  the  coefficients  of  the  yaiious 
powers  of  n.     Assume  that  S= 

It  is  convenient  to  represent  the  coefficients  in  the  manner 
here  exhibited ;  thus  instead  of  a  siuglo  letter  for  the  coefficient 

of  »'~i  we  use  the  symbol  -  l^,  and  so  on.     We  shall  now  pro- 
ceed to  determine  the  Taluea  of  A^,  J,,  A^, ;  and  it  will  be 

found  that  these  quantitiea  are  independent  of  r  aa  well  aa  of  n. 

rln  the  assumed  identity  change  n  into  n  -t- 1 }  thufl 
s+in+iy=G{n+iy-^'+A„{n+iy+^A,{n+iy~^ 


Therefore,  by  suhtraction, 

t»+i)'=(?i(»+i)'"-»'"i+J.((> 


'i^'-ter^-i("+V- 


Expand  all  the  expresBions  (m  +  1)'*',  (n  +  iy,  (n  +  1)'"' 

by  the  Binomial  Theorem;  and  then  equate  the  coefficients  of 
the  various  powers  of  n.  Thus,  by  equating  the  coeffioientB  of  n'', 
Vehave  1  =  C(i'+  1),  then,  by  equating  the  coefficients  of  n.'"', 


have  9 


gfr-n)--. 


;  thu8C  = 


_1^ 


^.- 
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Equate  the  coefficients  of  w*""',  putting  for  G  and  A^  their 
values ;  thus  we  shall  obtain  generally 

111^,  ^,        .        ^3 


l£     l£±i     2!£     I2l£ri     ^\E:z1     lil£ll3 

A, 

*\1\pzA'' 

where  the  series  on  the  right-hand  side  extends  as  far  as  the  term 
involving  Ap^^  inclusive ;  and  by  putting  for  p  in  succession  the 

values  2,  3,  4,  we  determine  in  succession  A^,  A^y  A^,  ; 

and  we  see  that  these  quantities  are  independent  of  n  and  r. 

We  shall  obtain  ^j  =  g,  A^  =  0,  -43=-^^,  -4^  =  0,  ^5  =  to* 

It  is  remarkable   that  all  the   coefficients  with  even  suffixes 
A^,  A^,  A^,  ......  are  zero;  this  can  be  proved  as  follows  : 

« 

In  the  original  assumed  identity  change  n  into  n—l,  and 
subtract;  thus 

Equate  the  coefficients  of  n^~^,  putting  for  C  and  A^  their 
values;  thus 

0  = :p + i ? -L  ? 


y  +  1     2\P     |2|jP-l      |3|p-2      |4|jp-3 

[5\P-^     

The  result  formerly  obtained  may  be  expressed  thus, 

,,         I  I  A,  A,  A^ 


P±l     2\P     |2|p~l     [3|jp~2     |4|p-3 


A 


|5|p--4     

Hence,   by  subtracting  and  putting  for  j?  in  succession  the 
values  3,  5,  7,  ......  we  shew  in  succession  that  zero  is  the  value 

oi'A,,  A^,  A,,  ...... 
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EXAMPLES   OP  THE   SUMMATIOK   OF  SERIES. 

1.  Shew  tliat  the  buiu  of  the  first  n  teiina  of  the  series  of 

which  the  »"'  terni  ia  n{7i  +  1)  (n  +  2) (n  +  7>i  ~1)  is  obtained 

by  placing  one  more  factor  at    the  end  of  tliia  expression,  and 
dividing  by  the  nuniher  of  factors  so  increased.  ■ 

2.  Give  the  formula  for  Humming  the  series  of  which  the  n"' 
term  is  the  reciprocal  of  »i  (ji  +  1)  (n  +  2) (n  +  m  —  ].). 

Sum  the  following  five  series  to  n  terms,  and  also  to  infinity : 


1 


1 


I 


1.22.33.44.5 


6.8. 10      8.10.12 


T70     27476      3.5.7      4.6.8 


10 


13 


+  2(, 


2.3.4      3.4.6      4.5.6      5.6.7 

Slim  to  n  terms  1  +  3+6  +  10+ 

If  ra  bo  even,  shew  that 


i{n-^l){»^2) 


10.     Sum  ton  terms  «•+(»+!)' +  (0  +  2)'+ 

U.     Snm  tontermfl  l'  +  2'a!  +  3V  +  4V  + 

12.     If  the  terms  of  the  expansion  of  {a+b)'  be  multiplied 

respectively  by  nr,  (n-l)^,  {«-2)r*, ,  n  being  a  positive 

integer,  find  the  sum  of  the  resulting  sei-iea. 


13.     Expajid  -r. 


and  shew  that  the  coefficient  of  of  is 


of  ascending  powers  of  x, 
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14.  Find  tlie  coejficient  of  a5"*y"  in  the  expansion  of 

x(l—  ax) 
(1  —  a;)  (1  —  oaj  —  by)  * 

n  K     ai,       XT.  X 1     271     27i  (2n+2)      2n  (2n+2)  (27i+4) 

15.  Shew  that  1  + -s- + — \    ^    '  + — ^    a\ "^ 

16.  If  jo,  denote  the  coefficient  of  af  in  the  expansion  of 
(1  +  a;)",  where  w  is  a  positive  integer,  shew  that 

ei  +  ?5+?^8+  ,  nTp^^n{n^\) 

K      Px       P^      Pn^i         1-2     ' 

(Po^Pdip.^p:) (;^n-.-^;>n)=^^^^-^-^^^-'^ 

^^     a""!" ■*■        ;i -^•^2'"3"' ^n' 

(1         \*        a^ 
1 1 )  ~  71 v^  *^^* 
1— aj      /      (1  — a;) 

n(n+l) (7i+2>— 1)      n    (n-1) (yi  +  y-2) 

[£  1'  \p 

n(n-l)    (71-2) (n+p^3) 

is  zero  when  n  and  jo  are  positive  integers  and  n  greater  than  p, 

18.  If  shot  be  piled  on  a  triangular  base,  each  side  of  which 
exhibits  9  shots,  find  the  whole  number  contained  in  the  pile. 

19.  Find  the  number  of  shot  contained  in  5  courses  of  an 
unfinished  triangular  pile,  the  number  in  one  side  of  the  base 
being  15. 

20.  The  number  of  balls  contained  in  a  truncated  pile  of 
which  the  top  and  bottom  are  rectangular,  is 

^  {2p*  +Z{m  +  n-l)p+  Qmn  -  3m  -  3n  +  1}, 

where  m  and  n  represent  the  number  of  balls  in  the  two  sides  of 
the  top,  and  p  the  number  of  balls  in  each  of  the  slanting  edges. 
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21.     Shew  that  1*  +  2V  3*  + +  »* 


n*      w*     TC      n       n 


^y""!  •*•3■~30  =  30^'''■^)(^^■'^)(^^'^^^-^)• 
22.     Shew  that 

(1  +xv){l  +afv){l-\'x'v) (1  +0?"!;) 

(l-a:)(l-a;")(l-a;»)     Z*'*^^ 

23.  In  the  expansion  of  (1  +  x){l  +  ex)  (1  +c'aj)  (1  +  (?x)  ... 
the  number  of  factors  being  infinite  and  c  less  than  unity,  the  co- 
eflScient  of  a,'  is 

(l-c)(l-c')(l-c») (l-c-)- 

24.  If  -4^  be  the  coefficient  of  af  in  the  expansion  of 

(l+a;)'n+|j  n  +  ^)  (^■^■fv adinfinitum, 

prove  that         ^^ = ^^--^  (^^.,  +  il^_,),  and  that  J^  =  -^  . 

25.  If  n  be  any  multiple  of  3,  shew  that 

l-(,.,l)^(^-2)(^-3)_^(^-3)(n-4)(n-5)^ ^^^^^.^ 

1.2  [3 


LI.     INEQUALITIES. 

672.  It  is  often  useful  to  know  which  is  the  gi-eater  of  two 
given  expressions ;  propositions  relating  to  such  questions  are 
usually  collected  under  the  head  Inequalities, 

"We  say  that  a  is  greater  than  b  when  a  -  &  is  a  positive 
quantity.     See  Art.  95. 
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673.  An  inequality  wiU  still  hold  after  the  same  qiMntity  has 
been  added  to  each  member  or  taken  from  each  m^efmher. 

For  suppose  a>6,  therefore  a-b  is  positive,  therefore 
a  A  c  —  (6  sfc  c)  is  positive,  therefore  a^ob^c. 

Hence  we  may  infer  that  a  term  may  be  removed  from  one 
member  of  an  inequality  and  affixed  to  the  other  %mJth  its  sign 
changed. 

674.  1/  the  signs  of  all  the  terms  of  an  inequality  be  changed 
the  sign  o/ inequality  must  be  reversed, 

For  to  change  all  the  signs  is  equivalent  to  removing  each 
term  of  the  first  member  to  the  second,  and  each  term  of  the 
second  member  to  the  first. 

675.  An  ineqttality  will  still  hold  after  eath  Tnemher  hds  been 
multiplied  or  divided  by  the  same  positive  quantity. 

For  suppose  a  >  6,  therefore  a  -  5  is  positive,  therefore  if  m  be 
positive  m(fl^b)  is  positive,  therefore  ma  >mb',  and  similarly 

—  (a -6)  is  positive,  and  — >  — . 
m  m,     m 

In  like  manner  we  can  shew  that  if  each  member  of  an  ine« 
quality  be  multiplied  or  divided  by  the  same  negative  quantity^ 
the  sign  of  inequality  must  be  reversed. 

676.  If  a>b,  d>V,  a">V\ then 

a+a'+a"+ >6+6'  +  6''+ 

For  by  supposition,  a  —  6,  a' — 6',  a"  -  5", are  all  positive ; 

therefore  a  —  6  +  a'  —  6'  +  a"  —  6''  + is  positive ;  therefore 

a  +  a'  +  a''+ >6  +  6'  +  6"+ 

677.  If  a>6,  a'>b\  a*'>b"y  **.**.  and  all  the  quantities  are 
positive,  then  it  is  obvious  that  oaV >  56'6" 

678.  If  a  >6,  and  a  and  6  are  positive,  then  a"  >6",  where  n 
is  any  positive  quantity. 

This  follows  from  the  preceding  Article  if  w  be  an  integer.  If  n 
be  fractional  suppose  it  =-;  let  a'=A  and  y  =  *j  then  h  is  >ky 


INEQUiXITIES. 


*u 


anil  wo  have  to  prove  that  A'  >  i' ;  this  we  can  prove  indirectly ; 
for  if  A'  =  S',  then  h  =  }c;  and  if  A'<^,  then  h<k;  both  of 
these  results  are  false;  Jience  we  must  have  h'>Xf. 

If  M  be  B.  ■negative  quantity,  let  n  =  —  m,  so  that  m  is  positive  j 
then  -j;<n;j  that  is,  a'<b', 

679.     Let  T-',   t',   -,'i  ■■•  r*  ^  fractions  of  which  the  do- 
i,      b,      6j  6, 

nominators  are  all  of  the  same  sign,  then  the  fraction 


lies  in  magnitude  between  the  least  and  the  greatest  of  the  fractions 

/    6"°'    V  '"   K' 
"■For  suppose  ^ip.  T^,...-^tob6in  ascending  orfer  of  mag- 
nitude, and  Buppose  that  all  the  denonunators  are  positive;  then 
^  =  I* ,  therefore  o,  —  6,  >■ 

' ,  therefore  a  >  6  > 


therefore,  by  addition. 


4-0,  >{6, +  6,  +  6,+ 


Similarly  we  may  prove  that 


a,  +  a,*-a,+ +g. 
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In  like  manner  the  theorem  may  be  established  when  all  the 
denominators  are  supposed  negative. 

If  X^  ~  xf  ~  A*  ==  •••  >  *^®^  ®^^  ^^  these  fractions  is  equal  to 

the  fraction  whose  numerator  is  the  sum  of  the  numerators  and 
denominator  the  sum  of  the  denominators.     See  Art.  384. 

680.  Since  {x  -  y)'  or  a;*  -  2xy  +  y"  is  a  positive  quantity  or 
zero,  according  as  x  and  y  are  unequal  or  equal,  we  have 

the  inequality  becoming  an  equality  when  a;  =  y.     Hence 

that  is,  the  arithmetic  mean  of  two  quantities  is  greater  than  the 
geometric  mean,  the  inequality  becoming  an  equality  when  the 
two  quantities  are  equal 

681.  I-iet  there  be  n  positive  quantities,  a,  h,  c, .,,  k;  then 

/a 4  5  +  C+  ...  +kY       -         - 
( ■ j  >  <wc  ,,,ky 

unless  the  n  quantities  are  all  equal,  and  then  the  inequality 
becomes  an  equality. 

therefore  abed  <  (— «—  .  —k—  )  j 

and  «J6    £+d^|i(«  +  6^i(c  +  J)J.. 

therefore  ahcd  <  I j  . 

By  proceeding  in  this  way  we  can  shew  that  if  |>  be  any  posi- 
tive integral  power  of  2, 

-    -      ,     ^    .      .      /«  +  6  +  c  +  c?+...V 
ahcd . ..  (p  factors) <  ( J  . 

T.,       ,.                         ,,,a  +  6  +  c  +  c?+...(?i  terms)     , 
Now  let  p  =  n  +  rf  and  let  ^ '  ^t,  and 
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Boppose  each  of  the  remaining  r  quantities  out  of  tlio  p  quantities 
to  be  equal  to  f ;  we  Lave  then 

ahed...  {n  foctora)  x  t'<  (^ — -\     ;  that  is,   <  ("'; 

therefore  a5cJ  ...  (n  fectora)  <(";  that  is,  <( "")■ 

Thus  the  theorem  ia  proved  whatever  be  the  number  of  quan- 
tities a,  b,  e,  d,  ...  The  inequality  becomes  an  equality  when  all 
the  n  quantities  ore  eqiiaL 

We  may  also  write  the  theorem  thuH, 

->{aic(i...)"  ; 

by  extending  the  signification  of  the  terms  arithmetical  mean  aa.i 
geometrical  mean,  wo  may  enunciate  tlie  theorem  thus ;  the  arith- 
metical mean  of  any  number  of  positive  quantities  is  grader  than 
the  geometrical  mea/n. 

682.  The  following  proof  of  tlie  tlieoram  given  in  the  pie- 
ceding  Article  will  be  founii  an  instructive  e. 


Let  P  denote  (abed. i)',  and  Q  denote — — '-1^^-^ —  . 

Suppose  a  and  b  respectively  the  greatest  and  least  of  the  n 
quantities   a,    b,    c,    d,  A;    let  Oi  =  6i  =  J(a  + 6),    and  let 

F,^{afi^cd i)"" ;  then  since  a,6, > a6,  w6haTe7',>P.     Next 

if  the  factors  in  i*,  be  not  all  eqiuil,  remove  the  greatest  and  least 
of  them,  and  put  in  their  places  two  new  fuctors,  each  equal  to 
liulf  the  sum  of  those  removed;  let  J'  denote  the  new  geometrical 
mean ;  then  /",  >  P^.     If  we  proceed  in  this  way,  we  obtain  a 

series  P,  P^,  P,,  P^ P^,  each  term  of  which  ia  greater  than 

the  preceding  term ;  and  by  taking  r  large  enough,  we  may  have 
the  factors  which  occur  in  7*,  as  nearly  equal  as  we  please  ;  thus 
■when  r  is  large  enough,  we  may  consider  F^  —  Q;  therefore  f  ia 
less  than  Q. 

683.     We  will  now  compare  the  quantities 


^^■-(^)" 
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We  suppose  a  and  b  positive,  and  a  not  less  than  6. 

m(m -l){m-2)(m-S)  (a  +  6\"-*  (a - h\  \ 

''        g         \~2-)   \r2~) "" /• 

Since  — ^—  is  less  than  —75—,  the  series  is  convergent  (Art.  564), 

so  that  we  have  a  result  which  is  arithmetically  intelligible  and 
true.     Hence  if  97»  be  negative  or  any  positive  integer,  it  follows 

that   — ^ — >(__j  ,     If  m  be  positive  and  less  tha/n  unitt/, 

a"*  +  5'"     /a  +  6\  "• 

- — o — '*^l~'2~")  •     "'•*  remains  to  consider  the  case  in  which  m 

is  positive  and  greater  than  uniJty,  hid  not  a/n  integer.    Suppose 

p  1         i 

m  =  -,  where^is  >  g,  andlet  a  =  a%  P=b%  A  =  a^j  B=p^.    Then 

a'+J*".    ^  (a  +  h\  ,.  oF  +  B^.  /a'  +  W 

—5 — is>or  <  I— o— )>  according  a« — ^is>or<f — o"^); 

f 
— 5 — j    is  >  or  <  — K^}  ^^^    is* 

according  as  f  — ^ — )   is  >  or  <  — 5 — .     We  know  by  what 
has  already  been  proved,  that  the  expression  on  the  lefirhand 

side  is  the  greater,  since  -  is  positive  and  less  than  unity ;  hence 

ft"*  +  6"*  /a  +  6\"* 

— 2 —  is  >  (— o^")   when  m  is  positive  and  greater  than  unity. 

684.     Let  there  be  n  positive  quantities  a,  6,  c,  k;  then 

o'"  +  5'"4-c"'+ +^      /a  +  h  +  c-\- +^\*' 

n  \  n  ) 

when  m  is  negative,  or  positive  and  greater  than  unity;  but  the 
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reverae  holds  when  m  is  positive  and  leas  than  unity.     The  in- 
equsility  becomes  an  equality  when  all  the  m  quantities  lae  equah 

This  may  bo  proved  by  a.  method  aimilar  to  that  used  in 
Art.  681.     We  will  auppoae  m  negative,  or  positive  and  greater 

than  unity.     Then  a"  +  6"  >  3  (^4")  ,    c"  +  d"  >  2  (^^)"; 


therefore 


+  6"  + 


Hl 


>2.3(±±i±£ii)-, 


By  proceeding  in  this  way  we  can  establish  the  theorem  in 
the  case  where  the  number  of  quantities  is  j),  if  p  bo  any  positive 
integral  power  of  2.  Now  let  p  —  n  +  r,  and  let  the  last  r  of  th« 
p  qiiiintitita  be  all  equal,  and  each  equal  to  (,  say,  where 


l> 


+  6'"  +  c"  + /a  +  b  +  c-i- \" 

a"+i"4-c"  + >nC"; 


therefore 

that  is, 

therefore  a"  4 

which  was  to  be  proved. 

In  a  similar  way  we  may  establish  the  rest  of  the  theorem, 
namely,  that  when  m  is  positive  and  less  than  unity  the  reverse 

The  theorem  of  this  Article  may  also  be  established  by  a 
method  similar  to  that  used  in  Art,  682. 

685.  If  as  and  fi  are  positive  quantities,  and  x  and  ^x  lees 
than  unity,  {l  +  xf  ia  less  tlian  ■=— 


426  INEQUALITIES. 

We  have. in  fact  to  shew  that  (1  +  a;)"^  is  greater  than  1  -  ^x. 
Now,  by  che  Binomial  Theorem, 

each  term  of  this  series  is  greater  than  the  succeeding  term,  for 
— — =-  x  is  less  than  unity,  since  x  and  ^x  are  each  less  than  unity. 
Hence,  as  in  Art.  558,  the  series  is  greater  than  1  —  )Sa?. 

686.  Let  y  be   a  positive  quantity  greater   than  )S;    then 

1  +  ya;  is  greater  than  z — ^  provided  (1  +  yx)  (1  —  fix)  is  greater 

X  ~~  px 

than  1 ;  that  is  provided  (y-  P)x  is  greater  than  fiyx',  that  is 

provided  y  —  )8  is  greater  than  Pyx.     Hence  we  have  the  following 

result ;  if  oj,  )8,  and  y  are  positive,  and  y  greater  than  p,  then  by 

taking  x  small  enough  we  can  make  (1  +  ar)^  less  than  1  +  ya; ; 

this  holds  however  small  the  excess  of  y  over  ^  may  be. 

687.  If  X  be  positive  log  (1  +  a;)  is  less  than  x. 

For  suppose  y  =  log (1  +  x),  then  l+x  =  ^ ;  and,  by  Art.  542, 
e^=l+y  +  ~r+r^+ ,  which  is  greater  than  y  +  1. 

As  an  example  put  for  x  in  succession  s,    77,    -, -: 

Z      6     \  n 

-         ,31.41               ,      n  +  1      1       XT  ^. 

we  have  log^<^,   log-<-,  log <-.     Hence,  by 

JJ-x-  ,         W  +  1         1         1  1 

addition,  log -y- <  g  +  3  "♦" ■^^• 

688.  If  X  be  positive  and  less  than  unity  log  (1  +  ar)  is  greater 

x^ 
than  a?  —  —  . 

aj'     a;'     a?* 
For  log(l4-a;)  =  a;-^  +  -k  ~  t  "^ y  ^^nce,  as  in  Art.  558, 


we  see 


that  log  (1  +  a?)  -  ( a;  —  -^  j  is  a  finite  positive  quantity. 
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689.  If  X  be  positive  and  less  than  unity  log  ^j is  greater 

tlian  X, 

1  x'     a?     X* 

For    log  y^  =  -  log  (1  -  a?)  =  a?  +  -H  +  -^  +  j  +...... ;     hence 

log  .J as  is  a  finite  positive  quantity. 

690.  The  following  three  examples  will  illustrate  the  subject 
of  Inequalities,  and  furnish  results  of  some  interest. 

T      ,.  1.3.5 (2n-l)       ,  3.5.7 (2n  +  l) 

^     "^-=     2.4.6 2n      °"'^^-=      2.4.6...:..2n     ' 

then  when  n  is  infinite  u^  is  zero,  v^  is  infinite  and  u^v^  is  finite. 

We  have  «»=  2  '  i  *  6 ^i^ W' 

therefore,  by  Art.  376,  w«<«  .  ^  .  = o~ — f (2). 

Therefore,  by  multiplication,  u^<^ r- . 

Hence,  by  increasing  n  we  can  make  w„  less  than  any  assigned 
quantity. 

Q.    .,    ,                            3    5    7           2n  +  l  .^. 

Smnlarly,  ^n  =  2.j.g -^;^ (3); 

therefore,  by  Art.  376,  v^>-  .  g  .  ^ ^^^1 W- 

2n  +  2 
Therefore,  by  multiplication,  v^> — ^ — ,  that  is,  >n  +  1. 

Hence,  by  increasing  n  we  can  make  v^  greater  than  any  as- 
signed quantity. 

Last,  by  (1)  and  (4)  we  see  that 

12w  +  2      .    ..         w  +  1  ,  .       ^  /•   ..    .      1 

^«^n>  o  o       -,  ,  that  IS,  >  ~ J- ,  and  therefore,  a/or^ion,  >^  ; 

and  by  (2)  and  (3)  we  see  that  u^v^<\, 

1 
Hence  u^v^  lies  between  „  f^nd  1,  and  is  therefore  finite. 
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11.     If  nhy  w,  a  are  in  descending  order  of  magnitude,  then 

(m  +  aV* .       /n  +  a\" 
m  —  aj  xTh'-a/  ' 

For  take  the  logarithms  of  both  sides ;  thus  we  have  to  compare 


1+^  /!  +  ?' 

m  log       ^  with  n  log  I        ^  , . 


or 


2an  +  5— 5+v-i+ >  with  2an  +  ^-,+  --  + I 

and  the  first  of  these  is  less  than  the  second.     Hence  the  required 
result  follows. 

III.     Let  there  be  n  positive  quantities  a,  6,  c, ,k;  then 

( 1  la  <a''b*cr A;*, 

unless  the  w  quantities  are  equal,  and  then  the  inequality  becomes 
an  equality. 

Let  there  be  two  unequal  quantities  a  and  6;  we  have  to 
shew  that  a"6*  is  >  f  — o— )    *• 

Suppose  a  greater  than  5;  let  a  =  c  +  a;,   6  =  c  -  ic 

l  +  -j      fl  —  J      is>l, 


that  is,  that 


or  that  (1  - ^)\YZr)  is  >  1,     whei-e  «=  -  . 

(1  +  i&\' 
j  (1  -  «*)  i 


IS 


2z 


{«4«'4^-^ }-{^^**-^-5**^ }' 
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and  this  is  a  positive  quantity ;  and  as  the  logaritbm 
'  e  expression  is  greater  than  unity. 


positive 
three  or 


The  demonstration  ia  then  extended  to  the 
more  quantitiea  by  a  method  similar  to  tliat  used  in  Art.  682. 

The  problems  in  the  next  three  Articles  are  analogous  to  the 
subject  considered  in  the  present  Chapter. 

691.  Divide  a  given  number  2a  into  two  parta,  euch  that 
their  product  shall  have  the  greatest  possible  value. 

Let  x  denote  one  pai-t  and  2a-  x  the  other  pai-t,  and  let  y 
denote  the  product  j  then  we  have  to  determine  x  so  that  y  may 
have  the  greatest  possible  value.  Since  y  —  x  (2a  —  x),  we  have 
a^  —  2ax  +  y  =  0 ;  therefore  a:  =  a  >t  ^(rt'  —  f/).  Thus  since  x  must 
be  real  y  cannot  be  greater  than  a',  and  x  —  a,  when  y  =  a'. 

633.  Divide  a  given  number  2a  into  two  parts,  such  that  the 
Sum  of  their  sqiiare  roots  ahall  have  the  greatest  possible  value. 

Let  X  denote  one  part  and  2a -x  the  other  part,  and  let  y 
denote  the  aura  of  the  square  roots  of  the  parts ;  then  we  have  to 
determine  x  so  that  y  may  have  the  greatest  possible  value. 

Since  ^x+J(2a~x)=j/,  2a-x  =  (i/~  Jx)' ^y'-^y  ^x  +  x, 
Bud  2iB-3ffV«'+y-2a  =  0;  therefore  ^a;  =  |  *  ^^^  V 


Since  Jx  must  b 
2  ^a  is  the  greatest  v 


693.     Find  the  least  value  which 
real  value  x  may  have. 


real  y*  cannot  be  greater  than   ia,  thus 
ue  of  y,  and  x~a  when  y-2  Ja. 


Put  " 


=  y,  then  a,-'-  Ky  +  a.'  =  0  ;  tliua  : 


I  have  whatever 


^y_^-Ji^ji^^ 


Hence  y"  caimot  be  leas  tban  4a' ;  or  2a  is  the  least  value  of  y. 
Or  thtii  !Lt^  =  ^ 


;  +  _  J   suppose  x  positive,  then  we  t 
the  form  (jx j-\  +2re;  and  aa  2a 


put  this  expression 

eonstant  the  least  value  of  the  whole  eipresrion  will  be  ol 
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{j> 


when  the  positive  term  ( ^a5  — j-  j   vanishes,  that  is,  when  x  =  a. 

a*  +  a* 
It  is  iinnecessaiy  to  consider  negative  values  of  aj,  because 

OS 

has  the  same  numerical  value  when  x  Jias  any  negative  value  as 
when  X  has  the  corresponding  positive  value. 

EXAMPLES   OP  INEQUALITIES. 

In  the  following  examples  the  symbols  are  supposed  to  denote 
positive  quantities;  and  the  inequalities  may,  in  certain  cases, 
become  equalities^  as  in  some  of  the  Articles  of  the  text. 

1.  If  a,  5,  c  be  such  that  any  two  of  them  are  greater  than 
the  third,  2  {ah  +  hc  +  ca)  >  a*  +  6'  +  c*. 

2.  If  Z"  +  w'  +  w'=l,  and  r  +  m'»  +  w'»=l,  then 

U/  +  mm  +nn<\, 

3.  (a  +  5  -  c)'  +  (a  +  c  -  5)'  +  (6  +  c  -  a)'  >ah  +  hc  +  ca. 


4. 


©'*©'»-<^'- 


5.  a6(a  +  6)  +  5c(6  +  c)  +  ca(o  +  a)>6a6c  and  <2{a^+V  +  c^), 

6.  (a  +  5)  (6  +  c)  (c  +  a)> 8a6(?. 

7.  Shew   that  a;*~8aj  +  22  is  never  less  than  6,  whatever 
may  be  the  value  of  x. 

8.  Wliich  is  greater,  Sos'  or  aj  +  1 1 

11  1 

9.  If  nbe>l,  then  a;  +  —  is  >1+-,  ifajbe>l,  or<-. 

'  nx  n  '  n 

,     ,  ,        «  (a  +  x)  (h-{-  x) 

10.  Find  the  least  value  of  -^^ — . 

X 

11.  Didde  an  odd  integer  into  two  other  integers,  of  which 
the  product  may  be  the  greatest  possible. 

12.  If  a  >  fc,  then  J{a'  -  b")  +  J{2ab  '-b')>a. 

13.  If  a,  by  c,  d  are  in  harmonical  progression,  a-\-d>b-\-c. 

14.  If  a,  5,  c  are  in  harmonical  progression  and  n  a  positive 
integer,  a*  +  c*>  2b\ 
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15.  If  a>6,  shew  that  —r^-^ =-  is  >or  <     ,,  ^ — tt>.  >  accord- 

V(^  +  «  )  \/(^  +  ^  ) 

ing  as  a;  is  >  or  <  ^(a5). 

16.  If  a,  6,  c,  or  6,  c,  a,  or  c,  a,  6  are  in  descending  order  of 
magnitude,  a%  +  5'c  +  c*a>a*c  +  6'a  +  c'6 ;  if  they  are  in  ascending 
order  of  magnitude,  a*6  +  6'c  +  c^a<  a^c  +  6'a  +  c'b. 

17.  (^'  +  J5'  +  C'+...)(a'  +  6»  +  (?'+...)>(ila  +  i?6  +  (7c+...)'. 

18.  3  (a'  +  6'  +  c')  >  (a  +  fc  4-  c)  (a6  +  6c  +  ca). 

19.  9abc<{a  +  b  +  c){a'+b'  +  c"). 
ti,  —  1 

21.  The  difference  between  the  arithmetic  and  the  geometric 
mean  of  two  quantities  is  less  than  one-eighth  of  the  squared 
difference  of  the  numbers  divided  by  the  less  number,  but  greater 
than  one-eighth  of  such  squared  diflference  divided  by  the  greater 
number. 


22, 


23.     \n>nK 

24     1.3.5  ...{2n-l)<n\ 

^'-  (-S(^-|)-(-'-^)>E- 

26.     a*  +  b*  +  c*>abc  (a  +  b  +  c). 

21.     8(a'  +  6'  +  c")>3(a  +  fc)(6  +  c)(c  +  a). 

2a        2b         2c        ^ 

28.  7 + +  — ^T  >  3- 

b+c     a+c     a+6 

29.  {a  +  b+cy>27abc  and  <  9  (a' +  5' +  c"). 

30.  If  ^  and  q  be  each  less  than  unity, 

ISM-ILlP)  is  <  — 2—     and  >-P(^"^) 

^^cicict  a    ^     a    .     a 

a,     ©3     a,  a._j       a.       a, 

1-a' 

32.     If  a  and  x  both  lie  between  0  and  1,  then  ^j >  as. 

1  —a 
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LII.     THEORY   OF  NUMBERS. 

694.  Througliout  the  present  Chapter  the  word  number  is 
iised  as  an  abbreviation  for  positive  integer, 

695.  A  number  which  can  be  divided  exactly  by  no  number 
except  itself  and  unity  is  called  a  prime  number ^  or  shortly  a.prim>e, 

696.  Two  numbers  are  said  to  be  prime  to  each  other  when 
there  is  no  number,  except  unity,  which  will  divide  each  of  them 
exactly.  Instead  of  saying  that  two  numbers  are  prime  to  each 
other,  the  same  thing  is  expressed  by  saying  that  one  of  them  is 
prime  to  the  other. 

697.  If  a  number  p  divides  a  product  ab,  and  is  prime  to  one 
factor  a^  it  must  divide  the  other  factor  b. 

Suppose  a  greater  than  p;  perform  the  operation  of  finding 
the  greatest  common  measure  of  a  and  p ;  let  q,  5^,  q",  ...  be  the 
successive  quotients,  and  r,  /,  r",  ...  the  corresponding  remainders. 

Thus        a=pq  +  rf     p  =  rq^  +  r\      r  =  r^  +  r",      ...       multiply 

each  member  of  each  of  these  equations  by  5,  and  divide  by  p ; 

^,       -       ab     .       br       ^     br      ,    W      br     br'       .,     6r" 
therefore  —  =  60'  +  -— ,     6  =  — xg<  + —  ,     —  «  —  x  g^  +  — ,  . .. 
p  P  P  P        P       P  P 

ah 
Since  —  is  an  integer,  it  follows  from  the  first  of  these  equa- 

br 
tions  that  —  is  an  integer ;  then  from  the  second  of  these  equations 

—  is  an  integer :  then  jfrom  the  third  —  is  an  integer  J  and  so 
P  P 

on.     But,  since  a  and  p  are  prime  to  each  other^  the  last  of  the 

remainders  r,  /,  /',...  is  unity ;  therefore is  an  integer  j  that 

is^  (  is  divisible  by  p, 

698.  WTien  the  numerator  and  denominator  of  a  fraction  afe 
prima  to  each  other  the  fraction  cannot  be  reduced  to  an  equivalent 

i/rc9ciion  in  lower  term,s. 
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SupiX)3B  that  a  is  prime  to  b,  n.n(I,  if  possible,  let  -=_  he  eijual 
to  r; ,  a  ii-action  in  lowtr  terms.     Since  y  =  — ,  we  have  a'  =  -r-  ; 

therefore  b  divides  ab';  but  b  is  prime  to  a,  therefore  6  divides  6' 
(Art.  697) ;  but  this  ia  impossible,  since  b'  is  less  than  6  by  sup- 

poBition.     Hence  ^  cannot  be  reduced  to  an  equivalent  fraction 
in  lowec  terms. 

699.  If  a  is  prime  to  b,  and  t^t-->  then  a'  and  b'  must  be  the 
same  viulliples  of  a  and  b  reipealivdy. 

Since  t;  =  r  j  ^^  have  a'  =-=-  ;  hut  h  is  prime  to  a,  therefore  b 
divides  b';  hence  b'^nh,  where  n  ia  some  integer;  therefore  a'—na. 

700.  If  a  prime  number  p  divides  a  product  abed...  it  must 
divide  one  ofthefactore  of  tkat  product. 

For  since  j>  ia  a  prime  number,  if  ji  does  not  divide  a  it  is  prime 
to  a,  and  therefore  it  must  divide  bed...  (Art.  697),  Similarly,  if 
p  doea  not  divide  b,  it  is  prime  to  b,  and  therefore  it  must  divide 
cd...  By  proceeding  in  this  way  we  shall  prove  that^  must  divide 
one  of  the  factors  of  the  product. 

701.  If  a  prime  number  divides  a",  nkere  n  is  awy  positive 
integer,  it  nvust  divide  a. 

This  follows  from  the  preceding  Ai-ticic  by  supposing  all  the 
factors  equal. 

702.  If  a  number  n  is  divisUiU  by  p,  p',  p", ...  and  each  of 
these  divisors  is  prime  to  all  the  otiiers,  a  ia  also  divisible  by  ifis 
product  pp'p",.. 

For  since  n  ia  divisible  by  p,  wo  have  n-pq,  where  g  is  some 
integer.  Since  p  divides  pq  nnd  is  prime  to  p,  p  must  divide  q ; 
hence  q  =  p'q',  where  q'  is  some  integer;  thus  n-pp'q',  and  is 
therefore  divisible  by  pp'.  By  proceeding  thus  we  may  show  that 
n  is  divisible  hj pp'p"... 
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703.  If  a  cmd  b  he  each  of  them  prime  to  o,  ihen  ab  is  prime 
to  c 

For  if  oi  is  not  prime  to  c,  suppose  a5  =  nr  and  c^ns^  where 
II,  r,  and  9  are  integers ;  then,  since  a  and  h  are  prime  to  c,  they 

Cb       T 

are  prime  to  tw,  and  therefore  to  n ;  but  ah  =  nr,  therefore  ""  =  t  j 

therefore  6  is  a  multiple  of  n  (A.rt.  699).  Hence  h  is  both  prime 
to  11  and  a  multiple  of  w,  which  is  impossible.  Therefore  ah  is 
prime  to  c. 

704.  i/a  anJ  b  ar«  prime  to  each  other y  a™  and  b*  are  prime 
to  each  other  ;  m  ane^  n  being  any  positive  integers. 

For  since  a  is  prime  to  5,  it  follows  that  a  x  a  or  a'  is  prime 
to  h  (Art,  703)  ;  similarly  o*  x  a  or  a'  is  prime  to  h ;  and  so  on ; 
tlius  a"*  is  prime  to  5.  Again,  since  a"*  is  prime  to  h,  it  follows 
that  a*"  is  prime  to  6  x  6  or  6' ;  and  so  on. 

This  Article  establishes  the  result  to  which  reference  was  made 
in  Art  242. 

705.  Ko  rational  integral  algeh'aical  formula  can  represent 
prhne  numbers  only. 

For,  if  possible,  suppose  that  the  formula  a '\' hx -\- cx^  +  dx*  +  . . . 
represents  prime  numbers  only;  suppose  when  x  =  m  that  the 
formula  takes  the  value  p,  so  that  p^a  +  bm  +  an'  +  dm^  +  . . . 
Put  for  X,  in  the  formula,  m  +  np,  and  suppose  the  value  then 
to  be  !>' ;  thus  />'  =  a  +  6 (w*  +  np)  +  c(w  +  np)'  +  d (m+npY  +  ... 
=  a  +  6in  +  onh'  +  dm*  + +  if  (p)  =p  +  M(p),  where  M  (p)  de- 
notes some  multiple  ofp ;  thus  p'  is  divisible  by  p^  and  is  therefore 
not  a  prime. 

TOG.     Th»  nuvfJbeT  of  prime  numbers  is  infinite. 

For  if  the  number  of  prime  numbers  be  not  infinite,  suppose  p 
the  greatest  prime  number  ;  the  product  of  all  the  prime  numbers 
up  to  p,  that  is,  2,3.5.7.11..../?  is  divisible  by  each  of  these 
prime  numbers;  add  unity  to  this  product,  and  we  obtain  a 
number  which  is  not  divisible  by  any  of  these  prime  numbers;  this 


w 
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number  is  therefore  either  itself  a  prime  number,  or  is  divisible 
by  some  prime  number  gi-eater  than  ^ ;  thua  p  ia  not  the  greatest 
prime  number,  which  ia  contrary  to  the  supposition.  Hence  the 
number  of  prime  numbers  is  infinite. 

707.  If  &  is  prime  to  b,  and  the  guanlitiea  a,  2a,  3a, 

(b  —  1)  a,  are  divided  by  b,  &e  remainders  vnll  all  be  different. 

For,  if  possible,  suppose  that  two  of  these  quantities  mn  and 
m'a  when  divided  by  6  leave  the  same  remainder  r,  so  that 

mia-nh  +  r  and  m'a=ji'6+r; 
then  (TO-j,i')«=(M-n')6; 

therefore  i  = , ; 

hence  wi  — m'  is  a  multiple  of  6  (Art.  699)  j  but  this  is  impoBsiblej 
since  m  and  nt  are  both  less  tlian  b. 

708.  A  nuinher  can  be   resolved  into  prime  factors  in  ordy 
one  loay. 

Let  N  denote  the  number;    supiwae    N^ahed ,  where 

a,h,  c,  d, are  prime  numbers  equal  or  unequal.     Suppose,  if 

possible,  that  iV  also  =  ujSyS  .  . ,  where  a,  I3,y,  S,  ...  are  other  prime 

numbera.      Then  abed -a/SyB ;    hence   a   must  divide 

abed ,  and  therefore  must  divide  one  of  the  fiictora  of  thia 

product ;  but  these  factors  are  all  prime  mimbcra  ;  hence  a  must 
be  equal  to  one  of  them,  a   suppose.     Divide  by  a  or  a,  then 

bed =^yS ;  from  this  we  can  prove  that  P  must  be  eqiial 

to  one  of  the  factors  in  bed ;  and  so  on.     Thus  the  factors  in 

abed cannot  be  different  from  those  in  a^SyS 

709.  To  find  the  highest  power  of  a  prime  number  a  which  is 
contained  in  the  prodvcl  |m. 

Let  /  ( —  1  denote  the  greatest  integer  contained  in  — , 
let  ^  (-))  denote  the  greatest  integer  contained  in  -^  , 
let  I  [-j]  denote  the  greatest  integer  contained  in  -, , 
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then  tlie  highest  power  of  the  prime  number  a  which  is  con- 

tainedin^iB/(f)./(5).7(5). 

For  among  the  numbers  1,  2,  3, ...  w,  there  are  I  {—]  which 

contain  a  at  least  once,  namely  the  numbers  a,  2a,  3a,  4a, 

Similarly  there  are  -^  ( -f )  which  contain  a"  at  least  once ;  there 

are  -^(-3 )  which  contain  a'  at  least  once;  and  so  on.     The  sum 

of  these  expressions  is  the  required  highest  power. 

This  proposition  will  be  illustrated  by  considering  a  numeiical 
example.  Suppose  for  instance  that  m=14  and  a  =  2;  then  we 
have  to  find  the  highest  power  of  2  which  is  contained  in  [14. 

Here/T— j  =  7,    7^-5]=  3,   7(^J  =  lj   thus   the  required 

power  is  11.  That  is,  2"  will  divide  [14,  and  no  higher  power 
of  2  will  divide  [14.  Now  let  us  examine  in  what  way  this  num- 
ber 11  arises.     Of  the  factors  1,  2,  3,  4, 14  there  are  seven 

which  we  can  divide  at  once  by  2,  namely  2,  4,  6,  8,  10,  12,  14. 
There  are  three  factors  which  can  be  divided  by  2  a  second  time, 
namely  4,  8,  12.  There  is  one  factor  which  can  be  divided  by  2 
a  third  time,  namely  8. 

Thus  we  see  the  way  in  which  7  +  3  +  1,  that  is  11,  arises. 

710.  TJie  product  of  any  n  successive  integers  is  divisible 
by  [n. 

Let  w  + 1  be  the  first  integer;  we  have  then  to  shew  that 

(m+l)(m  +  2) (m  +  n)  .  .  ,,  ,  .  ,     ,    ., 

j ^ •  IS  an  integer.  Multiply  both  nume- 
rator and  denominator  of  this  expression  by  \m;  it  then  becomes 

\m+n  p 

,     ,  which  we  shall  denote  by  7-.      Let    a    be    any   prime 
\m\n  Q 

number;   let    r^,   r,,   r^y denote  the  greatest  integers  in 

m  +  n     m  +  n     m  +  n 


a  a  a 


respectively;    let   «,,   »,,   «,, 
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denote  the  gi-eatcst  iiitegera  in  — ,,,  -j, respectively  ;  and 

let  (|,  (j,  (j, denote  the  greatest  integers  in  -,    —j,    — ,, 

respectively.     Then  in  P  the  factor  a  occutb  raised  to  the  power 

r,+r,  +  r,+ j  in  Q  the  factor  a  occurs  raised  to  the  power 

*i  +  Sj  +  Sj  + +  (j  +  (,  +  ij  -1- M^ow  it  may  bo  easily  ehewn 

that  r,  is  either  equal  to  «j  +  (,  or  to  <,  +  ',  + 1,  and  that  r,  is 
either  equa]  to  «,  +  (,  or  to  «,  +  (^  + 1,  and  so  on.  Thus  a  oocuis 
in  P  raised  to  at  least  as  high  a  power  os  in  Q.  Similarly  any 
prime  factor  which  occurs  in  Q  occurs  in  P  raised  to  at  least  os 
high  a  !)Ower  as  in  $.     Thus  P  is  divisible  by  Q. 

711.  7/ a  be  a  prime  number,  t/te  eoejpcieiit  of  every  term  in 
the  expansion  o/"  (a  +  b)",  except  Ihejlret  and  lasl,  is  divitJble  by  n. 

For  the  general  form  of  the  coefficients  excUiiling  the  first  and 
last  is  — ^- — ■■    '"""  ■ ,    where    r    may   have   any    value 

from  1  to  n  — 1  inclusive.  Now,  by  Art.  710,  this  expression  is 
an  integer ;  also  since  m  ia  a  prime  nuiiibor  and  greater  than 
r,    no    factor    which    occurs    in  [r    can    divide    n,  ;     therefore 

(to  — l){ij  — 2) {n  —  r  +  \)   must  ho   divisible   by  \r.      Hence 

every  coefficient,  except  the  first  and  last,  is  divisible  by  n. 

713.      If  a  he  a  prime  number,  t/ie  eo'Jfiment  of  tvert/  farm  t)( 

ills  expansion  of  {a,■¥^i  + C  +  d.-'r )",  except  Chose  of  a.",  b°,  c°, 

d", ,  is  diviaible  by  n. 

Put  jS  for  b  +  o  +  d  + ;  tJien 

(a+&+c+^+ r=(«+^)-. 

By  Art.  711,  every  coefficient  in  the  espansion  of  {a  +  ^''  is 
divisible  by  n,  except  those  of  a'  and  ^,  and  the  coefficient  of 
each  of  these  terras  is  unity.      Again, 

j8"  =  (6  +  c  +  rf+ )'  =  {6  +  ')')"  suppose; 

and  every  coefficient  in  the  expansion  of  (b  4-  y)'  ia  divisible  by 
n  cscept  those  of  6'  and  y".  By  proceeding  in  this  way  we  arrive 
at  the  theorem  enuncintBd. 
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713.  7/  n  (e  a  prime  nurnber,  and  N  prime  to  n,  then  N"~^  - 1 
is  a  multiple  qf  n,     (Fermat's  Theorem.) 

By  the  preceding  Article, 
((j  +  6  +  c  +  £f+......  +  A;)''  =  a"  +  6"  +  c"  +  c?"+ +k*  +  M(n)y 

where  M  (n)  denotes  some  multiple  of  n.  Let  each  of  the  quanti- 
ties tty  b,  c,  d, ^  be  equal  to  imity,  and  suppose  there  are 

iT  of  them;  thus  iT'^iT  +  if  (w);  therefore  iT  (iV^-^  -  1)  =  Jf  (n). 

Since  i\r  is  prime  to  n,  it  follows  that  iV*~*— 1  is  divisible 
by  w. 

We  may  therefore  say  that  i\r'*~*=  1+pn,  where  p  is  some 
positive  integer, 

714.  Since  w  is  a  prime  number  in  the  preceding  Article, 
71  -^  1  is  an  even  number  except  when  n  =  2 ;  hence  we  may 

write  the  theorem  thus,  (iT  "  -l)(iV  *  +l)  =  M{n) ;  therefore, 

n-l  n-1  n-l 

either  iV'~lori\^*  +  lis  divisible  by  n,  so  that  iV  •  =pn  +  1, 
or  else  =  pn  - 1,  where  p  is  some  positive  integer. 

715.  The  following  theorem  is  an  extension  of  Fermat's.  Let 
n  be  any  number;  and  let  1,  a,  6,  c, n-l,  be  all  the  num- 
bers which  are  less  than  n  and  prime  to  n ;  suppose  there  are  m  of 
these  numbers ;  then  will  oT  -  1  =  Jf  (n),  when  for  x  we  substitute 
any  one  of  the  above  m  numbers,  except  unity.  For  multiply  all 
the  m  numbers  by  any  one  of  them  except  unity,  and  denote  the 

multiplier  by  x ;  thus  we  obtain  1  ,x,  ax,  hx,  ex, (ri  - 1)  a; ; 

these  products  are  all  different  and  all  prime  to  n.  It  may  be 
easily  shewn  that  when  these  products  are  divided  by  n,  the  re- 
mainders are  all  different  and  all  prime  to  n ;  thus  the  remain- 
ders  must  be  the   original   m  numbers  1,  a,  b,  c,   w-l; 

they  will  not  necessarily  occur  iu  this  order,  but  that  is  imma- 
terial  for  the  object  we  have  in  view.     Hence  the  product  of 

the  new  series  of  m  numbers  x,  ax,  bx,  ex,  (n-l)x,  can 

only  differ  from  the  product  of  the  original  m  numbers  by  some 
miUtiple  qf  n ',  thus 

x'^abc (n-l)  =  a6c (n  -  I)  +  M  (n). 
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Since  two  of  the  three  terms  MfMch  enter  into  this  identity 

are  divisible  by  ahc (n—  1),  the  third  terai  must  likewise  be  so 

divisible,  and  aa  abc (ji  —  1}  is  prime  to  n,  the  quotient  after 

M{n)  is  divided  by  ahc (n—  1)  must  still  be  aorae  multiple  of 

n,  and  may  be  denoted  by  M{n) ;  thus 

!)r  =  l-i-3{(n),  and  fc"  -  1  =  3/ («). 

716.  We  will  now  deduce  Fennat's  theorem  from  the  result 
of  the  preceding  Article,     Suppose  n  ft  prime  number ;  then  tlie 

numbers  1,  2,  3, Jt  —  1,  are  all  prime  to  n ;  thus  m~n  —  l. 

Therefore  «""'  —  1  =  M{n),  where  x  may  be  any  number  less  than  n. 
Next  let  y  denote  any  number  which  ia  greater  than  n  and  prime 
to  n,  then  we  cau  suppose  i/=pn  +  x,  where  p  is  some  integer  and 
3!  is  leas  than  n.     Therefore 

j/"~'  =  {pn  +  xy~^  =  x'~'  +  {n-  l)afpn+ =  af"'  +  ^{n.); 

but  we  have  already  shewn  that  a;'"'  =  l  +  M(n) ;  tlius 

y-'  ^l+M  (n),  and  y-'  -  1  =  M{n).  , 

Thus  Format's  theorem  ia  established, 

717.  If  n  he  a  prims  number,   1  +in  —  1  ia  divisille  by  n. 
(Wilson's  Theorem,) 

By  Art.  5i9  we  have 

[.^i.(„-ir-(.-i)(.-2)-- 

(»-l)(.-2)  (»-l)(.~2)(.-3) 

+ O <"-'' TITS  <"    *'     * • 

by  I"enaat's  theorem  we  liavo 

(»-!)-'. l+p,-,     (»-2r-l+w,     (n- 3)--' -!+,..», 

where  p,,p,,  ^j, ife  poaitive  integera.     Tlierefoi'e 

Im-l-JM^l-jn-l) 

,  (.-l)(«-2)     (.-l)(»-a)(..-3), 
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If  w  be  not  a  prime  nmnber,  1  +  [n~l  is  not  divisible  by  w. 

For  suppose  p  a  factor  of  w ;  then  p  is  less  than  w  ~  1,  and  there- 
fore |yt  — 1  is  divisible  hyp;  hence  1  +  |n  — 1  is  not  divisible  by 
Py  and  therefore  not  divisible  by  n, 

718.     The  following  inference  may  be  drawn  from  Wilson's 
Theorem  :  If  2^?  +  I  be  a  prime  number,  {j^}'  +  (—  I)'  is  divisible 

by  2p  + 1. 

By  Wilson's  Theorem,   since    2p  +  1    is    a    prime   number, 
1  +  [2^  is  divisible  by  2p  +  1.     Put  n  for  2p  +  1,  then  \2p  may 

be  written  thus,  1  (w-1)  2(n-2)  3(n-3) p{^-p);  if  these 

factors  be  supposed  multiplied  out,  it  is  obvious  that  we  shall 
obtain  (- 1/1*2*3' p'  together  with  some  multiple  of  w. 

Hence  1  +  (-  1)'  j[g}'  must  be  divisible  by  n,  and  therefore 

p]'  +  (- 1)**  must  be  divisible  by  n. 


719.  Let  X  denote  any  positive  integer;  then  the  number  of 
positive  integers  which  are  less  than  x  and  prime  to  x  vnll  be 
denoted  by  L  (x). 

Consider,  for  example,  the  positive  integer  12 ;  there  are  4 
positive  integers  which  are  less  than  12  and  prime  to  12,  namely 
11,  7,  5,  1:  thusZ(12)  =  4. 

720.  If  m  he  prime  to  n  then  L  (mn)  =  L  (m)  x  L  (n). 

For  let  1,  a,  5, w—  1  be  the  positive  integers  which  are 

less  than  m  and  prime  to  ni ;  then,  r  denoting  any  one  of  these, 
the  following  n  positive  integers  are  all  less  than  mn  and  are  all 
prime  to  m, 

r,     r  +  w,     r  +  2my r  +  (7i  — l)m. 

And  every  positive  integer  which  is  less  than  mn  and  is  prime 
to  m  must  be  of  the  form  r  ^-pm,  where  p  is  zero  or  some  positive 
integer  less  than  n,  and  r  is  one  of  the  positive  integers  1,  a,  5, ... 
w— 1. 

Hence  we  see  that  the  number  of  positive  integers  less  than 
mn  and  prime  to  m  is  n  x  Z  (m). 
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Out  of  tlie  positive  integers  wtich.  are  less  than  mn  and  prime 
to  m  we  must  now  detenu  iue  those  which,  aro  also  prime  to  n, 

let  r  have  the  same  meaning  aa  before.  If  wo  divide  each 
tenn  of  the  set 

r,     r  +  m,     r  +  2m.,  r  +  {n-l)m 

by  n  the  remainders  will  all  be  different ;  thia  is  shewn  by  tJie 
method  of  Art,  70"  :  thus  the  remainders  must  be  0,  1,  2, ...  n  — 1; 
though  they  will  not  necessarily  occur  in  thia  order.  If  a  re- 
mainder be  prime  to  n  the  corresponding  dividend  is  prime  to  nj 
and  conversely  if  a  dividend  is  prime  to  n  the  corresponding  re- 
mainder is  prime  to  »t.  It  follows  therefore  that  out  of  the  n 
positive  integers  in  the  above  set  there  are  L  {n)  which  are  prime 
to  n.  And  since  thia  holds  for  each  such  set  of  integers  aa  we 
have  considered  it  follows  that  Z  (mn)  —  L{m)xZ  (n). 

Hence  if  I,  m,  n  are  all  prime  to  each  other,  we  have 

and  a  similar  result  holda  for  any  number  of  factors  which  are  all 
prime  to  each  other. 

731,  To  find  ike  number  o/  positive  integers  which  are  less 
tJian  a  given  number  and  prime  to  it. 

iLet  N  denote  the  number,  and  first  siipiiose  N=  a%  where  a 
ia  a  prime  number.     The  only  terms  of  the  series  1,  2,  3,  i, ^ 

which  are  not  prime  to  A' are  a,  2a,  3a,  ia, —  a;  and  tliere 

are  —  of  these  tenua     Hence  after  rejecting  kheae  multiples  of 

a,  we  have  remaining  If terms,  that  is,  iT  1 1  —  I  terms ;  thua 

there  are  ^(  1  —  }  positive  integers  which  aj:e  less  than  N"  and 
prime  to  JV. 

Next,  suppose  ^^a^l/'c' where  a,  b,  c, are  all  prime 

numbers. 
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Then,  by  Art.  720, 

L{N)  =  L{a')xL{b')  x  £{0")  x 

=.(:-l)«.(.-J)..(i-i). 

by  the  first  case. 

Thus  finally  if  N-c^}f(fd' where  a,  5,  c,  d, are  all 

prime  numbers,  the  number  of  positive  integers  which  are  less 
than  N  and  prime  to  ilT  is 

-(>-S(>-^)0-D0-3) 

It  will  be  observed  that  in  this  theorem  unity  is  considered 
to  be  one  of  the  positive  integers  which  are  less  than  N  and  prime 
toiV. 

722.  To  find  ths  number  of  divisors  of  any  given  number. 

Let  iV  denote  the  number,  and  suppose  N'-a%'*c* ,  where 

a,  5,  c, are  prime  numbers.  It  is  evident  that  N  will  be  divi- 
sible by  any  number  which  is  formed  by  the  product  of  powers  of 

a,  5,  c, provided  the  exponent  of  the  power  of  a  be  comprised 

between  0  and  p,  the  exponent  of  the  power  of  h  between  0  and 
g,  the  exponent  of  the  power  of  c  between  0  and  r,  and  so  on ; 
and  no  other  number  will  divide  N".  Hence  the  divisors  of  N 
will  be  the  various  terms  of  the  product 

(1  +a  +  a*+...+a')(l  +  6  +  6*+...+6')(l+c  +  c*+...+<f)...; 

the  number  of  the  divisors  will  therefore  be  {p  + 1)  (g  +  1)  (r  +  1)  . . . 
This  includes  among  the  divisors  unity  and  the  number  N  itself. 

723.  To  find  the  number  of  ways  in  which  a  number  can  be 
resolved  into  two  factors^ 

Let  iV  denote  the  number,  and  suppose  N'^^a^b'^c* ,  where 

a,  5,  c, are  prune  numbers.     First,  suppose  N  not  a  perfect 

square ;  then  one  at  least  of  the  exponents  jp,  q,  r, is  an  odd 

number ;  the  required  number  then  is  J  (^  +  1)  (s'  +  1)  (^  + 1) , 

because  there  are  two  divisors  of  N  corresponding  to  every  way  in 
which  N  can  be  resolved  into  two  factors.     Next  suppose  N  a 
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perfect  square,  then  all  the  exponents  p,  q,r, i  are  even;  the 

required  number  ia  found  by  increaaing  (?>+ l)(g  + l){r  +  1) 

by  unity,  and  taking  half  the  result ;  for  in  this  case  the  square 
root  of  ^  is  one  of  the  divisors,  and  if  this  be  taken  aa  one  factor 
of  N,  the  other  factor  ia  equal  to  it,  so  that  only  one  diviaor  arises 
from  this  mode  of  resolving  N  into  two  factors. 

It  will  be  observed  that  in  this  theorem  JV  x  1  is  counted  as 
one  of  the  ways  of  resolving  N  into  two  factors. 

724.  To  find  t!ie  sum  o/tfie  divisors  of  a  number. 

With  the  notation  of  Art.  722,  v/o  have  the  sum  equal  to 
(l+a  +  a'+...  +  «^{l  +  J  +  6'+...  +  S')(l  +  c  +  c'  +  ...  +  c')'"; 
^.    ,.  a'*'-l     i'^'-l     c'-"-l 

725,  To  find  the  number  of  waya  in  which  a  number  can  be 
resolved  into  turn/actors  which  are  prime  to  each  other. 

Let  the  number  ^—  o''6V. . . .  aa  before.  Since  the  two  factors 
are  to  be  prime  to  each  other,  we  cannot  have  some  power  of  a  in 
one  factor,  and  some  power  of  a  in  the  other  factor,  but  a'  must 
occur  in  one  of  the  factors.  Similarly,  6*  must  occur  in  one  of  the 
factors ;  ajid  so  on.     Hence  the  required  number  is  the  same  as 

half  the  number  of  divisors  of  o6c ,  and  is  therefore  2'"',  where 

n  is  the  number  of  difiereiti  prune  factors  which  occur  in  ^. 

EXAMPLES  OF  THE  THEOEY   OF  NUMBEK3. 

1.  If  ^  and  q  are  whole  numbers,  and  ^  +  j  is  an  even  num- 
ber, then  p  —  q  is  also  even. 

2.  Find  the  least  multiplier  of  3234  which  will  make  the  pro- 
duct a  perfect  square. 

3.  Find  the  least  multiplier  of  1815  Avhich  will  make  the 
product  a  perfect  cube. 

4.  Find  the  least  multiplier  of  6480  which  will  make  the 
jiroduct  a  perfect  cube. 
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6.  Find  tlie  least  multiplier  of  13168  which  will  make  the 
product  a  perfect  cube. 

6.  If  the  sum  of  an  odd  square  number  and  an  even  square 
nimiber  is  also  a  square  number,  then  the  even  square  number  is 
divisible  by  16. 

7.  Every  square  number  is  of  the  form  5n  or  5n^l. 

8.  Every  cube  nimiber  is  of  the  form  7n  or  7n  «*=  1. 

9.  If  a  number  be  both  a  square  and  a  cube  it  is  of  the  form 
7n  or  7n  +  1. 

10.  No  square  number  is  of  the  form  3/1-1. 

11.  No  triangular  number  is  of  the  form  3/i  —  1. 

12.  If  n  be  any  number  whatever,  a  the  difference  between 
n  and  the  next  number  greater  than  n  which  is  a  square  number, 
and  h  the  difference  between  n  and  the  next  number  less  than  n 
wBich  is  a  square  number,  then  n  ^  ah  ia  &  square  number. 

13.  If  the  difference  of  two  numbers  which  are  prime  to 
each  other,  be  an  odd  number,  any  power  of  their  sum  is  prime  to 
every  power  of  their  difference. 

14.  If  there  be  three  numbers  one  of  which  is  the  sum  of  the 
other  two,  twice  the  sum  of  their  fourth  powers  is  a  square  number. 

15.  Shew  when  n  is  any  prime  number,  that  a*  — 1  and 
(x  —  iy  will  leave  the  same  remainder  when  divided  by  w. 

16.  If  2jp  +  1  be  a  prime  number  and  the  numbers  1*,  2*,.../?*, 
be  divided  by  2jp  +  1,  the  remainders  are  all  different. 

17.  Every  even  power  of  every  odd  number  is  of  the  form 
8n+l. 

18.  Every  odd  power  of  7  is  of  the  form  8w  —  1. 

19.  If  n  be  any  integer,  n'—n  +  l  cannot  be  a  square  number. 

20.  If  n  be  any  odd  integer,  n'+ 1  cannot  be  a  square  number. 

21.  If  a  and  x  are  integers,  the  greatest  value  of  ax  —  2x*  is 

9 

the  integer  equal  to  or  next  less  than  -^ . 
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22.  Shew  that  n(n  +  l)(2n+  l)is  always  divisible  by  6. 

23.  If  n  be  odd,  (»  - 1)  m  (n  +  1)  is  divisible  by  3i. 

24.  If  7i  be  odd  and  not  divisible  by  3,  then  n' +  B  is  divisible 
by  6. 

25.  If  n  be  a  prime  number  greater  tlian  5,  then  n'  —  1  is 
divisible  by  240, 

2G.     Shew  that  0rj  ~  oJ  ^  B  ^  "^  integer  if  m  be. 

27.  Shew  that  m'-»  is  always  divisible  by  43. 

28.  If  n  be  any  prime  number  and  x  any  integer,  prove  that 
x"  and  X  when  divided  by  n  will  leave  the  same  remainder. 

29.  If  M  be  any  prime  number  and  A^  prime  to  n,  then  JV"—  1 
is  di^TSible  by  n',  where  m  =  n(n.—  l), 

30.  If  M  be  any  prime  num^ber  greater  than  2,  except  7,  then 
n.'—  1  is  divisible  by  56. 

31.  If  »i  be  any  prime  number  greater  th.in  2  and  X  any  odd 
number  prime  to  n,  then  A""'  —  1  is  divisiblo  by  8it. 

32.  If  n  be  any  prime  number  greater  than  3  and  ^  prime 
to  n,  then  iV"  -  iV  is  divisible  by  6«. 

33.  If  n  and  jV  be  different  prime  numbers,  and  each  greater 
than  3,  then  A""'  -  1  is  divisible  by  24w. 

34.  Shew  that  l'  +  2" +  3'+ ...  +  (rii)'  ia  a  multiple  of  Jt,  ifji 
be  any  prime  number  greater  than  2. 

35.  Shew  that  the  10"*  power  of  any  number  ia  of  the  form 
llMorllra+l. 

36.  Shew  that  the  12"'  power  of  any  number  ia  of  the  form 
13norl3is  +  I. 

37.  Show  that  the  3^  power  of  any  mimber  is  of  the  form 
lOnor  19w*I. 

38.  Shew  that  the  ll""  power  of  any  number  is  of  the  form 
23nor23«*I, 

39.  Shew  that  the  SO"  power  of  any  number  is  of  the  form 
25nor25ft+l. 
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40.  How  many  poedtiye  integers  are  less  than  140  and  prime 
to  1401 

41.  How  manj  positiye  integers  are  less  than  360  and  prime 
to  3601 

42.  How  manj  positiye  integers  are  less  than  1000  and  prime 
to  10001 

43.  How  many  positiye  integers  are  less  than  3^  x  7'  x  11  and 
prime  to  iti 

44.  How  many  positive  integers  are  less  than  10"  and  prime 
to  iti 

45.  Find  the  number  of  divisors  of  140. 

46.  Find  the  number  of  divisors  of  1845. 

47.  Find  how  many  divisors  there  are  of  [9,  and  the  sum  of 
these  divisors. 

48.  Find  the  number  of  ways  in  which  1845  can  be  resolved 
into  two  factors. 

49.  In  how  many  ways  can  a  line  of  100800  inches  long 
be  divided  into  equal  parts,  each  some  multiple  of  an  inch  1 

50.  In  how  many  ways  can  foiu:  right  angles  be  divided- into 
equal  parts  so  that  each  part  may  be  a  multiple  of  the  angular 
unit,  (1)  when  the  unit  is  a  degree,  (2)  when  the  unit  is  a  grade  1 

51.  How  many  diflferent  positive  integral  solutions  are  there 
of  aJ2/=10"1 

52.  If  iV  be  any  number,  n  the  number  of  its  divisors,  and  F 

n 

the  product  of  its  divisors,  shew  that  F  =  N':  shew  that  N*  .ia 
in  all  cases  a  complete  square. 

53.  Find  the  least  number  which  has  30  divisors. 

54.  Find  the  least  number  which  has  64  divisors. 

55.  Suppose  a  prime  to  b,  and  let  the  series  of  quantities 
a,  2a,  3a, ...  (6 -  1)  a  be  divided  by  h :  prove  that  the  sum  of  the 
quotients  arising  from  any  two  terms  equidistant  from  the  be- 
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ginning  and  end  wU!  be  a-  1,  and  that  the  sum  of  the  coiTespond- 
ing  remain  dera  mil  be  b. 

6G,     If  any  number  of  squai'o  numbers  be  divided  by  a  given 
number  n  there  cannot  be  more  than  ^  different  remiunders. 

57,  Express  generally  the  rational  values  of  a:  and  y  which 
satisfy  140a!  =  3/". 

58.  If  r,  the  radix  of  a  scale  of  notation,  be  a  prime  number 

r  +  l 
greater  tian  2,  there  are    ■  q      different  digits  in  which  square 

numbers  terminate  in  that  aoale. 

69,     If  any  number  n.  can  be  resolved  into  the  sum  of  p  sqiiares, 

2(jt—  l)n  can  be  resolved  into  the  sum  of  p  {p  —  1)  squares, 

60,  If  n  be  any  positive  integer  2"+ 15n  —  l  is  divisible  by  9. 

61,  If  P,  denote  the  sum.  of  the  products  of  the  first  n  num- 
bei's  taken  r  togetlier,  1 +/*| +  /',  +  ...+/'___,  ia  a  multiple  of[n, 

62,  Shew  that  the  100"'  power  of  any  number  ia  of  the  form 
125)1  or  125r(  +  l. 

LIII.     PROBABILITY. 

726.     If  an  event  may  happen  in  a  ways  and  fail  ia  6  ways, 
and  all  these  ways  are  etiuaUy  likely  to  occur,  the  probability 

of  its  happening  is  1 ,  and   the   probability  of  its  failing  is 

■  ■     This  may  be  regarded  as  a  definition  of  the  meaning  of 

the  word  probaMlUy  in  mathematical  works.  The  following  ex- 
planation is  sometimes  added  for  the  sake  of  shewing  the  consist- 
ency of  the  definition  with  ordinary  language  :  The  probability  of 
the- happening  of  the  event  must,  from  the  nature  of  the  case,  be 
to  the  probability  of  its  failing  aa  «  to  S ;  therefore  the  probar 
bility  of  its  happening  is  to  the  sum  of  the  probabilities  of  its 
happening  and  failing  as  a  to  os  +  6,  But  the  event  must  either 
happen  or  fail,  hence  the  sum  of  the  jjrobabilitiea  of  its  happen 
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ing  and  failing  is  oertainty.  Therefore  the  probability  of  its  hap- 
j)Ouiug  is  to  certainty  asatoa  +  &.  Soifwe  represent  certainty 
by  unity,  the  probability  of  the  happening  of  the  event  is  repre- 
sented by r» 

^  a  +  6 

727.  Hence  if  p  be  the  probability  of  the  happening  of  an 
event,  1  -p  is  the  probability  of  its  failing. 

728.  The  word  chance  is  often  used  in  mathematical  works  as 
synonymous  with  probability. 

729.  When  the  probability  of  the  happening  of  an  event  is  to 
the  probability  of  its  failing  as  a  to  6,  the  fact  is  expressed  in 
popular  language  thus ;  the  odds  are  a  to  5  /or  the  event,  or  6  to 
a  against  the  event. 

730.  Suppose  there  to  be  any  number  of  events  Ay  B,  C,  <fec., 
such  that  one  event  must  happen  and  only  one  can  happen  ;  and 
suppose  a,  6,  c,  <&c.,  to  be  the  numbers  of  ways  in  which  these  events 
can  respectively  happen,  and  that  all  these  ways  are  equally  likely 
to  occur,  then  the  probabilities  of  the  events  are  proportional 
to  a,  6,  c,  <fec.  respectively.  For  simplicity  let  us  consider  three 
events,  then  A  can  happen  in  a  ways  out  of  a  +  b-^c  ways  and 
fail  in   b  +  c  ways;    therefore,    by  Art.  726,  the   probability  of 

A'b  happening  is  r ,  and  the  probability  of  -4's  failing  is 

b  +  c  .    .  .  .  .      .         b 

Similarly  the  probability  of  B^a  happening  is 


and  the  probability  of  C"s  happening  is 7 —  . 

731.     We  will  now  exemplify  the  mathematical  meaning  of 
the  word  'probability. 

If  n  balls  J ,  J?,  C, . . . ,  be  thrown  promiscuously  into  a  bag 

and  a  person  draw  out  one  of  them,  the  probability  that  it  will 

1  .  2 

be  -4  is  -  ;  the  probability  that  it  will  be  either  -4  or  -B  is  - . 
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The  same  supposition  being  made,  it  two  balls  be  drawn  out 
2 
the  probability  that  these  ■will  be  A  and  S  is  — j    ~iv-     I'or  tlie 

number  of  pairs  of  balls  is  the  same  as  the  number  of  combinatious 

of  n  things  takeu  two  at  a.  time,  that  is,  „  n  (n  -  1) ;  and  one  pair 

is  as  likely  to  be  drawn  out  as  another ;  therefore  the  probability 

of  drawing  out  an  assigned  pair  ia  l-i-^K(rt-  1),  that  is,  — j rr  . 

Again,  suppose  that  3  white  balls,  i  black  balls,  and  5  i-ed  balls 
are  thrown  promiscuously  into  a  bag,  and  a  person  draws  out  one 

of  them;  the  probability  that  tliis  will  bo  a  white  ball  is  -r^ ,  the 

4 
probability  that  it  will  be  a  bliit-k  hidl  is  y-  ,  and  the  probability 

that  it  will  be  a  red  ball  isy^  ■    But  suppose  two  balls  to  be  drawn 

out :  wo  proceed  to  estimate  the  probabilities  of  the  different 
cases.     The  number  of  pairs  that  can  he  formed  out  of  12  things 

is  n  K  12  X  11,  that  is,  66.  The  number  of  pairs  that  can  be 
formed  out  of  tlie  3  white  balls  ia  3  ;  hence  the  probability  of 
drawing  two  white  bails  is  — .  Similarly  the  probability  of  draw- 
ing two  black  balla  is  s^ ;  and  the  probability  of  drawing  two  red 

bfllla  is  ■^.     Also  since  each  white  ball  might  be  associated  with 

each  black  ball,  the  numbsr  of  pairs  consisting  of  one  white  ball 

and  one  black  ball  is  3  x  i,  that  is,  12  ;  hence  the  probability  of 

13 
drawing  a  white  ball  and  a  black  baU  is  ^ .     Similarly  the  proba^ 

20 
bility  of  drawing  a  black  ball  and  a  red  ball  is  -^ ;  and  the  pi-o- 

bability  of  drawing  a  red  ball  and  a  white  ball  is  ^ .     The  sura 
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of  the  six  probabilities  which  we  have  just  found  is  unity,  as,  of 
course,  it  should  be. 

"We  will  give  one  example  from  a  subject  which  constitutes  an 
important  application  of  the  theory  of  probabilitj.  According  to 
the  Carlisle  Table  of  Mortality,  it  appears  that  out  of  6B35  persons 
living  at  the  age  of  14  years,  only  6047  reach  the  age  of  21  years. 
As  we  may  suppose  that  each  individual  has  the  same  probability 

of  being  one  of  these  survivors,  we  may  say  that  -  is  the  pro- 

bability that  an  individual  aged  14  years  will  reach  the  age  of 

288 
21  years  :  and  ^too?  ^^  the  probability  that  he  will  not  reach  the 

age  of  21  years. 

732.  Suppose  that  there  are  two  independent  events  of  which 
the  respective  probabilities  are  known ;  we  proceed  to  estimate 
the  probability  that  both  will  happen. 

Let  a  be  the  number  of  ways  in  which  the  first  event  may 
happen,  and  h  the  number  of  ways  in  which  it  may  fail,  all  these 
ways  being  equally  likely  to  occur  j  and  let  a'  be  the  number  of 
ways  in  which  the  second  event  may  happen,  and  6'  the  number 
of  ways  in  which  it  may  fail,  all  these  ways  being  equally  likely  to 
occur.  Each  case  out  of  the  a  +  b  cases  may  be  associated  with 
each  case  out  of  the  a'  +  b'  cases ;  thus  there  are  (a  +  b)  (a'  +  6') 
compound  cases  whicli  are  equally  likely  to  occur.  In  aa  of 
these  compound  cases  both  events  happen,  in  bb'  of  them  both 
events  fail,  in  ab'  of  them  the  first  event  happens  and  the  second 
fails,  and  in  a'b  of  them  the  first  event  fails  and  the  second 
happens.     Thus 

z rr7~7 — 177  is  the  probability  that  both  events  happen, 

7 jT~r~/ — T7T  is  the  probabiKty  that  both  events  fail, 

{a  +  b)(a'-\-b)  ^  ^  ' 

aV  ris  the  probability  that  the  first  event  happens  and 

(a  +  6)  (a'  +  b')  \     the  second  event  fails, 

ab  [is  the  probability  that  the  first  event  feils  and  thq 


y + 6')  { 


\^  +  />)  {a!  +  b')  \     second  event  happens. 
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Thus  i£  p  and  p'  be  the  reBpective  probabilitieB  of  two  inde- 
pendent events,  pp'  is  the  probability  of  the  happening  of  both 
events. 

733.  The  probability  of  the  concurronce  of  two  dependent 
eveuts  ia  the  product  of  the  probability  of  the  first  into  the 
probability  that  when  that  baa  happened  the  eecoiid  wiJl  follow. 
TluH  is  only  a  slight  modification  of  the  principle  established  in 
the  preceding  ArticlCj  and  is  proved  in  the  same  manner ;  we 
have  only  to  suppose  that  a  is  the  number  of  ways  iu  which 
after  the  first  event  has  happened  the  second  will  follow,  and  6' 
the  number  of  ways  in  which  after  the  first  event  baa  happened 
the  second  will  not  follow,  all  these  ways  being  aupjxised  equally 
likely  to  occur. 

T3i.  In  like  m:inner,  if  there  be  any  number  of  iiidependmt 
events,  the  probability  that  they  will  all  happen  is  the  product  of 
their  respective  probabilities  of  happening.  Suppose,  for  exaniple, 
that  there  are  tkrrs  independent  events,  and  that  p,  p',  p"  are  their 
respective  probabilities.  By  Art,  732,  the  probability  of  the  con- 
currence of  the  first  aud  second  events  is  pp'  \  then  in  the  same 
way  tlie  probability  of  the  concun-ence  of  the  first  two  events  and 
the  thii'd  ia  pp'  x  p",  that  is,  pp'p".  Similarly  the  probability  that 
all  the  events  fail  is  (1  -  )j)  (1  -  p')  (1  -  ;»").  The  probabihty 
that  the  fiiTst  event  happens  and  the  other  two  events  fail  is 
p(l~p'){l-p');  and  so  on. 

733.  \ye  will  now  exemplify  the  eatimatiou  of  the  probabiHty 
of  compound  events. 

(1)  Required  the  probability  of  throwing  an  ace  in  the  first 
only  of  two  successive  throws  with  a  single  die.  Hero  we  require 
a  comi>ound  event  to  happen;  namely  at  the  first  throw  the  ace 
is  to  appear,  at  the  second  throw  the  ace  is  not  to  appear.     Tlio 

probability  of  the  first  simple  event  is  - ,  and  of  the  aeconil  siruple 
event  j.  ;  hence  the  reqnirod  proiwibility  ia  ^ , 
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(2)  Suppose  3  white  balls,  4  black  balls,  and  5  red  balls  to  be 
tlii*own  promiscuously  into  a  bag  ;  required  the  probabilily  that  in 
two  successive  trials  two  red  balb  will  be  drawn,  the  ball  Jird 
drawn  being  replaced  be/ore  tJie  second  trial.     Here  the  probability 

5 

of  drawing  a  red  ball  at  the  first  trial  is  --^ ,  and  the  probability 

is  the  same  of  drawing  a  red  ball  at  the  second  trial ;  hence  the 

/  5  \" 
pix)bability  of  drawing  two  red  balls  is  (  y^  )  • 

(3)  Suppose  now  that  wc  require  the  probability  of  drawing 
two  red  balls,  t/ie  ball  first  drawn  not  being  replaced  before  the 
second  trial.     This  will  be  an  example  of  Art.  733.     Here  the 

5 
probability  of  drawing  a  red  ball  at  the  first  trial  is  ^o  >  ^  »  red 

ball  be  drawn  at  first,  out  of  the  eleven  balls  which  rfemain  foiu* 

are  red,  and  therefore  the  probability  that  a  second  trial  will  give 

4 
a  red  ball  is  yr  j  hence  the  probability  of  drawing  two  red  balls  is 

5       4.. 

=-q  X  Yj.     This  is  the  same  result  as  we  found  in  Art.  731,  for 

the  probability  of  drawing  two  red  balls  simultaneously;  and  a 
little  consideration  will  shew  that  the  results  ought  to  coincide. 

(4)  Required  the  probability  of  throwing  an  ace  with  a  single 

5 

die  in  two  trials.     The  probability  of  failing  the  first  time  is  ^ , 

5 
and  the  probability  of  failing  the  second  time  is  also  ^ ;  hence  the 

probability  of  failing  twice  is  ( -  j  ,  that  is,  -^ .     Hence  the  pro- 

25  .      11         .     . 

bability  of  rvot  failing  twice  is  1  -  i^  ,  that  is,        '^  this  is  there- 
fore the  probability  of  succeeding. 

(5)  In  how  many  trials  will  the  probability  of  throwing  an 
ace  with  a  single  die  amount  to  ^]     Suppose  x  the  number 

M 
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of  triiils ;  therefore  the  probability  of  failing  x  times  in  Bnccea- 
sion  is  (-A  ,  by  Art.  734.     Hence  tlie  probability  of  succeeding 

ia    i-f;;)  i    thei-eforo    1-(jt)  =^;    hence    K-J   =^;     hence 

a;  lofT ;;  =  log  n  ,  therefore  x=, — ^ — ^ ^.     By  vsmg  tlie  Talues 

°  6        "2  log  8  —  log  o  •'  " 

of  the  logarithms,  we  find  «=  38  nearly.     Thus  we  conclude  that 

in  3  trials  the  probability  of  Bucceaa  ia  less  than  J,   and  that  in 

4  trials  it  is  greater  than  J, 

(6)     In  how  many  trials  is  it  an  even  wager  to  throw  sixes 

with  two  dice  ?     The  probability  of  sixes  at  a  single  throw  with 

two  dice  is  -  >:  ~ ,  that  is,  „  ,  ;  hence  the  probability  of  not  having 


;ea  is  -^ ,     Suppose  x  the  number  of  trials;    then  i 


1 


therefore    x  = 


log  35  ■ 

By  using  the  values  of  the  logarithms,  we  find  x  lies  between  24 
and  23,  which  we  inteqwet  as  before. 

(7)  To  find  the  probability  that  two  individuals,  A  and  S, 
■whose  ages  are  known,  wUl  be  olive  at  the  end  of  a  year.  Let  p 
be  the  probability  that  A  will  be  alive  at  the  end  of  a  year,  p'  the 
probabihty  that  S  will  be  alive;  then  pp'  is  the  probability  that 
both  will  be  alive  at  the  end  of  a  year.  The  values  of  p  and  p' 
can  be  found  from  the  Tables  of  Mortality  in  the  manner  exempli- 
fied in  Art.  731. 

(8)  To  find  the  probability  that  one  at  least  of  two  indivi- 
duals, A  and  B,  whose  ages  are  known,  will  be  alive  at  the 
end  of  a  given  number  of  years.  Let  p  be  the  probability  that  A 
will  he  ahve  at  the  end  of  the  given  number  of  years,  p'  the 
probability  that  B  will  he  alive.  Then  1  —p  is  the  probability  tliat 
A  will  be  dead,  and  1  -  p'  is  the  probability  that  £  will  be  dead. 
Hence  {l—p){l-p')  is  the  probability  that  hoth  will  be  dead. 
The  probability  that  both  will  not  be  dead,  that  is,  that  one  at 

will  be  alive,  is  l-(l-p)(l~J''}i  that  is,  p+p'- 
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736.  If  an  event  may  happen  in  different  independent  ways, 
the  probability  of  its  happening  is  the  sum  of  the  probabilities 
of  its  happening  in  the  different  independent  ways. 

If  th©  independent  ways  of  happening  are  all  equally  probable, 
this  proposition  is  merely  a  repetition  of  the  definition  of  proba- 
bility given  in  Art.  726;  and  if  they  are  not  all  equally  probable, 
the  proposition  seems  to  follow  so  naturally  from  that  definition, 
that  it  is  often  assumed  without  any  remark.  The  following 
method  of  illustrating  it  is  sometimes  given  :  Suppose  two  urns 
A  and  B;  let  A  contain  2  white  balls  and  3  black  balls,  and  let 
B  contain  3  white  balls  and  4  black  balls  ;  required  the  pro- 
bability of  obtaining  a  white  ball  by  a  single  drawing  from  one  of 
the  urns  taken  at  random.     Since  each  urn  is  equally  likely  to  be 

taken,  the  probability  of  taking  the  urn  ^  is  ^ ,  and  the  proba- 
bility then  of  drawing  a  white  ball  from  it  is  f  j  hence  the  proba- 
bility of  obtaining  a  white  ball  so  far  as  it  depends  on  ^  is 

-  X  ^.     Similarly,  the  probability  of  obtaining  a  white  ball  so  far 

1      3 

as  it  depends  on  ^  is  0^7*     Hence  the  proposition  asserts  that 

12      13 
the  probability  of  obtaining  a  white  ball  is^xr+H^^i  ^^^^  is, 

1  /2     3\ 

2  I  K  +  7  )  •     The  accuracy  of  this  result  may  be  confirmed  by  the 

following  steps  :  First,  without  affecting  the  question,  we  may  re- 
place the  urn  -4  by  an  urn  A',  containing  any  number  of  balls  we 
please,  provided  the  ratio  of  the  V)hite  halls  to  the  black  halls  he  thai  of 
2  to  3 ;  and  similarly,  we  may  replace  the  urn  -ff  by  an  urn  B\ 
containing  any  number  of  balls  we  please,  'provided  the  ratio  of  the 
white  balls  to  the  blcuik  balls  be  that  of  3  to  4r,  Let  then  A^  contain 
14  white  balls  and  21  black  balls,  and  let  B'  contain  15  white  balls 
and  20  black  balls;  thus  A^  and  B^  each  contain  35  balls. 
Secondly,  without  affecting  the  question,  we  may  now  suppose  the 
balls  in  A'  and  J^  collected  in  a  single  urn ;  thus  there  will  be 
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70  bulls,  of  ivhicL  29  are  white.     The  probability  pf  drawing  a 
wliite    biiU    will    tbercfore    Ije    ;^;     tliat     is,  — ^^7, — ;      that    is, 


7U' 


70 


1  /U      lo\     ^,    ^  .     1/3-    3\ 


737.  The  probability  of  the  happening  of  ono  or  other  of  two 
events  which  cannot  concur  is  the  aiini  of  their  separate  pro- 
babilities. For  the  complete  event  we  are  considering  occnrs  if 
the  first  event  happens,  or  if  the  second  event  hiippena ;  thus 
the  proposition  ia  a  case  of  the  preceding  proposition. 

738.  The  probability  of  the  happening;  of  an  event  in  ono 
trial  being  known,  required  the  probability  of  its  hapjiening  once, 
twice,  three  times,  &c.,  axr.ctly  in  ra  trials. 

Let  p  denote  the  probability  of  the  happening  of  the  event  in. 
one  trial,  and  q  the  probaliility  of  its  failing,  so  that  q—l-p.  The 
probability  that  in  n  trials  the  event  will  occur  in  one  aagigned 
triaf,  and  fail  in  the  other  11-  1  trials  is  pj'"' (Art.  73-1);  and  since 
tliere  aro  m  trials,  tha  probability  of  its  happening  in  aome  one  of 
these  and  failing  in  tlie  rest  is  np'j"~'.  The  probability  that  in  n 
trials  the  event  will  occur  in  two  assigjied  trials,  and  fail  in  the 


other  n  —  2  triiUs,  is  p'q"  ' ;  and  ther 


1.5 


ways  in  which 


the  event  msiy  happen  twice  and  fail  n  —  2  times  in  n  trials;  there- 
fore the  probability  that  it  will  li^ippiin  exactly  twice  in  n  ti'iiik  ia 

~ — :)-p'^'~'-  Similarly  the  probability  that  the  event  will  hup- 
pen  exactly  three  times  in.  m  trialB  is  — ^^ — 1~'>  i —  P'?'"';  '"''' 
the  probability  that  it  will  happeu  exactly  r  times  in  n  trials  is 


n(n 


1) («-'■ 


■1)    ,,- 
— PI 


Similarly,   the   probability  tf::it   the 


733.     Thus  if  {p  -f-  q)'  be  cxpandal  by  the  Binomial  Theorem 
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in  the  series  p*  +  np*''^q  +  <fec.,  the  terms  will  represent  respectively 
the  probabilities  of  the  happening  of  the  event  exactly  n  tunes, 
w  —  1  times,  71—2  times,  Ac,  in  n  trials.  Hence  we  may  de- 
termine what  is  the  most  probable  number  of  successes  and 
failures  in  n  trials ;  we  have  only  to  ascertain  the  greatest  term  in 

the  above  series.     Let  us  suppose,  for   example,  that  p  = r  , 

g  = r ,  w  =  w  (a  +  6),  where  a,  6,  and  m  are  integers;  then,  by 

Art.  511,  the  most  probable  case  is^  that  of  r  failures  and  n  —  r 

7i  4-  1 

successes,  where  r  is  the  greatest  integer  contained  in  —  ^  tliat 

-?  +  l 

is^  in  mh-¥ r]   so   that    r^mh,   and  n  —  r=7na.     The   most 

probable  case  therefore  is,  that  in  which  the  numbers  of  successes 
and  failures  are  proportional  to  the  probabilities  of  success  and 
failure  respectively  in  a  single  trial. 

740.     The  probability  of  the  happening  of  the  event  at  least  r 
times  in  n  trials  is 

n-x       n(n-  1)    ,_j  » 


«(n-l)(w-2) (r  +  l)    ^  ,_, 


n—  r 


for  if  the  event  happen  every  time,  or  fail  only  onCe,  twice, 

(w  — r)  times,  it  happens  r  times;  therefore  the  probability  of  the 
happening  of  the  event  at  least  r  times  is  the  sum  of  the  proba- 
bilities of  its  happening  every  time,  of  failing  only  once,  twice, 

n  —  r  times;  and  the  sum  of  these  is  the  expression  given  above. 

For  example ;  in  five  throws  with  a  single  die  what  is  the 
probability  of  throwing  exactly  three  aces?  and  what  is  the  pro- 
bability of  throwing  at  least  three  aces  ] 

15 
Here  P=p7  q^ja    n-6,    r  =  3;    thus    the  probability   of 

throwing  exactly  three  aces  is  ^  '       o  (g)  (g)  >  that  is,  ,        ; 


PROBABILITY.  4.J7 

and     the     probability     of     throwing     at     least     thi*eo     aces     is 

The  following  four  Artidea  contiiin  problems  illustrating  the 
auhject 

741.  A  and  B  play  a  set  of  games,  in  which  ^'s  proliability 
of  winning  a  single  game  is  p,  and  B'a  probability  is  g ;  required 
the  probability  of  A'a  winning  m  games  out  of  m  +  Ji. 

If  A  wins  in  exactly  m-\-r  games  he  must  win  the  hist  game 
and  wi  —  1  games  out  of  the  preceding  m  +  r  —  1  games ;  the  proba- 
bility of  this  is  Mp''~'q'p,  where  M  ia  tie  number  of  combinations 
of  m+r— 1  things  taken  m— 1  at  a  time;  that  is,  the  probability  is 

Now  in  order  that  A  may  win  m  games  out  of  in  -Hi,  he  must 

win  m  games  in  exactly  m  gamea,  or  in  exactly  m  +  1  games,  , 

or  in  exactly  m  +  Ji  games.     Hence  the  probability  required  is  the 
sum  of  the  series  obtained  by  giving  to  r  the  values  0,  1,  2, « 

in  the  expression  -^ r— —  p"'9'>  ^^'^^  'S,  the  required  probability  is 

P-{i.™,.=^,v .■"""■-'"—'>,■}. 

If  A  in  orJer  to  win  the  set  must  win  m  games  bf/ure  B  wins 
ji  games,  A  must  win  m  games  out  of  mn-  n  -  1 ;  the  probability 
of  this  event  ia  given  by  the  preceding  expression  with  the  omis- 
sion of  the  last  term..  Similarly,  the  probability  of  B'a  winning  n 
games  out  of  m  +  n  -  1  is 

,-{i„..!^,.. ."<"'>i;;^-'-^-'}. 

Tliis  problem  is  celebi'ated  in  the  history  of  the  theory  of 
probabilities,  as  the  first  of  any  difficulty  which  was  discussed; 
it  was  proposed  to  Pascal  in  1654,  with  the  simplification  Lowever 
wtioli  ttrisea  from  supposing^  and  (f  to  be  equaL 
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It  appears  from  the  preceding  investigation  that  tlie  probability 
of  ^'s  winning  r  games  out  of  ti  is 

('  r(r4-l)    ,  r(r  +  l) (n-1)    ,_,) 


but  this  probability  must  from  the  nature  of  the  question  be  the 
same  as  the  probability  of  the  happening  of  an  event  at  least  r 
times  In  n  trials  when  the  probability  of  the  event  is  p.  Thus  the 
expression  just  given  must  be  equivalent  to  that  given  in  Art.  740; 
we  may  verify  this  as  follows :  Denote  the  expression  just  given 
by  v^,  and  that  given  in  Ai*t.  740  by  u^,  and  let  v^^^  and  u^^^ 
denote  respectively  what  they  become  when  n  is  changed  to  n  +  1 ; 
then  we  shall  shew  that  if  u^  =  v^  when  n  has  any  specific  value, 
then  also  w  ^,  =t?  .,. 

We  have  u^  =  w«  (p  -•■  5')  J  ^^^  ^„  {p  +  <?)  gives  two  series,  and 
w^hen  the  like  terms  in  these  two  series  are  united  we  obtain 

»4- 1  —r  ^^  \n-r  ^^         ' 


therefore  u  ^,=u  (p  +  q)-^  — ] pV^^"'' 


J    ,    .      ,  n(n-  1) r    ^  „..  _ 

and  obviously  v,^^  =  v„  +   -^  ,7Ti  ZT"  P  ^        • 


This  shews  that  m^^ ^  =  u^^ ^  ^^  ^«  =  '^n*  ^^^  obviously  u^  is  equal 
to  t?.  when  n  =  r ;  therefore  u^  is  equal  to  v^  for  every  value  of  n 
greater  than  r. 

For  some  more  remarks  on  this  problem  the  student  is  re- 
ferred to  the  History/  of  ProhahUity,  page  98. 

742.     A  bag  contains  w  +  1  tickets  which  are  marked  with  the 

numbers  0,  1,  2,  n,  respectively.     A  ticket  is  drawn  and 

replaced :  required  the  probability  that  after  r  drawings  the  sum 
of  the  numbers  drawn  is  s. 

The  number  of  drawings  which  can  occur  is  {ri  + 1)*",  for  any 
one  of  the  tickets  may  be  drawn  each  time.     The  number  of  ways 
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in  which  the  sum  of  the  drawings  will  amoant  to  s  is  the  coeffi- 
cient of  nj"  in  the  espansion  of  (a;°  +  «'  +  (»'  -i- +  a:")' ;  becauBa 

thiH  coefficient  arises  from  the  different  modes  of  forming  s  by  the 
addition  of  ?•  numfeera  of  the  seriea  0,  1,  2, n.  Thus  the  pro- 
bability required  is  found  by  dividing  this  coefficient  by  (91+  1)', 

The  above  coefficient  may  be   obtained  by  the  Midtinomial 
Theorem  ;  or  we  may  proceed  thus  : 


_aiid  (1- 
We  must  therefore 


'T- 


(=(1 

-i-)'(l- 

")-■: 

r(r- 

ij^-s)  . 

+  1 

1 

2.3 

r 

r  +  l)( 

-'K-. 

■' '     1.2.3 

find  the  coefficient  of  x'  ia  the  product  of  these 


rfr-1)  r(r  +  l).. 


1.3 


^ 


-  2n  -  3) 


-2n-2 


Sms.; 


this  HeriuB  is  to  stop  at  the  (i  +  1)"'  term,  where  i  ia  the  greatest 
integer  coatainod  ill  =- ;  then  the  required  probability  is  ob- 
tained by  dividing  this  seriea  by  [n  +■  1)'. 

It  ia  not  difficult  to  determine  the  probability  that  after  r 
di"awings  the  sum  of  the  nnmbera  drawn  shall  not  exceed  s  ;  soe 
Ilistory  of  Probability,  page  208. 

743.  A  box  has  three  equal  compartments,  and  four  balls  are 
thrown  in  at  random  ;  determine  the  probability  of  the  different 
arrangements,  asBuming  that  it  is  equally  likely  that  any  ball  will 
fall  into  any  compartment. 

Since  it  ia  equally  likely  that  a  ball  will  fall  into  any  com- 
partment  there  are  3  equally  likely  cases  for  eocA  ball;  and  on 
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the  whole  there  are  3*  eqiLolly  likely  cases.     Now  there  aaro  four 
possible  arrangements. 

I.  All  the  balls  may  be  in  one  compartment ;  this  can  happen 
in  3  ways. 

II.  Any  three  of  the  balls  may  be  in  any  one  of  the  com- 
partments, and  the  remaining  ball  in  either  of  the  remaining 
compartments ;  this  can  happen  in  4. 3. 2  ways. 

III.  Any  two  of  the  balls  may  be  in  any  one  compartment, 
and  one  of  the  remaining  balls  in  one  of  the  remaining  compart- 
ments and  the  other  in  the  other ;  this  can  happen  in  6.3.2  ways. 

TV.  Any  two  of  the  balls  may  be  in  any  one  compartment, 
and  the  other  two  balls  in  either  of  the  remaining  compartments ; 
this  can  happen  in  6 .  3  ways. 

Thus  the  probabilities  of  the  different  arrangements  are  re- 
spectively 3^  ,    qy  ,    qy  ,    ^r ;  the  sum  of  these  fractions  is,  of 
oi       oi       oi       oi 

course,  unity. 

In  the  preceding  solution  the  point  which  deserves  particular 
attention  is  the  statement  that  there  are  81  equally  likely  cases ; 
for  when  this  is  admitted  all  the  rest  follows  necessarily.  If  this 
is  not  admitted  and  the  student  substitutes  any  other  statement  in 
the  place  of  it,  he  will  be  really  taking  another  problem  instead  of 
the  one  intended.  In  fact  in  a  problem  which  relates  to  permuta- 
tions, combinations,  or  probabilities,  it  is  not  unfrequently  found 
that  different  results  are  obtained  because  different  meanings  have 
been  attached  to  the  enunciation;  especial  care  is  necessary  in 
these  subjects  to  ensure  that  whatever  meaning  is  given  to  the  enun- 
ciation should  be  consistently  retained  throughout  the  solution. 

We  will  next  consider  the  general  problem  of  which  the  present 
is  a  particular  case. 

744.  A  box  is  divided  into  m  equal  compartments.  If  n  balls 
are  thrown  in  promiscuously,  required  the  probability  that  there 
will  be  a  compartments  each  containing  a  balls,  h  compartments 
each  containing  ^  balls,  and  so  on,  where  oa  +  6^  +  cy  +.....►  =  n. 
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Since  any  boll  maj  &11  into  any  compajijneat,  there  are  m," 
oasea  equally  likely  to  occur.  We  sliall  first  show  that  the  mim- 
ber  of  different  ways  in  which  the  n  balls  can  be  divided  into 
a  +  h  ■¥  c  + parcels  containing  a,  fi,  y, balls  reapectively  is 

b ^,„ 

IWlS'toi" tiiili "      ■■ 

Foi-  consider  first  in  how  many  ways  a  parijel  of  a  balls  can  be 

selected  from  n  balls ;  the  resnlt  is '" '" ways. 

Then  consider  in  how  many  ways  a  second  parcel  of  a,  balls 
can  be  selected  irom  the  remaining  n-  a  balls ;  the  result  ia 
{7i-a)(w-a-l)- {)l~2a  +  l)  ^      gj^^j^.^^.j^   ^    ^j^-^    ^^_^^^^    ^j 

a   halls    can    be    aelectei    from    the    remainiiitf    n  -  2a  balls  in 

firat  infer  that  the  number  of  ways  in  which  three  parcels  of  a  balls 
each  can  bo  selected  from  i 


1 


.(.-1) (»-3i.-H) 


and  this  is  coiTect  in  a  certain  sense ;  but  each  distinct  group  of 
three  parcels  has  in  this  way  occurred  [3  times,  and  we  must  tliei-e- 
fore  divide  by  [3  in  order  to  obtain  the  number  of  different  ways 
in  which  three  parcels  of  a.  balls  each  can  be  selected  from  n  balls. 
Similarly  the  number  of  different  ways  in  which  a  parcels  of  a  balls 

each  can  be  aelectoJ  teoia  n  balls  is  — jr  ini  ■ 

By  proceeding  tlius  we  obtain  the  proposed  residt. 

Now  the  number  of  ways  in  which  the  parcels  can  be  arranged 

in  the  ni  cowipartmenta  is  m()«—  1)  (ni  —  2) {m  —  s+  1),  where 

s  =  a  +  h  +  a-V Hunce,  the  probability  required  is 

J^K-l)(„.-2) (»-.tl)^ 

For  example,  suppose  six  balla  thrown  into  a  box  wliich  haa 
three  compartments.      The  seven  possible  modes  of  distribution 
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are,  6,  0,  0;  1,  5,  0;  2,  4,  0;  3,  3,  0;  1,  1,  4;  1,  2,  3;  2,  2,  2; 
and  their  respectiTe  probabilities  are  fractions  whose  oommon 
denominator  is  243,  and  num^^tors  1,  12,  30,  20,  30,  120,  30. 

745.  If  p  represent  a  person's  chance  of  success  in  any  trans- 
action, and  m  the  sum  of  money  which  he  will  receive  in  case 
of  success,  then  the  sum  of  money  denoted  by  pm  is  called  his 
expectation.  This  is  a  definition  of  the  meaning  we  shall  attach  to 
the  word  expectation,  and  might  of  course  be  stated  arbitrarily 
without  any  further  remark ;  it  is  however  usual  to  illustrate  the 
propriety  of  the  definition  as  follows.  Suppose  that  there  are 
7n  +  n  slips  of  paper,  each  having  the  name  of  a  person  written 
iipon  it,  and  no  name  recurring ;  let  these  be  placed  in  a  bag,  and 
one  slip  drawn  at  random,  and  suppose  that  the  person  whose 
name  is  drawn  is  to  receive  £a.  Now  all  the  expectations  must 
be  of  equal  value,  because  each  person  has  the  same  chance  of 
obtaining  the  prize ;  and  the  sum  of  the  expectations  must  be 
worth  £a,  because  if  one  person  bought  up  the  interests  of  all  the 
persons  named,  he  would  be  certain  of  obtaining  JLa,  Hence,  if 
£x  denote  the  expectation  of  each  person,  we  have  (m  +  «)  a?  =  a ; 

thus  X  = • 

m  +  n 

Also,  it  is  evident  that  the  value  of  the  expectation  of  two  per- 
sons is  the  sum  of  the  values  of  their  respective  expectations  ;  and 
so  for  three  or  more  persons.     Hence  the  value  of  the  expectation 

of  m  pei-sons  is  .      Now  suppose  that  one  person  has  his 

name  on  m  of  the  slips ;  then  his  expectation  is  the  same  as 
the  sum  of  the  expectations  of  m  persons,  each  of  whom  has  his 

name  on  one  slip;  that  is,  his  expectation  is  ,      But  his 

m  +  n 

chance  of  winning  the  priae  is ,  since  he  has  m  cases  out  of 

m  +  71  in  his  favour ;  thus  his  expectation  is  the  product  of  his 
chance  of  success  into  the  sum  of  money  which  he  will  receive  in 
case  of  success. 
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748.  Ad  event  baa  happened  vhich  must  liave  ariaen  from 
Bome  one  of  &  given,  number  of  causes :  required  the  probability 
of  tbe  existence  of  eocb  of  the  causes. 

Let  there  be  n  causes,  and  suppose  that  the  probability  of  tbe 
existence  of  these  causes  was  estimated  at  Pj ,  Pj,.../*,  i-espectively, 
hi'/ore  the  event  took  place.  Let  p^  denote  the  probability  of  tlie 
eient  on  the  hypothesis  of  the  existence  of  the  first  cauae,  let 
ji^  denote  the  probability  of  the  event  on  the  hypothesis  of  the 
existence  of  the  second  cause,  and  ao  on.     Then  the  probability  of 

the  existence  of  the  r""  cause,  estimated  ajier  the  event,  is  -:  „    , 
where  'S.Pp  stands  for  Pjf^  +  Pji,  +  ...  +  P,p,. 

From  our  first  notions  of  probability  we  must  admit  that  the 
probability  that  the  r"'  cause  was  the  true  cauae  is  proportional 
to  the  antecedent  probability  that  the  event  would  hapjien  fi'Om 
tliia  cause,  and  may  thei"efore  be  represented  by  CP^Pr-  And 
since  some  one  of  the  causes  must  be  the  true  cause  we  have 

C{P,p,4-P,}t^+  ...-{  l\p_}  =  l,  thei-efore  C=5p-;  therefore  tlie 


■ZPp' 


probability  that  the  j-""  cause  was  the  true  c. 

7i7.  The  preceding  Article  will  require  some  illustration  before 
it  will  be  fidly  appreciated  by  the  student.  Let  there  be,  for 
example,  two  uma,  one  containing  7  white  balls  and  3  black  balls, 
and  the  other  5  white  balls  and  1  black  ball ;  suppose  that  a 
white  ball  has  been  drawn,  and  we  wish  to  know  what  the  probability 
is  that  it  came  fi-om  the  fii-st  um,  and  what  tlie  probability  is  that 
it  came  from  the  second  urn.  It  must  have  come  from  one  of  the 
two  m-ns,  HO  that  the  Bimi  of  the  required  probabilities  is  unity. 
Instead  of  the  given  iirus  let  us  substitute  two  othera  which  have 
the  whole  number  of  balls  the  same  in  each  urn,  and  such  that 
aich  urn  has  its  white  and  black  balls  in  the  same  proportion 
as  the  urn  which  it  replaces.  Thus  we  may  suppose  one  um  with 
21  white  balls  and  9  black  balls,  and  tlie  other  with  25  white  ballg 
and  5  black  balls,    Each  um  now  contains  30  balls,  and  the  chance 
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of  each  ball  being  drawn,  is  the  same.     Since,  by  supposition, 

a  white  ball  is  drawn  we  may  suppose  the  black  balls  to  have 

been  removed,  and  all  the  white  balls  put  into  a  new  urn.     Thus 

there  would  be  46  white  balls ;  and  the  probability  that  the  white 

21 
ball  drawn  was  one  of  the  21  is  j^ ,  and  the  probability  that  it 

25  7  5 

was  one  of  the  25  is  -j-r .     Now  here  /?,  =  tt: >  and  Pt=  xi  thus 

4o  10  '^^     0 

«  21  n  25 

— ~ —  =  T77 ,  and  — — —  =  Y7i .     Thus  the  result  agrees  with  that 
2h  +  Pi     46'  p,+p^     46  ° 

given  by  the  theorem  in  Art.  746,  supposing  that  P^  and  jP,  are  equaL 

Next,   suppose   that   there  had   been  4  urns,  each  having  7 

white  balls  and  3  black  balls,  and  3  urns,  each  having  5  white 

balls  and  1  black  ball.     In  this  case,  by  proceeding  in  the  manner 

just  shewn,   we  may   deduce  that  the  probability  that  a  white 

ball  which  was  drawn  came  from  the  group  of  4  similar  urns  is 

4  X  21 
2 — Qi — b — "o^  '}  a^<i  ^®  probability  that  it  came  from  the  group 

3  X  25 
of  3  similar  urns  is  - — ^^j ^ — k^  •    Now  let  us  apply  the  theorem 

of  Art.  746  to  estimate  the  probability  that  the  white  ball  came 

from  the  fii*st  group  and  the  probability  that  it  came  from  the 

second  gi'oup.     Since  there  are  7  urns,  of  which  4  are  of  the  first 

4  3  7 

kind  and  3  of  the  second,  we  take  A  =  7  >  ^^^  ^%  =  W}  ^^  P^~  T7\  9 

5 

and  Pt  =  -r, ,     Thus 
0 

^      7_  3     5 


47^35'^'     4^35' 
7  ''l0"*"7''  6  7""  10"^7''6 

and  these  results  agree  with  those  which  we  have  already  indicated. 

748.  It  is  usual  to  call  the  quantities  P^,  F^,  ..,  P^ of  Ai*t.  746 
the  a  priori  probabilities  of  the  existence  of  the  respective 
causes;  and  Q^,  Q.^,  ...  Q^  the  a  posteriori  probabilities.     Students 
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ids 


are  aometimea  perplexed  in  endeavouring  to  estimate  P^,  P^,  ...P^; 
the  safest  plan  ia  to  olaerve  that  the  product  f^Pr  denotes  the 
probability  that  tile  event  will  happen  as  the  result  of  the  r""  cause; 
and  the  corroctneas  of  the  product  is  the  important  part  of  the 
solution,  because  P,  and  p^  do  not  occur  separately  in  the  roaults. 
The  whole  pi-opoaition  may  be  best  understood  if  arranged  in  the 
following  order.  First  suppose  the  different  causes  all  equally 
probable  bufure  the  ohsei-ved  event,  let  w,  denote  the  probability 
of  the  oecuiTence  of  the  event  on  the  hypothesis  of  the  existence 
of  the  r"  cause ;  then  the  probability  of  the  r*  cause,  estimated 


n/ler  the   c 


f  the  observeil  event,  is  ^^ .     Thia  seema 


nearly  self-evident,  and  if  any  doiibt  remains  it  may  be  removed 
by  the  mode  of  illustration  given  in  the  first  part  of  Art.  747. 
Secondly,  suppose  that  the  terms  ia  2cr  can  be  arrangetl  in  groups  ; 
suppose  there  to  be  /i|  terms  in.  the  first  group,  and  tliat  each 
term  is  equal  to  p^,  suppose  thei-e  to  be  ji.^  terms  in  the  second 
group,  and  that  each  term  is  equal  to  p„  and  so  on,  the  last  group 
tonsisting  of  ^,  terms,  each  ec[ual  to  p,.  Then  Scr  may  be  written 
Sfip,  where  the  series  2/<p  consists  of  n  terms,  nms  the  proba- 
bility of  the  r*  cause  is  ^— ^  ■  Also  the  probability  of  the  first 
group  of  causes  is  the  sum  t)f  the  separate  probabilities  of  the 
members  of  that  group,  that  is,  ~i .     Similar  expressions  hold 


Vp" 


for  the  probabilities  of  the  other  groups,     Thuf 
at  the  results  given  in  Art,  746,  where,  in  fact, 


Q.= 


2/.p' 


749.  When  an  event  has  been  observed,  we  may,  by  Art.  74G, 
estimate  the  probability  of  each  cause  from  which  that  event 
could  have  arisen ;  we  may  then  proceed  to  estimate  the  pro- 
bability that  the  event  will  occur  again,  or  that  some  other  event 
will  occur.  For  by  Art.  736  we  multiply  the  pi-obabUity  of  each 
cause  bv  the  probability  of  the  hapjwning  of  the  required  event  on 


— .     Hence,  assuming  that  before  the  observed  event  the  three 
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the  hypothesis  of  the  existence  of  that  cause,  and  the  sum  of  all 
Buch  products  is  the  probability  of  the  happening  of  the  required 
event. 

For  example,  a  bag  contains  3  balls,  and  it  is  not  known  how 
many  of  these  are  white ;  a  white  ball  has  been  drawn  and 
replaced,  what  is  the  probability  that  another  drawing  will  give 
a  white  ball  1 

There  are  three  possible  hypotheses  :  (1)  all  the  balls  may  be 
white,  (2)  only  two  of  the  balls  may  be  white,  (3)  only  one  of  the 
balls  may  be  white.  We  have  first  to  find  the  probability  of  each 
hypothesis  by  the  method  of  Art.  746.  On  the  first  hypothesis, 
the  observed  event  is  certain,  that  is,  the  probability  of  it  is  1 ;  on 

2 

the  second  hypothesis,  the  probability  of  the  observed  event  is  -^ ; 

o 

on  the  third  hypothesis,  the  probability  of  the  observed  event  is 

1 

3 

hypotheses   were  equally   probable,    we  have  a/ier  the  observed 

event, 

probability  of  first  hypothesis  =1-t-]1  +  o"'"of  =  9> 

2    r     2    I'i    1 

probability  of  second  hypothesis  =^-^]l  +  o+of  =  o> 

probability  of  third  hypothesis  =o"^]l  +  d  +  o[*=^« 

The  probability  that  another  drawing  will  give  a  white  ball  is 

1  12 

5  X  1,  so  far  as  it  depends  on  the  first  hypothesis ;  it  is  ^  x  ^ ,  so 

far  as  it  depends  on  the  second  hypothesis ;  and  it  is  ^  x  ^ ,  so  fitr 

u       o 

as  it  depends  on  the  third  hypothesis.     Hence  the  required  pro- 

12       1  7 

babiHtyis  2  +^  +  jg;  that  is,  ^. 

Suppose  that  in  the  enunciation  of  this  problem  instead  of  the 
words  "  it  is  not  known  how  many  of  these  are  white  "  we  had  the 
words  "  it  is  known  that  each  ball  is  either  white  or  black."     We 
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may  understand  the  new  enunciation  aa  equivalent  to  the  old, 
and  so  give  the  same  solution  aa  before.  "We  may  however,  and 
perhaps  moat  naturally,  undei-stantl  the  new  enunciation  differ- 
ently, namely  that  the  probability  that  each  hall  ia  white  is  to  be 
taien  as  -  before  the  observed  event.  In  tliia  case  we  cannot  as- 
sume that  the  three  hypotheses  are  equally  proba,ble  before  tlie 
observed  event ;  the  probabilitiea  must  be  3  ,  ^ ,  and  ^  respec- 
tively by  Art.  734,  Then  after  the  observed  event  we  shall  obtain 
-  ,  ^ ,  and  -  respectively  for  the  probabilities.  And  the  proba- 
bility that  another  drawing  will  give  a  white  ball  i^  7  + ;;  +  7:7  ■ 

TiiO.  "We  give  another  example.  Suppose  a  bag  in  wliich 
the  ratio  of  the  number  of  white  balls  to  the  whole  number  of 
balls  is  unknown,  and  it  is  equally  probable,  a  priori,  that  the  ratio 

is  any  one  of  the  following  quantities  IE,  2x,  3a;,  nx ;   suppose 

a  white  ball  to  be  drawn  and  replaced :  required  the  probability 
that  another  drawing  will  give  a  white  ball. 

Here  n  hypotheaes  can  be  formed.  On  the  first  hypothesis  the 
probability  of  the  observed  event  is  x,  on  the  second  hypothesis  it 
is  2a!,  on  the  third  3a;,  and  so  on.     Hence  the  probability  of  the 


1 


first  hypothesis  ia  ^,^^^^ ^„^  J  that  is,  ^^^^^^-^  .       The 

2x2 


probability  of  the  second  hypothesis  ia  -.  .    The  probability 


of  the  third  hypothes 


»(»+!)■ 


probability  that  another  di-awing  will  give  a  white  ball  i 


,(.ti) 


a  the  first  hypothesis,  "    on  the  second  hypothesis,  — — --jr 

a  the  third,  and  so  on.     Hence  the  required  probability  ia 
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^^""^ ""' ;r^^Tiy   — i ;  that  is, —3-^. 

When  n  is  very  great  this   approximates  to  -^ .     If  the 

ratio  of  the  number  of  the  white  balls  to  the  whole  number 
of  balls  is  equally  likely,  a  priori,  to  have  any  value  between 
zero  and  unity,  then  x  is  indefinitely  small  and  tmj  =  1,  so  that  the 

required  probability  is  ^ . 

751.     The  following  problems  will  illustrate  the  subject. 

(1)  A  bag  contains  m  white  balls  and  n  black  balls ;  if  p  +  q 
balls  are  drawn  out,  what  is  the  probability  that  there  will  be  p 
white  balls  and  q  black  balls  occurring  in  cm  assigned  order  ?  We 
suppose  p  less  than  m  and  q  less  than  n  j  and  the  balls  are  not 
replaced  in  the  bag  after  being  drawn  out. 

Suppose,  for  example,  that  the  first  ball  is  required  to  be  white, 
the  second  to  be  black,  the  third  to  be  black,  the  fourth  to  be 
white,  and  so  on  in  any  assigned  order.  Then  the  required  pix)ba- 
bility  is  the  product  of 

m  n  n- 1  m  —  \ 

m-^n'   m  +  n—  I'   m  +  n  —  2  *  m  +  n  —  d* 

therefore  the  required  probability  is 

m(m-l)(m-2)  ...{m-p  +  l)n{n-l){n-2) ...  (n- q-^l) 
(m  +  w)  (m  +  7i -  1)  (m  +  ri -  2)  ,. .  {m-^-n -p  -q+1)         ' 
and  it  will  be  observed  that  so  long  as  p  white  balls  and  q  black 
balls  are  required,  the  probability  is  the  same  whatever  'may  be  the 
assigned  order  in  which  they  are  to  occur. 

(2)  The  suppositions  being  the  same  as  in  (1),  what  is  the 
probability  of  p  white  balls  and  q  black  balls  occurring  in  any 
order  whatever  ? 

Let  N  represent  the  number  of  different  orders  in  which  p 
white  balls  and  q  black  balls  can  occur ;  then  the  required  proba- 
bility is  obtained  by  multiplying  the  probability  found  in  (1)  by 

N.     And  N^  '==. 

\P\l 
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Tke  problems  (1)  and  (2)   are  introduetoiy  ta  one  wliicli  we  shall 
now  Gonaiiler. 

(3)  A  bag  coutaiM  m,  hMs  wliioli  are  known  to  be  all  either 
wUite  or  black,  but  how  many  of  each  kind  is  unknown ;  suppose 
P  white  balls  and  q  black  balla  have  been  drawn  and  not  replaced  • 
find  the  probability  that  another  drawing  will  give  a  white  baU, 

The  observed  evoat  here  is  the  drawing  of  p  white  balla  and  q 
black  balls.  To  render  this  possible,  the  original  number  of  white 
balls  ipay  have  been  any  number  from  m^q  bop  incluaivo,  and 
the  number  of  black  balls  any  number  from  q  to  m—p  inclusive. 
Let  us  denote  the  hypothesis  of  m.—  5  white  and  5  black  by  J!,, 
imd  the  hypothesis  of  m-~q~  1  white  and  j  +  1  black  by  II„  and. 
so  on.      Then  //^  gives  for  the  probability  of  the  observed  event 

,,..  (m-;)(m-,-l) (m-;-y4-l)  l.a.  3 ; 

•»(™-l) (»-?-r  +  l) 

■where  M  denotes  the  number  of  different  ways  in  wliich  p  whit« 
balla  and  5  black  balls  can  be  combineil  in  p  +  q  trials.      Put  C  for 

M 

^("'-1) (m-q-p+l)- 

then  II,  gives  for  the  probability  of  the  observed  event  CPiQ,, 
where  r,  =  (m-g)  (m-q -I)  ......  im.-^-p  +  l), 

and  (?,  =  1.2.3  q. 

Also,  TT^  gives  for  the  probability  of  the  observed  event  CP^Qi, 

whei-e  P,  =  {m~q^\) {m.   -q-p), 

and  Ci=2.3.4 ?(?+  1). 

Thus,  \£  n  =  m-p-q  +  2,   we  find  for  the  probability  of  S',, 

i\v.+f;Qjf:...*i'._,Q._, ■  "^ " ""' '''°'"° '"'  ¥'■ 

Similarly  the  probability  of  ^,  is  — {j^  J  and.BO  on.     Now  the 

probabihty  of  drawing  a  white  ball  on  another  trial 

on  the  hypothesis  II,  is  ^§^  x  '^JllZl  ■ 
i,         m-p-q' 

on  the  hvpotheais  II.  is      '*'  >c ; 
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* 

and  so  on.     Thus  the  whole  probability  of  drawing  a  white  ball  is 

The  series  in  brackets  is  of  the  same  kind  as  S  with  />  + 1 
written  instead  of  j?,  the  number  of  terms  being  one  less  than  in  S, 

\p\q          Iw— 1  +  «  +  7 
Now  by  Art.  670,     JS=      '--  ,  x  ' ^^— ^ 


p  +  q  +  1  \n-2 


hence  the  series  within  brackets  is 


p  -^  q  -^  2  n  —  3 


and  the  required  probability  is  -  -     " 


p  +  q  +  2      m—p-q     p  +  q -h  2' 

For  a  more  general  investigation  connected  with  this  import- 
ant problem  the  student  is  referred  to  the  History  of  FrohahiLUy^ 
page  454. 

752.  The  mathematical  theory  of  probability  has  been  applied 
to  estimate  the  probability  of  statements  which  are  supported  by 
assertions  or  by  arguments.     We  will  give  some  examples. 

The  probability  that  A  speaks  truth  is  jp,  and  the  probability 
that  B  speaks  truth  isp';  what  is  the  probability  of  the  truth  of 
an  assertion  which  they  agree  in  making  ?  There  are  two  possible 
hypotheses;  (1)  that  the  assertion  is  true,  (2)  that  it  is  not.  If 
it  be  true,  the  chance  that  they  both  make  the  assertion  is  pp  ;  if 
it  be  false,  the  chance  that  they  both  make  it  is  (1  —p)  (1  —  jo'). 
Hence,  by  Art.  746,  the  probabilities  of  the  truth  and  the  falsehood 
of  the  assertion  are  respectively 


i'/ +  (1 -p)  (1 -y)       i'y+(i-i>)(i-i>')' 

Similarly,  if  the  assertion  be  also  made  by  a  third  person  whose 
probability  of  speaking  truth  is  p'\  the  probabilities  of  the  truth 
and  the  falsehood  of  the  assertion  are  respectively 

^'P"  —  and       ^^  "^^  ^^  -yO  (1  -V")       . 


PP'p"+{i  -p)  (1  -p)  (1  -p")       PP'p"+Q-  -i')(i-p')  0--P")  ' 

and  so  on  if  more  persons  join  in  the  assertion. 


^m 
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753.  We  ■will  nmke  a  few  remarks  on  the  preceding  Article. 
Wten  "Bre  say  that  the  probahility  of  -i's  speaking  truth  is  p, 

■we  mean  that  out  of  a  largo  number  of  statements  made  by  A,  the 
ratio  of  the  number  that  are  true  to  the  number  that  are  not  true 
is  that  of  ^  to  I  —p ;  thus  the  value  of  p  depends  on  the  correct- 
ness of  J'a  judgement  as  well  as  on  his  Teracity. 

The  result  in.  Art.  753  gives  the  probability  of  the  truth  of  the 
assertion,  so  far  as  that  truth  depends  solely  on  the  testimony  of 
the  witnesses  considered ;  there  may  be  from  other  sources  addi-  " 
tional  evidence  for  or  against  tho  assertion.  Thus  the  person  who 
is  estimating  the  probability  may  himself  have  a  conviction  more 
or  less  decided  in  favour  of  the  assertion  which  is  independent  of 
the  testimony  he  receives  from  the  witnesses.  It  has  been  proposed 
to  combine  this  conviction  with  the  testimonies  which  aa'e  con- 
sidered in  the  problem.  Thus,  if  there  be  two  witnesses  with  pro- 
babilities p  and  p'  respectively  of  speaking  the  truth,  and  a  third 
persoa  estimates  the  probability  of  the  truth  of  the  asaei-tion  at  p" 
from  his  own  independent  sources  of  belief,  then  to  him  the  odds 
in  favour  of  the  truth  of  the  assertion  are 

PP'P"  to  ('-?')  (1  -P')  (1  'P")- 

Still  the  result  is  cousidei-cd  unsatisfactory  by  some  wi-iters, 
who  object  with  great  reason  to  the  solution  on  tho  ground  that  it 
omits  all  consideration  of  the  circumstance  that  it  is  the  aaTM 
occurrence  to  which  the  several  testimonies  are  offered.  In  the 
following  problem  this  circumstance  is  expressly  considered. 

754.  Two  persons,  whose  probabilities  of  speaking  the  truth 
are  p  and  p'  respectively,  assert  that  a  specified  ticket  has  been 
drawn  out  of  a  bag  containing  n  tickets  ;  required  the  probability 
of  the  tmth  of  the  assertion. 

The  observed  event  here  is  the  comcident  testimony  of  A  and  B 
in  favour  of  a  specified  ticket. 

Here  -  is  the  a  priori  probability  that  the  specified  ticket  would 
be  drawn.     The  probability  of  tha  observed  event  on  the  hyjio- 


472  PROBABILITY. 

ihesis  that  the  specified  ticket  was  drawn  is  then  ^^ .     The  pro- 
bability of  the  observed  event  on  the  hypothesis  that  it  was  not 

n-1 

drawn  might  at  first  be  supposed  to  be  (1  — j»)  (1  —  j^') ;  but 

if  the  persons  have  no  inducement  to  select  the  specified  ticket 
among  those  really  undrawn,  this  expression  must  be  multiplied  by 

7 =-r»>  which  is  the  probability  of  their  selecting  the  specified 

ticket  among  the  undrawn  tickets.     Thus  the  probability  of  the 

observed  event  on  the  second  hypothesis  is  -^ ;       ,  >        .      Thus 

w  (n  —  1) 

the  odds  in  favour  of  the  truth  of  the  assertion  are 

755.  The  question  in  Art.  752  is  respecting  the  truth  of 
etmcurrent  testimony;  we  may  now  consider  the  truth  of  trof 
dUianary  testimony.  A  says  that  £  says  that  a  certain  event 
took  place  :  required  the  probability  that  the  event  did  take  place. 
Let  p  and  p'  be  the  probabilities  of  speaking  the  truth  of  A 
and  B  respectively.  The  event  did  take  place  if  they  both  speak 
truth,  or  if  they  both  speak  falsehood ;  and  the  event  did  not 
take  place  if  only  one  of  them  speaks  truth.  Thus  the  odds  that 
the  event  did  take  place  are 

pp' + (1  -p)  (1  -p')  ^p(i  -p')  +p'  (1  -/>). 

756.  If  there  be  n  witnesses,  each  of  whom  has  transmitted  a 
statement  of  an  occurrence  to  the  next,  and  if  p  be  the  probability 
of  speaking  the  truth  of  each  witness,  the  probability  of  the  truth 
of  the  statement  is  to  the  probability  of  its  falsehood  as  the  sum  of 
the  odd  terms  of  the  expansion  of  {p  +  g)"  is  to  the  sum  of  the  even 
terms,  q  being  put  equal  to  l—jo. after  the  expansion  has  been 
effected.  For  the  statement  is  true  if  all  the  witnesses  speak  truth, 
or  if  two,  or  four,  or  any  even  number  speak  falsehood. 

757.  Suppose  that  certain  arguments  are  logically  sound, 
and  that  the  probabilities  of  the  truth  of  their  respective  premises 
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are  known  ;  requii-ed  tie  probability  of  tiie  truth  of  tLe  conclusion. 
For  example,  sapposQ  that  there  are  three  arguments,  and  let 
p,  p',  p"  denote  the  respective  probabilities  of  their  premiBea.  The 
conclusion  ia  valid  unless  all  tlie  argnments  fail.  The  chance  that 
they  all  fa.il  is  (1  -;i)  (1  -p')  (1  -p") ;  hence  the  chance  that  they 
do  not  al!  fail  is  l-{l-p)  (I  - p')  (I  - p"),  wliich  is,  therefore, 
the  rer[uired  probability, 

758.  Of  such  an  extenBire  subject  as  the  Theory  of  Proba- 
bility only  an  outline  can  be  given  in  an  elementary  work  on 
Algebra.  The  student  who  is  prepared  for  further  investigation 
will  find  a  list  of  the  necessary  boots  in  the  article  Prohahility  in 
the  Engluh  Cyclopedia;  to  that  list  may  be  added  the  work  of 
Professor  Boole  on  the  Laws  of  Thov.ght.  For  a  discussion  of 
the  first  principles  of  the  subject  the  student  may  consult  De 
Morgan's  Formal  Logic,  Chapters  ix.  and  x.,  and  Venn's  LogiG  of 
Gkafiee.  We  may  also  refer  to  the  History  of  the  Mat/tematicaZ 
Theory  of  Prohahility,  from  ike  time  of  Pascal  to  that  of  La^ace; 
this  work  introduces  the  reader  to  almost  every  process  and  every 
species  of  problem  which  the  literature  of  the  subject  can  fumiah. 
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1.  The  odds  against  a  certain  event  are  3  to  2 ;  and  the  odds 
in  favour  of  another  event  independent  of  the  former  are  4  to  3. 
Find  the  odds  for  or  against  their  happening  together. 

2.  Supposing  that  it  is  8  to  7  against  a  person  who  ia  now 
30  years  of  age  living  till  he  is  60,  and  2  to  1  against  a  person 
who  ia  now  iO  living  till  he  is  70  :  find  the  probability  that  one 
at  least  of  these  persons  will  be  alive  30  years  hence. 

3.  A  party  of  23  pereona  take  their  seats  at  a  ronnd  table : 
shew  that  it  ia  10  to  1  against  two  specified  individuals  sitting 
next  to  each  other, 

4.  Tlio  chance  that  A  can  solve  a  certain  problem  is  t  J  the 
chance  that  B  can  solve  it  is  ^  ;  find  the  chance  that  the  problem 
will  bo  solved  if  they  both  try. 
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5.  Find  the  chance  of  drawing  two  black  balls  and  one  red 
from  an  nm  containing  Qye  black,  three  red,  and  two  white, 

6.  Find  the  probability  that  an  ace  and  only  one  will  be 
thrown  in  two  trials  with  one  die. 

7.  Find  the  probability  of  throwing  one  ace  at  loast  in  two 
trials  with  one  die. 

8.  Find  the  odds  against  throwing  one  of  the  two  numbers 
7  or  11  in  a  single  throw  with  two  dice, 

9.  Two  purses  contain  the  same  number  of  sovereigns  and  a 
different  number  of  shillings  j  one  purse  is  taken  at  random  and  a 
coin  is  drawn  out :  shew  that  it  is  more  likely  to  be  a  sovereign 
than  it  would  be  if  all  the  coins  had  been  in  one  purse. 

10.  There  are  four  men,  Aj  JB,  C,  D  whose  powers  of  rowing 
may  be  represented  by  the  numbers,  6,  7,  8,  9,  respectively ;  two  of 
them  are  placed  by  lot  in  a  boat,  and  the  other  two  in  a  second 
boat.  Find  the  chance  which  each  man  has  of  being  a  winner  in 
a  race  between  the  boats. 

11.  In  one  throw  with  a  pair  of  dice  find  the  chance  that 
there  is  neither  an  ace  nor  doublets. 

12.  If  from  a  lottery  of  30  tickets  marked   1,  2,  3,   

four  tickets  be  drawn,  find  the  chance  that  1  and  2  will  be  among 
them. 

13.  A  has  3  shares  in  a  lottery  where  there  are  3  prizes 
and  6  blanks ;  B  has  1  share  in  another  where  there  is  but  1  prize 
and  2  blanks.  Shew  that  A  has  a  better  chance  of  getting  a  prize 
than  B  in  the  ratio  of  16  to  7. 

14.  Two  bags  contain  each  4  black  and  3  white  balls;  a 
person  draws  a  ball  at  random  from  the  first  bag,  and  if  it  be 
white  he  puts  it  into  the  second  bag  and  then  draws  a  ball  from 
it :  find  the  chance  of  his  drawing  two  white  balls. 

15.  A  coin  is  thrown  up  n  times  in  succession  :  find  the 
chance  that  the  head  will  present  itself  an  odd  number  of  times. 

16.  When  n  coins  are  tossed  up,  find  the  chance  that  one 
and  only  one  will  turn  up  head. 
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17.  Supposing  the  House  of  Commona  to  consist  of  sa  Toriea 
and  n  WliigB,  find  tlie  probability  that  a.  committee  oi  p  +  q 
selected  by  lot  may  consist  of  p  Toriea  and  q  Whigs. 

18.  Find  the  chance  that  a  person  with  two  dice  will  throw 
aces  at  least  four  times  in  six  triala. 

19.  Find  the  chance  of  throwing  an  ace  witli  ft  single  ilie 
once  at  least  in  six  trials. 

20.  If  on  an  average  D  ships  out  of  10  return  safe  to  jjort, 
find   the    chance    that   out    of   5   ships  expected   at   least   3   will 

21.  In  three  throws  with  a  pair  of  dice,  find  the  probability 
of  having  doublets  one  or  more  timea, 

22.  Find  the  chance  of  throwing  double  sises  once  or  oftener 
in  three  tiirowa  with  a  pair  of  dice. 

23.  In  a  lottery  contiining  a  large  number  of  tickets  where 
the  prizes  are  to  the  blanks  as  J  to  C,  find  the  chance  of  drawing 
at  least  2  prizes  in  5  trials. 

24.  If  four  cai-ds  be  drawn  from  a  pack,  find  the  probability 
that  there  will  be  one  of  each  suit. 

25.  If  four  cards  be  drawn  from  a  pack,  find  the  probability 
that  tliey  will  bo  marked  one,  two,  three,  four,  of  tho  same  suit. 

26.  If  A'a  skill  at  any  game  be  double  that  of  S,  tho  odds 
against  A'b  winning  4  games  before  B  wins  2  are  131  to  113. 

27.  Two  persons  A  and  S  engage  in  a  game  in  which  A'a 
skill  is  to  .S's  as  2  to  3,  Find  the  chajioo  of  -i's  winning  at  least 
2  games  out  of  5. 

28.  Three  white  balls  and  five  black  are  placed  in  a  bag,  and 
three  persona  draw  a  ball  in  succession  (the  balls  not  being  re- 
placed) until  a  white  ball  is  drawn.  Shetw  that  their  respeotivQ 
chances  are  as  27,  13  and  11. 

29.  In  each  game  that  is  playod  it  is  2  to  1  in  favour  of  tho 
winner  of  the  game  before.  Find  tlie  ohance  that  he  who  wins  the 
first  game  shaU  win  three  or  more  of  the  next  four, 
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30.  A  certain,  stake  is  to  be  won  by  the  first  person  who 
throws  ace  with  a  die  of  n  faces.  If  there  be  p  persons^  find  the 
chance  of  the  r^  person, 

31.  There  are  3  parcels  of  books  in  another  room  and  a  parti- 
cular book  is  in  one  of  them.  The  odds  that  it  is  in  one  particular 
parcel  are  3  to  2 ;  but  if  not  in  that  parcel  it  is  equally  likely  to 
be  in  either  of  the  others.  If  I  send  for  this  parcel  giving  a 
description  of  it,  and  the  odds  I  get  the  one  I  describe  are  2  to  1, 
find  my  chance  of  getting  the  book  I  want. 

32.  In  a  purse  are  ten  coins,  all  shillings  except  one  which  is 
a  sovereign ;  in  another  are  ten  coins  all  shillings.  Nine  coins  are 
taken  from  the  former  purse  and  put  into  the  latter,  and  then 
nine  coins  are  taken  from  the  latter  and  put  into  the  former. 
A  person  is  now  permitted  to  take  whichever  purse  he  pleases : 
find  which  ho  should  choose. 

33.  One  urn  contained  5  white  balls  and  5  black  balls;  a 
second  urn  contained  10  white  balls  and  10  black  balls;  a  ball,  of 
which  colour  is  not  known,  was  removed  from  one  urn,  but  which 
is  not  known,  into  the  other.  A  drawing  being  now  made  fix)ih 
one  of  the  urns  chosen  at  random,  what  is  the  chance  that  it  will 
give  a  white  ball  1 

34.  Find  the  .chance  of  throwing  15  in  one  Ibhrow  with  3  dice. 

35.  Find  the  chance  of  throwing  17  in  one  throw  with  3  dice. 

36.  Find  the  chance  of  throwing  not  more  than  10  with  3  dice. 

37-  When  2n  dice  are  thrown,  prove  that  the  sum  of  the  num- 
bers turned  up  is  more  likely  to  be  7n  than  any  other  number. 

38.  When  2n+l  dice  are  thrown,  prove  that  the  chance 
that  the  sum  of  the  numbers  turned  up  is  7n+  i  equals  the 
chance  that  the  sum  of  the  numbers  turned  up  is  7n+  3,  and 
that  the  chance  is  greater  than  the  chance  that  the  sum  is  any 
other  number. 

39.  Out  of  a  set  of  cards  numbered  from  1  to  10  ^  card  is 
drawn  and  replaced :  after  ten  such  drawings  what  is  the  proba- 
bility that  the  sum  of  the  numbers  drawn  is  24  ? 
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40.  Counters  mimbered  0,  1,  2,  n,  are  placed  in  a  box; 

after  one  is  drawn  it  is  put  bact,  and  the  process  ia  repeated. 
Find  the  probability  that  m  drawings  will  give  the  counter  marked  «. 

41.  There  are  10  tickets  S  of  which  are  blanks  and  tlie  othera 
are  marked  1,  2,  3,  4,  5  :  find  the  probability  of  drawing  10  in 
three  trials,  the  tickets  being  replaced. 

43.  Find  the  probability  in  the  preceding  Example  if  the 
tickets  are  not  replaced, 

43.  From  a  bag  containing  n  balls  p  balls  are  drawn  out  and 
replaced,  and  then  q  balls  are  drawn  out.  Shew  tliat  the  proba- 
bility of  exactly  r  balls  being  common  to  the  two  dmwings  ia 

[yjg[ro-p|»-y 
\n\r\p~r\g-r\n-p-q  +  r' 

44.  Eight  persons  of  equal  skill  at  chess  draw  lots  for  part- 
ners and  play  four  games ;  the  four  winners  di-aw  lota  again  for 
partners  and  play  two  games ;  and  the  two  winnera  in  these  play 
a  final  game  ;  find  the  chance  that  two  assigned  pcraons  will  have 
played  together. 

45.  In  a  bag  are  m  white  balls  and  w  black  balls.  Find  tlio 
chance  of  drawing  firat  a  white,  then  a  black  ball,  and  so  on 
alternately  until  the  balls  remaining  are  all  of  one  colour. 

K  m  balls  are  drawn  at  once,  find  the  chance  of  drawing  all  tha 
white  balls  at  the  firet  trial. 

46.  In  a  hag  are  n  balla  of  m  colours,  p,  being  of  the  fii'st 
colour,  pj  of  the  second  colour,  ...  p^  of  the  m""  colour.  If  the 
balls  be  drawn  one  by  one,  find  the  chance  that  all  the  balls  of  the 
first  colour  will  be  first  drawn,  then  all  the  balls  of  the  second 
colour,  and  so  on,  and  lastly  all  the  balla  of  tlie  m""  colour. 

47.  A  bag  contains  n  balla ;  a  person  takes  out  one  and  puts 
it  in  again ;  he  does  this  n  times  ;  find  the  probability  of  his  hav- 
ing had  in  his  hand  every  ball  in  the  bag. 

48.  Two  players  of  equal  still,  A  and  B,  are  playing  a  set  of 
games.  A  wants  2  games  to  complete  tha  set,  and  B  wants  3 
games.     Compare  the  chances  oi  A.  and  S  fcir  winning  the  set. 
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49.  1£  three  persons  dine  together  find  in  how  many  different 
ways  they  can  be  seated  in  a  row.  When  they  have  dined  toge- 
ther exactly  so  many  times,  taking  their  places  by  chance,  find  the 
probability  that  they  will  have  sat  in  every  possible  arrangement. 

50.  JV  is  a  given  number ;  a  lower  number  is  selected  at  ran- 
dom, find  the  chance  that  it  will  divide  iT. 

51.  A  handful  of  shot  is  taken  at  random  out  of  a  bag: 
find  the  chance  that  the  number  of  shot  in  the  handful  is  prime  to 
the  number  of  shot  in  the  bag.  For  example,  suppose  the  number 
of  shot  in  the  bag  to  be  105. 

52.  If  n-oH'y  and  any  number  not  greater  than  n  be  taken 
at  random,  the  chance  that  it  contains  a  as  a  factor  £  times  and  no 

.     1         1 


more  is 


a*      a 


•+i 


53.  Two  persons  play  at  a  game  which  cannot  be  drawn, 
and  agree  to  continue  to  play  until  one  or  other  of  them  wins 
two  games  in  succession  :  given  the  chance  that  one  of  them  wins 
a  single  game,  find  the  chance  that  he  wins  the  match  described. 
For  example,  if  the  odds  on  a  single  game  be  2  to  1,  the  odds  on 
the  match  will  be  16  to  5. 

54.  A  person  has  a  pair  of  dice,  one  a  regular  tetrahedron, 
the  other  a  regular  octahedron :  find  the  chance  that  in  a  single 
throw  the  sum  of  the  marks  is  greater  than  6. 

55.  There  are  three  independent  events  of  which  the  pro- 
babilities are  respectively  ^j,  jo,,  p^i  find  the  probability  of  the 
happening  of  one  of  the  events  at  least ;  also  of  the  happening  of 
two  of  the  events  at  least. 

56.  A  certain  sum  of  money  is  to  be  given  to  one  of  three 
persons  A^  B,  C,  who  first  throws  10  with  three  dice  :  supposing 
them  to  throw  successively  in  the  order  named  until  the  event  has 
happened,  find  their  respective  chances. 

57.  The  decimal  parts  of  the  logarithms  of  two  numbers 
taken  at  random  are  found  from  a  table  to  7  places  :  find  the  x^ro- 
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bability  that  the  Beoond  can  be  Eubtractod  fium  the  first   with- 
out borroiclng  at  all. 

58.  A  uudertatea  with  a  pair  of  dice  to  throw  6  before  B 
throws  7  ;  they  throw  alternately,  A  commencing.  Compare  their 
chances. 

59.  A  pereon  is  allowed  to  draw  two  coins  from  a  bag  con- 
taining four  Bovercigna  and  four  Bhillinga:  find  the  value  of 
his  expectation. 

60.  If  six  guineas,  sLy  sovereigns,  and  six  shillings  be  put 
into  a  bag,  and  three  be  dra.wn  out  at  random,  find  the  value  of 
the  expectation, 

61.  Ten  Itassian  ships,  twelve  Fi-each,  and  fourteen  English 
are  expected  in  port.  Find  the  value  of  the  expeckition  of  a 
mi^rchant  who  will  gain  £2100  if  one  of  the  first  two  which 
arrive  is  a  Rusaiaii  and  the  other  a  French  ship. 

62.  From  a  bag  containing  3  guineas,  3  sovereigns,  and  4 
shillings,  a  person  draws  3  coins  indiscriminately :  find  the  value 
of  his  expectation. 

C3.  Find  the  worth  of  a  lottery-ticket  in  a  lottery  of  100 
tickets,  having  i  -ptizua  of  XlOO,  ten  of  £50,  and  twenty  of  £5, 

6i.  A  b^  contains  9  coins,  5  are  sovereigns,  the  other  four 
are  equal  to  each  other  in  value  :  find  what  this  value  must  be  in 
order  that  the  expectation  of  receiving  two  coins  out  of  the  bag 
may  be  worth  24  shillings. 

65.  From  a  bag  containing  4  shilling  pieces,  3  unknown 
English  silver  coins  of  the  same  value,  and  one  unknown  English 
gold  coin,  four  are  to  be  drawn,  If  the  value  of  the  drawer's 
chance  be  15  shillings,  find  what  the  coins  are. 

66.  A  and  B  subscribe  a  sum  of  money  for  whicli  they  toss 
alternately  beginning  with  A,  and  the  fii-st  who  llu-owa  a  head  is 
to  win  the  whole.  In  what  proportion  ought  they  to  suliscribe  1 
If  they  subscribe  equally,  how  much  should  either  of  them  give 
the  other  for  the  fii-st  thi-ow  J 
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67.  There  are  a  number  of  counters  in  a  bag  of  which  one  id 
mai'ked  1,  two  2,  &c.  up  to  r  marked  r ;  a  person  draws  a  number 
at  lundom  for  which  he  is  to  receive  as  many  shillings  as  the  num- 
ber marked  on  it :  find  the  value  of  his  expectation. 

68.  A  bag  contains  a  number  of  tickets  of  which  one  is 
marked  1,  four  marked  2,  nine  marked  3^  ...  up  to  r*  marked  r; 
a  person  draws  a  ticket  at  random  for  which  he  is  to  receive  as 
many  shillings  as  the  number  marked  on  it :  find  the  value  of  his 
expectation. 

69.  A  man  is  to  receive  a  certain  number  of  shillings;  he 
knows  that  the  digits  of  the  number  are  1,  2,  3,  4,  5,  but  he  is 
ignorant  of  the  order  in  which  they  stand  :  find  the  value  of  his 
expectation. 

70.  Fix)m  a  bag  containing  a  counters  some  of  which  are 
marked  with  numbers,  b  counters  are  to  be  drawn,  and  the  drawer 
is  to  receive  a  number  of  shillings  equal  to  the  sum  of  the  numbers 
on  the  counters  which  he  draws :  if  the  sum  of  the  numbers  on  all 
the  counters  be  n,  find  the  value  of  his  expectation. 

71.  There  are  two  urns;  one  contains  8  white  balls  and 
4  black  balls,  and  the  other  contains  12  black  balls  and  4  white 
balls ;  from  one  of  these,  but  it  is  not  known  from  which,  a  ball 
is  taken  and  is  found  to  be  white :  find  the  chance  that  it  was 
drawn  from  the  urn  containing  8  white  balls. 

72.  Five  balls  are  in  a  bag,  and  it  is  not  known  how  many 
of  these  are  white ;  two  being  drawn  are  both  white :  find  the 
probability  that  all  are  white. 

73.  A  purse  contains  n  coins  and  it  is  not  known  how  many 
of  these  are  Sovereigns ;  a  coin  drawn  is  a  sovereign :  find  the 
probability  that  this  is  the  only  sovereign. 

74.  A  bag  contains  4  white  and  4  black  balls;  two  are  taken 
out  at  random,  and  without  being  seen  are  placed  in  a  smaller 
bag ;  one  is  taken  out  and  proves  to  be  white,  and  replaced  in  the 
smaller  bag  :  one  is  again  taken  out  and  proves  to  be  again  white, 
find  the  probability  that  both  balls  in  the  smaller  bag  are  white. 
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75.  Of  two  purses  one  originally  contained  25  Boveteigna,  and 
the  other  10  sovereigns  and  15  shillings;  one  purse  is  taken  by 
chance  and  i  coins  drawn  out  which  prove  to  he  all  aovereigna  : 
find  the  probability  that  this  purse  contains  only  sovereigns,  and 
the  value  of  the  expectation  of  the  next  coin  that  wUI  be  drawn 
from  it. 

76.  A  bag  contains  three  bank  notes,  and  it  is  known  that 
there  is  no  note  which  is  Hot  either  a  £b,  a  £10,  or  a  £20  note ; 
at  three  successive  dips  in  the  bag  (the  note  being  replaced  after 
each  dip)  a  £5  note  was  drawn,  I'ind  the  probable  value  of  the 
contents  of  tlio  bug. 

77.  It  is  3  to  1  that  A  speaks  tho  truth,  4  to  1  that  B  docs, 
and  6  to  1  that  C  does  :  find  the  probability  that  an  event  took 
place  which  A  and  Ji  assert  to  have  happened  and  wbich  C  denies. 

78.  A  speaks  truth  3  times  out  of  4,  5  4  times  out  of  5  ;  they 
agree  in  asserting  that  from  a  hag  containing  9  balls,  all  of  dif- 
ferent coloura,  a  white  ball  has  been  dniwn  :  shew  that  the  proba^ 

bility  that  this  is  true  is  —  . 

79.  Suppose  thirteen  witnesses,  each  of  whom  makes  but  ono 
false  statement  in  eleven,  to  assert  that  a  ceitain  event  took  place; 
shew  that  the  odds  are  ten  to  one  in  favour  of  tho  ti'uUi  of  their 
statement,  even  although  tho  a  priori  probability  of  the  event  bo 

1 
^  1U'=+1' 


80.  One  of  a  pack  of  52  caivla  has  been  removoi.1 ;  from  the 
remainder  of  the  pack  two  cards  are  drawn  and  are  found  to  be 
spades  :  find  the  chance  that  tho  missing  card  is  a  spade. 

81.  Two  persons  walk  on  the  same  road  in  opposite  directions 
during  a  +  b  +  e  minutes,  one  completing  the  distance  in  a  minutes 
and  the  other  in  6  minutes ;  find  tho  chance  of  their  meeting, 

83,  Find  how  many  odd  numbers  taken  at  random  must  be 
multiplied  together,  that  there  may  be  at  least  an  even  clianoe  of 
the  last  figure  being  5.     Given  log,,  2  =  -30103. 
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LIY.    MISCELLANEOUS  EQUATIONa 

759.  Equations  maj  be  proposed  which  require  peculiar  arti- 
fices for  their  solution;  in  the  following  collection  the  student  will 
find  ample  exercise :  he  should  himself  try  to  solve  the  equations^ 
and  afterwards  consult  the  solution  here  given* 

-      a;'+2a;  +  2     a;' +  8a? 4- 20  _ g' +  4a; 4- 6     a;*  +  6a;  +  12 
aj  +  1  x+4:  a;  +  2  a;+3        * 

Here  «+!  + ::  +a;  +  4  + 7  =  aj+2  +  — s  +  a5+3  + 


aj+1  x  +  4:  x-\-2  «+3' 

41.  *                      14  2  3 

so  that  — =  + 7  =  — -  + 


therefore 


that  is 


aj+1     a;  +  4     a:  +  2     aj  +  3' 

_1 ?_^__? ^ 

aj+1      a;  +  2~a:+3     aj+4' 

X  X 


a;»  +  3aj  +  2         aj»  +  7a;  +  12' 
therefore  either  a;  =  0,  or  a;"  +  3a:  +  2  =  aj'  +  7aj  +  12 ; 
fix)m  the  latter  4aj  =  —  1 0 ; 

therefore  a?  =  —  2^. 

2  1  1 1  1 

(aj  +  a)"-6''*'(aj  +  6)'-a'     aj*  -  (a  +  6)' "*"  a;*  -  (a  -  6/ * 

"^®^®         a;  +  a  +  6\a;*-(a-6)V"a;''-(a  +  6)»"*"a*-(a-6)«^ 


therefore 


aj  —  (a  +  6)  _ 


kS  > 


therefore 


aj  +  a  +  6  aj*-(a-6)'     aj'-(a  +  6y 

aj-(a  +  6)   _         1 
af-.{a-by  ~x-{a  +  b) ' 

therefore  {a:  -  (a  +  6)}"  =  «*  -  (a  -  6)' ; 

therefore  2aj  (a  +  6)  =  (a  +  6)*+  (a  -  6)' ; 

therefore  x  = r  • 

a  +  6 
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H-   K^")-'»(i-i)^"-'5-^'• 

then  3^y»+|)  =  10y,   so  that  y«-l^+?|=|; 

4 
therefore  y  =  2  or  ^ ; 

therefore  a;"—  12  =  6a5  or  Ax ; 

therefore  aj  =  6or-2or3±  ^(21). 

{5x'  +  10a;'  + 1)  (5a'  +  10a'  + 1) 
(a;*+10a;'  +  5)(a*+lGa'  +  5)    ~^' 


Here 


5ag*  +  lOrc*  +  1  _  g'  +  10a°  4-  5<g  ^ 
aj*+  100^"+  5aj  "  5a*  +  lOa*  +  1 ' 


adding  and  subtracting  the  numerator  and  denominator  of  each 

fraction,  we  have 

/a?  + 1 V __  fl+aV 

U-i/"vi-«r 

therefore =  ■= :  therefore  a?  =  - . 

a;-l      1-a'  a 

5.  (a:-l)»  +  (2aj+3)»  =  27a;»+8. 

Since  (a:  -  1)  +  (2aj  +  3)  =  3a;  +  2,  divide  both  sides  by  3a5  +  2, 

2 

which  gives  a;  =  —  ^  for  one  value  of  a: ;  and  we  obtain 

(aj- 1)'- (a;- l)(2aj  +  3)  +  (2a;  + 3)'  =  9aj'- 6«  + 4, 

that  is  3a;'  +  9a;  +  1 3  =  90*  -  6a;  +  4, 

therefore  6a;'  - 1 5a;  =  9  ; 

,      ,  ,     5a;     25     25     3     49 

therefore  ^  "T  ^16  =T6  "*"  2  =T6  ^ 


5        7  1 

therefore        ^"J^^ji        therefore  a5=?3  or  -g. 


^\— 'i. 
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(  aj  +  1        x  +  i)  (  aj  +  2         x  +  3  ) 

Here  31^ =- + t-  +  1U  =  29^ s-  + o-  -^h 

t  aj+1        05  +  4         J  t  aj  +  2         a;+3         J* 

or  31-^ r-+5  + ^  +  6V«p29-^ ^  +7  + o--S> 

I  a  +  1  aj  +  4:         j  (  a;  +  2  a5  +  3         J 

,      .  o.  r  29         29  )     „^  r  31  31  ) 

therefore      31 1^^ +^|=  29  |^^ +  _  j; 

,       .                      1111 
therefore  r  + 1  ^ s  + 


therefore 


a;+l     a  +  4  "  ip  +  2     «+  3' 
1111 


x  +  \     03+2     ic+3     a; +  4^ 
therefore  (a;  + 1)  (aj  +  2) »  («  +  3)  (o?  +  4)  J 

therefore  3a:  +  2  =  7a;  + 12  j 

therefore  4aj  =  —  1 0 ; 

therefore  x  =  —  2\^ 

l(a;+l)(a?~3)     1  (a?+3)(a?-5)      g  (a?+5)(a;->7)       92 
'^^     5(a:+2)(a;-4)  ■*'9  (a?+4)(a;-6)     13  (aj+6)(a?-8)  ~585* 

It  its  clear  that  the  numerator  and  denominator  of  each  fraction 
involves  the  expression  a' -2a?,  put  therefore  (a?— l)'  =  yj  then 
the  equation  becomes 

ly-4     ly-16      2  y-36^  92 
5y-9"*"9  2/-25      13  3/^49  "585' 

112  _92 
^"""^  5^9~T3"585' 

subtracting  corresponding  terms,  we  have 

1     5        19  2      13 

5  3/-9"*'9  2/-25      13  y-49"^ 

that  IB  1 **  0  : 

y-9    y-25    y-49    "' 
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therefore 


that  is 


y-9     y-49     y- 49     y-25' 
-40        24 


therefore  3  (y  -  9)  +  6  (y  -  26)  =  0, 

that  is  8y  =  152; 

therefore  y  =  19  and  a?  =  1  *  V(l^)* 

x^  x  +  Za      c*  c  +  3a;      ,,    ,  .     a;*  +  3aa;'      c*  +  3c*a; 

Here     — . ^  =  -i ,    that  is    -= :—  «  -i r  : 

^.ia  +  3a;     ^hx+6c'  a*  +  3a*a;      «*+3ca;* 

adding  and  subtracting  the  numerator  and  denominator  of  each 

fraction,  we  have  — ; r^  =-~ p-  ; 

{x^  -^  a^f      (c*  -  a^/ 

,,       «               x^^a^     c^-k-x^  X     c 

therefore  —. :  =  -; ,  ;   therefore  -  =  -  ; 

therefore  x=^  J,{<^)' 

0.        (.  +  «)  (l  +  ^)^'^M  (l  -^)  =  2. 

Here  {^  +  ^(2ax)  +  «}  +  ^11^?^  =  2, 

therefore  a  +  . /(2aa;)  +  a  + 777^ — r- —  =  2 ; 

therefore  {a;  +  V(2aa;)  +  a}'  -  2  {a;  +  ^{2ax)  +  a}  + 1  =  0  ; 
therefore  a;  +  a  +  J{2ax)  =  1 ; 

therefore  (a:  +  a)'  -  2  (a;  +  a)  +  1  =  Sax ; 

therefore  a;*  -  2a;  + 1  =  2a  -  a' ; 

therefore  a;  =  1  «fc  J(2a  -  a"). 
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10.  (a;  +  a)  (a;  +  2a)  (aj  -  3a)  («  -  4a)  =  e\ 

Here  (x-^a)  (a?-  3a)  (a;+  2a)  (x  -  4:a)  =  c\ 

ttat  is  (x*-  2ax -  3a') (x* -  2aa; - 8a")  =  c*. 
Let  x'  —  2ax  =  ya*, 

then  (y-3)(y-8)  =  ji; 

121      c*     25 
therefore  2/'  -  Hy  +  -j^  ^  5*  "*"  T ' 


therefore 


tTiereford 


11      (4c*  +  25a*)* 
y      -i  2a*         ' 


i 


Ilrt'     (4c*  +  25ay 
a;'-2aa!=^--= ^ i-j 


i 


XT.      /.  /(13a*     (4c*  +  25a*)») 

therefore  *~*     a./i''?"  *^ 9 ^l" 

^^-  6«'-7«  +  3"^12a;*-17a;  +  6  =  ^*'"^'"'*"^- 

^^'^  {2x  -  1H3.C  -  2)  -^  (3x  -  2)  Va.  -  3)  =  ^^^  "  ^>  ^^'^  "  ^>- 

1  6a; -4 

^^  3^32^(2a;^l)(4a;-3)^(^^"^)(^^'^^ 

therefore  2  =  (2a:  -  1)«  (4aj  - 1)  (4aj  -  3) 

=  (2a;-l)»{2(2a:-l)  +  l}{2(2x-l)-l^. 

Let  y  =  2a;  —  1, 

then  y'(43/'-I)  =  2; 

.lieretoro  y      4  ^  64  "  64  ^  4  "  64  ' 

therefore  y»=.-  -  ( 1  ±  ^33) ; 

therefore  a;  =  l±i^  =  1  fl  ^  ^ ||  (1  ^  ^33)}^. 
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a;  +  6  /a;  -  4 Y    a;  -  6  /a?  +  9Y_  a;  +  6     a; -6 
a-6\a;  +  v      a;+6\a:  —  9/aj- 


6     aj+6' 


*'-'-  ■-^ue^)'-}-:-^e{"-c-^t)}. 


that  is 


x  —  G        36x        aj  +  6     16aj 


x  +  6     (x-9)'     a;-6(aj  +  4)»' 
tlierefore  a;  =  0  is  one  value;  and  for  the  other  values  we  have 

/a;-6\"    16/a;-9V     ^,       .       aj-6         2a;-9 
V^=36V^'    *^^'^^"^^;T6  =  "3^T4^ 

therefore         3  (a*-  2aj  -  24)  =  ±  2  (a*  -  3aj  -  54) ; 

these  quadratics  can  now  be  solved  in  the  ordinary  way. 

aj*  +  2aa;  +aG  __  ax 

a^ -h  2cx -\- <ie     (a;  +  a)(aj+c)* 

Let  (a?  +  a)  (aj  +  c)  =  ajy, 

,  aj*  +  2aa;  +  at?  __  a 

»*  +  2caj  +  ac     y ' 

^,       -  2  (x' ■{■  ax  +  ex  +  ac)     a  +  y 

tlierefore        — ^ — -^ — ; r = , 

2aj  (a  -  c)  cb  —  y 

(a5  +  a)  («  +  c)  ^  a  4-  y 
x{a  —  c)      ~~  a-y* 


or 


thus 


a— c     a—y* 


therefore  ^  —  yc  —  a^c—a^y 

therefore  y  =  -  ±  -  ^(c*  +  4ac  -  4a')  =  a  suppose ; 

thus  aj*  +  aj(a  +  c)  +  ac  =  a5a; 

therefore  aj*  +  a;(a  +  c  — a)=  — ac; 

therefore  a;  = ^ —  ±  ^  ^{(a  +  c  -  a)'  —  4ac}. 


4S8 
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S 


I 


14.        2(»*»)(«  +  «)*("-<')'-;(S7?T4- 


Here 
Let 

tlien 

From  (a) 
therefore 

therefore  (fi)  becomes 

therefore 


x  +  a  =  y{x  +  c) (a), 

x  +  e 


y'  +  l  = 


x  +  c  +  a-c  =  }/{x  +  c); 


m- 


a  —  c 


x  +  e  = 


y*  +  l  = 


a-c      1 


y«-l/ 


y  = 


therefore 


15. 

Let 


*  —    —  +  1  =  -  !   therefore  y  =  I  -  )  ; 
c  c  ^      \c/ 

yc-a     a*c  —  ac*     ,    ^i  a^  -c* 
(a;  +  a  +  5)*  +  (a;  +  c  +  c?)*     m 


(!)• 


a  +  6  =  a  +  ^^       therefore  a  =  ^  (a  +  6  +  c  +  o?), 
a  +  c  =  ttj  +  ^j"^     therefore  a,  =  \{a  +  6  +  c  +  c?)  =  a. 
Hence  by  assuming  x  +  a  =  y,  (1)  may  be  put  into  the  shape 


let 


{y^PY^{y-Pf  _'^     ^^    y*  +  10y»^  +  53/i8^  _m 


or  y*(w-w)  +  10?/"(n)S'-m^j»)  =  5(m^/-wj8*) (2), 

which  is  a  common  quadratic  equation. 

(2)  takes  the  form  y*  =  5j8"^,» ;  therefore  y  =  {bf  (^SjS J*, 


If 


kS  ' 


or 
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16.  u^  +  a*-^y'  +  V  =  J2{x{a  +  y)-'h(a-y% 
a.»-.a«-y+6"  =  ^2{a;(a-y)  +  6(a  +  y)}. 

Adding  and  subtracting, 

x'-\-b'  =  J2(ax+hi/) (a), 

multiplying  together, 

{x*  +  6')  (y'  +  a*)  =  2  (aa;+  by)  (xy  -  a6), 

or  (ax  +  by)^  +  (^y  -  ab)^  =  2  (aa;  +  by)  {xy  -  a6) ; 

therefore         ax •¥ by  =  xy  —  ah ',    therefore  y-a 7 . 

flu  ~~  0 

Substituting  in  (a), 

therefore,  neglecting  the  impossible  root,  a?  —  6  =  a  ^2  ; 
therefore  a  =  a  ^2  +  6, 

JC  +  ft      ,     ,n 

and  y=a r^b^2+a. 

X  ~~  o 

17.  («!*+/  + c')*  +  (a!-y  +  c)'  =  2  (4a^)* (1), 

1  =  ^1.... (2). 

y     X     c 

Since      (aj  -  y  -f  c)"  =  as"  +  y'  +  c'  —  2xy  +  2a;c  -  2yc, 

and  from  (2)  xc  —  xy^yc  =  0 (a)  ; 

therefore  (a?  -  y  +  c)'  =  a*  +  ^'  +  c' ; 

therefore  (1)  becomes  (a:  -  y  +  c)'  =  4a5y  =  4c  (a;  -  y)  from  (a) ; 

therefore  (a;  -  ?/  —  c)'  =  0 ; 

therefore  y  =  a;  -  c, 

but   2/  = >  therefore  a;'  —  c'  =  ca;  :  there.fore  as'— caJH-  —  =-r; 

a;  +  c  4       4 

c  c 

therefore  a;  =  ^  (1  ±  J 5),  and  y  =  -  (- 1  ±  ^5). 
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18.  2(a«  +  a:y  +  y*-a*)  +  V3(»'-y^  =  0 (1), 

2(«"-a;«  +  «"-6")  +  V3(»*-«^  =  0. (2), 

y'-c»+3(y««-c»)  =  0 (3). 

Multiplying  (1)  by  2  it  becomes 

3(aj  +  2/)'  +  (a:-3/)«+2V3(a:"-J^  =  4a«; 
therefore  i^  3  (a?  +  ^)  +  a;  -  y  =  «fc  2a. 

Similarly  from  (2)  ^3  («  -  »)  +  a?  +  «  =  ±  2b. 

"By  subtraction  we  obtain  on  the  left-hand  side  (^3  —  1)  (y  +  «), 
and  on  the  right-hand  side  »»=  2  (a  —  6)  or  ±  2  (a  +  6) ;  thus  we  have 
four  values  for  y  +  « :  choose  any  one  of  these  and  denote  it  by  m. 

From  (3)    2/+6y«'  =  8c',  that  ia  (y  +  »)' +  (y  -  «)» =  8c»  ; 
therefore  (y  -  «)'  =  8c'  -  m' ; 

therefore  y-«  =  (8c*-m')*; 

therefore    y  =  i  {m  +  (8c'  -  m')\  and  «  =  ^  {m  -  (8c'  -  m')*}. 
And  ajy3+l}  =  dh2a-y{V3-l} 

^{m  +  (8c'-w')*}; 
thus  a;  is  known. 


=  sfc  2a  -  ^^- --  ^*M  -»-  /«'•■  -  *M»\ii  • 


19.  3a;+3y-»=3 (1), 

a^-^^y  -«'  =  — 2— (2), 

a^  +  /  +  «  =3a;y«  + — (3). 

From  (1)  3(a:  +  y +  «)  =  4«+3 (a). 

From  (2)  x'  +  y'  +  z' =  2z' +  7 -j (^), 

From  (3)      2  («' +  y' +  »» -  3a;y«)  =  ^^^?ii^ (y) ; 
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then  multiplying  (a)  and  (fi)  together  and  subtracting  (y),  we  have 
a;'  +  y®  +  «'  +  3  {x'y  +xy'-^xz'  +  x^z  +  y'z  +  y«")  +  Qocyz 

or  {x  +  y  +  zy  =  {2z-'iy; 
therefore  x  +  y  =  z  —  t, 

z 
From  (1)         oj  +  2/  =  «  + 1 ; 

therefore  2?  -  1  =  ^  +  1 ;  therefore  z  =  3; 

14— 9«     5 
therefore  x-^y  =  2y      aj*  +  y*  =  «*  +  — ^ —  ^  o  > 


1  1 

therefore  a;  =  1|  or  ^  ,  and  y=  «  or  Ij. 


therefore  2  (a;*  +  y')-(aJ  +  2/)' =  5-4  =  1  p  therefore   a;-y  =  ±l; 

1  A  1 

2^.  (ac4:l)(a:'+l)_(a'  +  l)(a^  +  l) .^j 

a;+l  y+1  ^    ' 

(e^c+l)0/«^l)      ((^+l)(xt/  +  l) 

y^ = ^-Tl ^^^• 

From  (1>  -,- — :p=  =-.  rr (a), 

^  ^  a^+1     y+ 1    ac+1 

From  (2)  ^ -=  ^^ — =-.  — ^-  ; 

^  '  ay+1      aj+ 1    oc+l 

therefore  (^V  1) (.■;  1)  ,  (gL;J)(^H.i) ^ 

(xy  +  1)'  (ac  +  1)* 

Subtracting  denominators'  from  numerators,  we  have 

(^.  =  i^.;  a^eveiove  ^^  =  ^^ 08); 

{xy  + 1)*     (ac+1)*  *  xy  +  l        oc+l  ^' 

therefore  a?  -  y  =  (w  +  1) -^  ,  or  (osy  +  1) =- ;' 

therefore  using  the  fifsf  value  and  calling i~=wi, 

'^  ^^  oc  +  l 


X  "" 

we  have  y  (1  +  mx)  =  a?  —  w  |  therefore  y  =  - — 


x  —  m 
mx 


492  MISCELLANEOUS  EQUATIONS. 

Now  from  (a)        r-  =       .  ,    .  — -^ ; 

^  '        aj+1       y+l     oc+l 

x^  —  mx     - 

aj"+l     a*+l     1  +  wio;  a"+l  aj*  +  l 

therefore 


aj+1      oc+l      aj-w      -       oc  +  l     1+  mx  +  a?  —  w  * 

1  +mx 

therefore      (a<j  +  1)  (1  +  ma;  +  a;  -  m)  =  (a*  +  1)  (a?  +  1)  ; 

ov  1  +  ac  +  a;  (a  -  c)  +  a;  (1  +  ac)  -  (a  -  c)  =  (a"  +  1)  +  a;  (a*  +  1)  j 

therefore  a;  (a  -  c)  —  oa;  (a  —  c)  =  a  (a  -^  c)  +  (a  -  c) ; 

1  4-  <X 

therefore         a;(l—  a)  =  l  +  a:  therefore  x  =  , : 

^         '  1  -a 

1  +a      a  — c 

_  a;-m  1-a      1+ac         1+c 

and  y  =  ^j =         .^       i  .         .    =  , —   . 

1  +  mx      -      (1  +  a)  (a  -  c)       1  —  c 

(1  -  a)  (1  +  ac) 

Similarly,  if  we  use  the  negative  sign  in  (/3),  we  liave  — ^- 

1  -c 
and  :j for  the  corresponding  values  of  x  and  y. 

21.     (2y  - 1)  (a;'  +  4a;  +  3)*  -  {2x  -  1)  {y*  +  43/  +  3)^ 

=  (a;-y)(aj  +  2/-2a^  +  4) (1), 

vd^)"  \/(il^T:)  =  iTT'-' (^)-- 

From  (1)     (2y  - 1)  (a;*  +  4a;  +  3)^  -  (2a;  - 1)  (y*  +  43/  +  3)^ 

=  a;'  --  y'  -  2a;*y  +  2a;y*  +  4a?  -^  4y 
=  y"(2a;- l)-a;'(2y-l) +2  (2a;- 1)~  2 (2y-l) 

=  (2/«  +  2)(2a;-l)-(x'+2)(2y-l); 
therefore 

(2y-l){a;'  +  2  +  V(«'*  +  4a;  +  3)}=(2a;-l){y'+2  +  V(2/'  +  4y  +  3)}, 
a;'  +  2  4-  J(x'  +  4a;  +  3)  _  y'  -I-  2  +  J{y*  +  4y  +  3) 

Now  a;^  +  4a;  +  3  =  (a;"  +  2a;  +  1)  (a;'  -  2a;  +  3)  =  ww 
if  w  =  a;'  +  2a;  +  1  and  «?  =  a;"  —  2a;  +  3  ; 

therefore  w  + 1;  =  2  (a;*  +  2)  and  u  —  v  =  2  {2x  - 1), 
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Hence  (a)  assumes  the  form 

0  +  ^/^)^_0,-^>,)^ 


Mi  =  y'  +  2y+I,  and  u,  =  i/"-2y  +  3j 


~ ;  therefore  -  =  —  ; 


x'-2a:+3     j'-2i/+3' 
adding  and  siubtracting  the  numerator  and  denominator  of  each 
fi-action,  we  have 

~2x-l      2y-l' 

therefore         2>/x'  +  4y  —  a;*  —  2  =  2ry'  +  Ik  —  j'  -  2  ; 

therefore  2ya:  (»  -  y)  -  (ai*  —  y")  —  4  (a;  —  i/)  =  0 ; 

x+i 
therefore     x  =  y ;  or  2a:y  =  3;+y  +  4,  bo  that  y-^    _  .  ■ 


Substitnting  the  rahie  y  -  a;  in  (2),  we  havt 
Again,  if  y  =  ^^  ,  tlion 


-  IJ  and  1/  =  IJ. 


?*1       3(»!tl)_ 
1)' 


,anJ»ii 


Hence  equation  (2)  becomes 
VVai  +  l,^      2a;-l      2x-\'        \\x+\J     2 


,    or  4a;'-lGai=  11; 


therefore    4a!'-16a!  +  I6  =  27  ;  therefore  2a;-4=±3^3; 


EXAUPLES  LIT.. 


^ 


1.  Solve  VO+'^-*/0-»0  =  -y(l-'«')- 

2.  Solve  <r'{ft-y)  =  ay(y-n), 

y'{a-x)  =  bx{x-  n). 

3.  If  «!'+a^  +  y'  =  c', 

(C*  +  OK  +  «*  =  6", 

y'  +  ys  +  «'  =  a', 
proye  that 

a'6'  +  26V+2cV- 


=y{^<- 


tutd  shew  how  to  eolve  the  equations. 
.      c,  a*-4x-8 


5.     Determine  e  so  that  5x  +  i}/=o  may  have  ten  positive 
tegral  solutions  excluding  zero  values,  and  e  may  be  as  great 

poasibla 


and  to  -  +  -+-. 

X     y     z  _  : 

7.  Shew  that  if  n  and  N  are  veiy  nearly  equal, 

(-)  =FT^  +  -5^^'7iiea3-ly, 
aiid  that  the  error  is  approximately    '  .  „      ., . 

8.  A  man's  income  consists  partly  of  a  salary  of  X200  a  yei 
and  partly  of  the  interest  at  3  per  cent,  on  capital,  to  which  J 
each  year  adds  his  savings ;  bia  annual  expenditure  is  less  by  £', 
than  fivfr-fbnrthfl  of  his  income ;  shew  that  whatever  be  the  orij 
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nal  capital  ita  accumulated  Taluo  will  approsimftte  to  £6000,  If 
the  original  capital  lie  £1000,  shew  that  it  will  be  doubled  in 
about  thirty  yeai-a ;  having  given 

log2  =  -301030,         log  397  =  2-598700. 


1     fa     lUl^"-^>'"~^'c'     (»-3)f'^-4)(»-6). 

1     \n     i)C+  2  ^  ^  —  <f+... 

m-l     (m+iy 

10.  If  a!  te  any  prime  number,  except  2,  the  integral  part  of 
(1  +J2)',  diniiiiished  by  2,  is  divisible  by  ix. 

11.  If  any  number  of  integers  taken  at  random,  be  multi- 
plied together,  shew  that  the  chajice  of  the  last  figure  of  their 
product  being  5  continually  diminishes  as  the  number  of  integers 
multiplied  together  increaaca. 

13.  Two  purses  contain  sovereigns  and  shillings;  shew  that 
if  either  the  total  numbers  of  coins  in  the  two  puraos  are  equal, 
or  if  the  number  of  sovereigns  ia  to  the  number  of  shillings  in 
the  same  ratio  in  both,  then  the  chance  of  drawing  out  a  BOve- 
reign  ia  the  same  when  one  purse  is  taken  at  random  and  a  c 
drawn  out  as  it  is  when  the  coins  are  all  piit  in  one  purse  and  a 
drawn  out.  If  neither  of  these  conditions  holds,  the  chance  ia  in 
favoiu"  of  the  purse  taken  at  random  whenever  the  purse  with  the 
greater  number  of  coins  has  the  smaller  proportion  of  sovereigns. 

LY.     MISCELLANEOUS  PROBLEMS. 

7S0.  We  have  already  given  in  previous  Chapters  collections 
of  problems  which  lead  to  simjde  or  quadratic  equations ;  we  add 
here  ft  few  examples  of  somewhat  greater  difficulty  with  tiieir 
solutions. 

1.  Each  of  three  cubical  vessels  A,  B,  C,  whose  capacities  are 
M  1  !  8  :  27  respectively,   ia   partially    filled  with   ■water,  the 
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quantities  of  water  in  tbem  being  as  1  :  2  :  3  respectively.  So 
much  water  is  now  poured  from  A  into  B  and  so  mxfch  firom  B 
into  C7  as  to  make  the  depth  of  water  the  same  in  each  TesseL 
After  this  128^  cubic  feet  of  water  is  poured  from  C  into  B,  and 
then  so  much  from  B  into  ui  as  to  leave  the  depth  of  water  in  A 
twice  as  great  as  the  depth  of  water  in  B,  The  quantity  of  water 
in  ^  is  now  less  by  100  cubic  feet  than  it  was  originally.  How 
much  water  did  each  of  the  vessels  originally  contain  ? 

Let        X  =  the  number  of  cubic  feet  in  A  originally  ; 

therefore  2x  =  the  number  of  cubic  feet  in  J?  originally  ; 

and  3a5=  the  number  of  cubic  feet  in  C  originally. 

"Now  when  the  depth  of  the  fluid  is  the  same  in  all,  it  is  dear 

that  the  qiuintities  vary  as  the  areas  of  the  bases  of  the  vesselsy  tha& 

is,  are  as  1  :  4  :  9.     Therefore,  since  Qx  is  the  total  quantity^  the 

Gx  ox 

quantity  in  ^  =  - — j — r-  =  -=  ,  and  the  quantities  in  B  and  C  are 

«/   "T   4  "t"    X  I 

12a;       ,  27a;  ^.    , 

-=-   and  -=—  respectively. 

Again,  when  the  depth  in  4  is  tunce  that  in  B,  the  quantity  in 
A  is  AoZ/*  as  much  as  that  in  B, 

Now  A  contains  a; -100;    therefore  B  contains  3  (a? -100), 

and  G  contains  — 128^. 

27a; 
therefore  3  (a;  -  100)  +  -y-  -  128|=  Qx; 

therefore  y  =  300  +  128f ; 


therefore 


«i^^     900     7     ^^^ 
7        6  ' 


therefore  the  quantities  in  A,  B,  C  at  first  were  500,  1000,  1500 
cubic  feet  respectively. 

2.     Three  horses  A,  B,  C  start  for  a  race  on  a  course  a  mile 
and  a  half  long.     When  B  has  gone  half  a  mile,  he  is  three  times 
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03  far  ahead  of  J  as  he  ifl  of  G,  The  horses  now  going  at 
uniform  speeds  till  B  is  witiiin  a  quarter  of  a  mile  of  the  winning 
post,  (7  13  at  that  time  as  much  behinil  A  as  A  is  behind  B,  hut 

the  distance  between  A  and  B  k  only  =^     of  what  it  was  after  £ 

1  '* 
had  gone  the  first  half  milo.      C  now  increases  his  pace  by  -rx    of 

■what  it  was  before,  and  passes  5  176  yards  from  the  winning  post, 
the  respective  speeds  of  A  and  B  remaining  unaltered.  What  was 
the  distance  between  A  and  C  at  tho  end  of  the  race? 

Let  113;  =  the  distance  in  yards  between  B  and  C  at  the  end 
of  the  first  ^  mile,  33a!  =  the  distance  in  yards  between  B  and  A 
at  the  end  of  the  first  ^  mile.  When  B  has  gone  1 J  miles  5  is  Ssj 
ahead  of  A,  and  Gx  ahead  of  0 ;  therefore  while  B  went  |  mile  or 
1320  yards,  A  went  1320  +  30a;  yai-ds,  and  C  went  1320  + 5a;  yards. 

Hence,  after  C  increases  his  pace,  tJie  speeds  a^  A,B,  C  wiU  he 

proportional  to  1320+303:,  1320,  and  ^  (1320+53;)  respectively. 

Since  G  passes  B  when  he  is  1 76  yards  fixim  the  post ;  therefore 

■while  B  was  going  440  — 17G  or  264  yards,  C  went  264  +  Ga;; 

54 
therefore      1320  :  ^^(1320  +  50:)   ::  264  :  264  +  G», 

therefore  1320  +  SOa;  =||  (1320  +  Sa;); 

therefore  x  (1500  -  270)  =  1320 ;  ^H 

therefore  a;  =  1 ;  ^^| 

also  it  will  be  found  that  C'a  increased  i)ace  is  equal  to  A'n; 
therefore  there  ■will  he  the  same  distance  between  them  at  the  end 
of  the  race  as  thei-e  is  when  5  is  ^  milo  from  tho  ■winning  post, 
namely  Zx  or  3  yards. 

3.  A  fraudulent  tradesman  contrlrea  to  employ  his  false 
balance  both  in  buying  and  selling  a  oci'tain  article,  thereby 
gaining  at  the  rate  of  11  per  cent,  moi'e  on  Ids  outlay  than  he 
would  gain  were  the  balance  true.     If,  however,  the  scale-pans  ia 
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wHch  the  article  is  weighed  when  bought  and  sold  respectiYdj, 
were  interchanged,  he  would  neither  gain  nor  lose  bjr  the  article. 
Petermine  the  legitimate  gain  per  cent,  on  the  article. 

Let  fD  and   to^  be  the  apparent  weights  of  the  same  article 
when  bought  and  when  sold. 

Let  p  =  the  prime  cost  of  a  unit  of  weight, 
X  =  the  legitimate  gain  per  cent.  ;- 

then  an  article  which  cost  pw  is  sold  for  «?,  ( jp  +  ~^  \  ; 
therefore  by  the  question  w^  Ip  +  z^ J  -wp=:  ^ — -    '^^ {\\ 

Again  in  the  supposed  case  the  cost  of  the  article  ^pw  and  the 
selling  price  =  pu;  H  +  j^J  ; 

therefore  pw^=pw\\  +  -^^\ (2). 


From(l),        t.,(^l  +  j^)=t.(l+?±^); 

from  (2),  w{\^  ^^  j  =  w^ ; 

X  \*     ^     rr  +  ll 


therefore  (  1  +  -—^  |  =  1  + 


i^^m) 


100    ' 

therefore     x'  +  100a:  =  1100,  so  that  (x  +  50)*  =  3600  ; 
therefore  a;  +  50  =  ±  60 ; 

therefore  a:  =  10. 

4.  A  person  buys  a  quantity  of  com,  which  he  intends  to 
sell  at  a  certain  price ;  after  he  has  sold  half  his  stock  the  price 
of  com  suddenly  falls  20  per  cent.,  and  by  selling  the  remainder 
at  this  reduced  price,  his  gain  on  the  whole  is  diminished  30  per 
cent. ;  if  he  had  sold  f  ths  of  his  stock  before  the  price  fell,  and 
the  diminution  in  the  price  had  been  in  the  proportion  of  £20 
on  the  prime  cost  of  what  he  before  sold  for  £100,  ho  would 
have  gained  by  the  whole  as  many  shillings  as  he  had  bushels  of 
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1  at  first     Find  what  the  corn  coat  him  per  bushel,  and  what 
he  hoped  to  gain  per  cent. 

Let  x=  the  coat  price,  in  pounds,  per  hushel, 
■  y  =  the  gain  per  cent,  he  expected  ;  then 
a:(  1  +-r^l  =  the  price  per  bushel  for  which  he  Bold  half  his  com; 

■,  ic  I  1  +TTjri )  =  the  price  per  bushel  for  which  he  sold  the  other 
half;  therefoiy*  the  average  price  per  bushel  =  tk\^  "''Tnn)  ' 

thoroforo  hia  gain  per  bushel  =  Tq  ( 1  +  ylf,  J  -  «. 

If  he  had  sold  the  whole  as  he  sold  the  first  half,  the  g&in 
per  bushel  would  haTe  been,  j^ ; 

7    yic  _ 


therefore  by  the  questii 
therefore 


10  V        100^  10 

therefore   y  =  50. 


10 


100' 


600      10 ' 
Now  the  prime  cost  of  what  he  at  first  sold  for  100  is  — 


that  is   —^ ,  and  if  he 

,,^     20  X  100 
would  be      „.„. 


to  lose  £20  < 
that  is  30. 


n  this,  t!ic  loss  per  cent. 


Thus  in  the  sui>p03ed  case  the  average  selling  price  of  a  bushel 

gain  on  a  bnshel  =  7  "  "on —  "^  =  oTf  i  "nd  this  by  the  quwtioa 
equals  one  shilling ;  therefore  -^  =  ^  ;  therefore  x=-^  . 
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5.  A  and  B  having  a  single  horse  travel  between  two  mile- 
stones, distant  an  even  number  of  miles,  in  2f}  hours,  riding 
alternately  mile  and  mile,  and  each  leaving  the  horse  tied  to  a 
mile-stone  until  the  other  comes  up.  The  horse's  rate  is  twice 
that  oi  B I  B  rides  first,  and  they  come  together  to  the  seventh 
mile-stone.  Finding  it  necessary  to  increase  their  speed,  each 
man  after  this  walks  half  a  mile  per  hour  fisuster  than  before,  and 
the  horse's  rate  is  now  twice  that  of  A,  and  B  again  rides  first. 
Find  the  rates  of  travelling,  and  the  distance  between  the  extreme 
mile-stones. 

Let  2x  =  the  distance  they  travelled  in  miles.  Now  at  first  A 
walks  4  miles  and  rides  3  miles  while  B  walks  3  miles  and  rides 
4  miles,  or  A  walks  4  while  B  walks  3  and  rides  1 ;  that  is,  since  the 
horse's  rate  is  double  of  B%  while  B  walks  3^  miles;  therefore  A*s 
and  ^'s  rates  at  first  may  be  represented  by  8y  and  7y  respectively. 

Again,  A  walks  a; -3  and  rides  a; -4,  while  B  walks  «— 4 
and  rides  x-3  ;  therefore  A  walks  a: - 3  while  B  walks  a:  —  4  and 
rides  1,  that  is,  while  B  walks  aj  -  4  and  A  walks  ^ ;  therefore 

7 
A  walks  aj  -  ^  while  B  walks  a;  -  4  ; 

but  A  walks  8y  +  ;r  while  B  walks  7y  +  <r ; 


therefore       — —  =  .  ,  from  which  y  =  -. j^r  . 

a;-4^       1'  ^4aj-30 


Now  the  total  time  A  took  iu  hours  is 
4        3        a;-3  a;-4 

8y  +  i     2(8y  +  |) 


8y  "*"  14y  "*"  1  "*"     /         iv  ""  ^' 


therefore  |-+|j^J  =  2e; 

^,       .                     5     3a: -10     188  1 

therefore  =  +  -, =--r  =  -:r=-  x 


7     4aj-14      63      4aj-30' 
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413: 


140      94 


1 


therefore 
therefore 


4a:-14         3       2a:-15' 
(82a;'  -  895fli  +  2100)  =  376a:-  1316  ; 

rSS*"-  84313!  +  20316  =  0, 
m  whidi  x^ 


therefore  the  (listHiice=  16  miles;  the  rates  of  travelling  at  first  =  4 
aiiU  3^  miles  per  hour  respectively. 

6.  A  and  B  set  out  to  walk  together  in  the  same  dii-ection 
round  a  field,  which  ia  a  mile  in  ciroumferenee,  A  walking  faster 
than  B.  Twelve  minutes  after  A  has  passed  B  for  the  third  time, 
A  turns  and  walks  in  the  opposite  direction  until  six  nmiut«fi 
after  he  has  met  him  for  the  third  time,  when  he  returns  to  hia 
original  direction  and  overtakes  B  four  times  more.  The  wholo 
time  siiiee  they  started  is  thi-ee  hours,  and  A  has  walked  eight 
miles  more  than  B.  A  and  B  diminish  theiv  rates  of  walking  hy 
one  mile  an  hour,  at  the  end  of  one  and  two  hours  respectively. 
Determine  the  velocities  with  which  they  began  to  walk. 

Let  X  =  the  nurahor  of  miles  per  hour  of  A  at  the  firat^ 
y  -  the  number  of  miles  pec  hour  of  B  at  the  first. 
In  3  hours  A  has  gone  a:  +  3  (a:  — l)or  Sa;  — 3  miles, 
and        B  has  gone  2y  +  {y  —  1)  or  3y  - 1  miles  ; 
therefore  hy  the  question  3ie—  2  — {3y  — 1)  =  8  ;  therefore  x~y=  3, 
that  is,  the  relative  speed  of  A  and  Bia  Z  miles  per  hour ;  therefore 
A  will  gain  a  circumference  ou  ^  in  J  of  an  hour,  and  will  therefore 
be  passing  B  for  the  third  time  at  the  end  of  the  first  hour. 

Also  since  the  feiaritw  speed  of  A  and  B  is  the  same  in  tha 
last  hour  as  in  the  first,  and  since  A  passes  B  for  tlie  fowrth  time 
at  the  end  of  the  third  hour,  therefore  he  will  pass  him  all  the 
/our  times  within  the  last  hour ;  the  first  time  being  exactly  at 
the  commencesient  of  the  third  Lour, 
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Kow  in  12  minutes  after  the  first  hour  the  distance  betweei 

1  2 

A  and  B  is   «  (« -  y  - 1)  =  ^  miles ;  therefore  the    time  of  ixs 

2 
meeting  =  ^  -j-  (a;  +  y  - 1) ;  and  the  time  of  meeting  tunce  moD 

=  2  -=-  (a;  +  y  -  1).     In   6   minutes   the  distance  between   then 

=  Y^(x  +  ^  —  l);   therefore  if  A  now  turns,   the  time   of  over 

taking  B 

2 

^      i.         15  2  11 

therefore     -  +  — -  + r+ Ta  +  «a  (a^  +  y- 1)  =  1. 

5     x  +  y-l     ic  +  y-1      10      20^      ^       -^       » 

XI.  X  •  12      w       7      .- 

*^**^'  6^-^20=10'  '^^  =  ^-*-^-l^' 

therefore  w*-14w=-48;  therefore  w-7=«fcl;  therefore  t^  =  8  or  6 

therefore  cc  +  y  =  9  or  7  ;  and  a;  -y  =  3  ; 

therefore  a;  =  6  or  5,  y  =  3  or  2. 

761.  The  equations  in  the  preceding  Chapter  and  their  solu- 
tions, and  the  solutions  in  the  present  Chapter,  are  due  to  tho 
Rev.  A.  Bower,  late  Fellow  of  St  John's  College.  Should  any 
student  desire  more  exercises  of  this  kind,  he  is  referred  to  the 
collection  of  algebraical  equations  and  problems  edited  by  Mr 
W.  Rotherham  of  St  John's  College. 

MISCELLANEOUS   EXAMPLES. 

1.  Exhibit  {n  J  (a*  +  6')  -  a  J{m^  +  w*)}*  +  6'w"  as  a  square. 

2.  Extract  the  square  root  of  6  +  ^^/G  +  ^14  +  ^21. 

3.  Find  the  radix  of  the  scale  of  notation  in  which  the  num- 
ber 16640  of  the  common  scale  appears  as  40400. 

4.  Shew  that  7  +  0  + it +777^  + «^  *W«  =  2. 

4      o      lo      oJ 
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5.  At  a  contested  election  the  number  of  candidates  was  one 
more  than  twice  tlie  number  of  pereona  to  be  elected,  and  each 
elector  by  voting  for  one,  or  two,  or  three,  ...  or  as  many  peraona 
aa  were  to  be  elected,  could  diapose  of  ]iia  vote  in  15  ways; 
required  the  number  of  candidates. 

6.  In  how  many  waya  may  the  sum  of  £2i.  15s.  be  paid  in 
shillings  and  fi'aijcs,  supposing  26  franca  to  be  equal  to  21  shillinga? 

7.  Find  the  svun  of  n  terms  of  the  series 

1  s  _  ^ 


^{1  +  ^)  (1+0(1+**)  (1+0  

8.  Shew  that  1  +  2x'  is  never  less  than  x'  +  2a^. 

9.  If  an  equal  number  of  arithmetic  and  geometric  means 
bo  inserted  between  any  two  quantitiea,  ahew  that  the  arithmetic 
mean  ia  always  greater  than  the  corresponding  geometric  mean, 

10.  If  X  be  any  prime  number,  except  2,  the  integral  part  of 
(2  +  JSf-  2'"  + 1  ia  divisible  by  12a;. 

11.  Show  that  if  n=pq,  where  ji  and  q  are  positive  integera, 

„  ';  T-  is  an  inteijer. 

12.  Shew  that  y+  6 '*' n +  —  '"S  "  ^  finite  when  n 

is  infinite. 

13.  If  p  be  the  probability  &  priori  that  a  theory  ia  true,  q 
the  probability  that  an  experiment  would  turn  out  as  indicated 
by  the  theory  even  if  the  theory  were  false,  ahew  that  after  the 
experiment  baa  been  performed,  supposing  it  to  have  turned  out 
as  expected,  the  probability  of  the  truth  of  the  theoiy  becomes 


14.  Of  two  bags  one  (it  ia  not  known  which)  is  known  to 
contain  two  sovereigna  and  a  shilling,  and  the  other  to  contain 
one  Eovereiga  and  a  shilling ;  a  person  draws  a  coin  from  one  of 
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the  bags,  and  it  is  a  sovereign,  which  is  not  replaced.  Shew  thafc 
the  chance  of  now  drawing  a  sovereign  from  the  same  bag  is  half 
the  chance  of  doing  so  from  the  other.  Supposing  the  drawer 
might  keep  the  coin  ho  draws,  find  the  value  of  the  expectation. 

15.  All  that  is  known  of  two  bags,  one  white  and  one  red, 
is  that  one  of  them,  but  it  is  not  known  which,  contains  one 
sovereign  and  four  shilling  pieces,  and  that  the  other  contains  two 
sovereigns  and  three  shilling  pieces ;  but  a  coin  being  drawn  fiom 
each,  the  event  is  a  sovereign  out  of  the  white  bag  and  a  RhiHing 
out  of  the  red  bag.  These  coins  are  now  put  back,  one  into  one 
bag,  and  the  other  into  the  other,  but  it  is  not  known  into  which 
bag  the  sovereign  was  put.  Shew  that  the  probability  of  now 
drawing  a  sovereign  is  in  favour  of  the  red  bag  as  compared  with 
the  white  bag  in  the  ratio  of  1 3  to  9. 

16.  If  71  be  the  number  of  years  which  any  individual  wants 
of  86,  find  the  value  of  an  annuity  of  £1  to  be  paid  during  his 
life;  adopting  De  Moivre's  supposition,  that  out  of  86  persons 
bom,  one  dies  every  year  until  they  are  all  extinct. 


LVL  CONVEEGENCE  AND  DIVERGENCE  OF  SERIES. 

762.  In  Chapter  xl.  we  have  discussed  the  subject  of  the 
convergence  and  divergence  of  series.  The  chief  general  rcsidt 
which  has  been  obtained  may  be  expressed  thus  :  an  infinite  series 
is  convergent  if  from  and  after  any  fixed  term  the  ratio  of  ecuh 
term  to  the  succeeding  term  is  greater  tlian  some  quuintity  which 
is  itself  numerically  greater  than  unity ;  and  divergent  if  this 
ratio  is  unity  or  less  than  unity,  and  tlie  terms  are  all  of  the 
same  sign.  There  is  one  case  to  which  this  result  does  not  apply, 
which  it  is  desirable  to  notice,  namely  the  case  in  which  the  ratio 
is  greater  than  unity  but  continually  approaching  unity.  See 
Arts.  559,  560  and  561.  The  statements  of  those  Articles  are 
here  reproduced,  but  in  a  different  form,  as  for  our  present  pur- 
pose it  is  convenient  to  regard  the  ratio  of  a  term  to  the  stic- 
eeeding  term  instead  of  to  the  preceding  term. 
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763.  We  shall  now  investigate  theorems  which  will  supply 
tests  of  convergence  and  divergence  for  the  case  to  which  the 
former  tests  do  not  apply.  In  the  infinite  soriea  which  we  shall 
consider  wo  shall  suppose  that  all  the  terms  are  positive,  at  least 
from  and  after  some  fixed  term  if  not  from  the  beginning. 

764.  A  series  is  convergent  if  from  and  after  some  Jlxed  term 
the  ratio  of  each  term  to  the  succeeding  term  is  never  less  than 
l/ie  corresponding  ratio  i?t  a  second  series  lahidt  is  knovm  to  be 
convergent. 

It  is  obvious  m  this  case  that  the  projwsed  series  is  not 
gi-eater  than  a  certain  convergent  series ;  and  is  therefore  con- 
vergent. 

765.  A  seAes  is  divergent  if  from  aiid  a/ier  some  Jtxed  i^rm 
the  ratio  qf  each  term  to  the  succeeding  term  is  never  greater  than 
tlie  corresponding    ratio  in  a  second  series  which  is  known  to  be 


It  is  ohvioua  in  this  case  tliat  the  proposed  aeries  is  not  less 
than  a.  certain  divergent  aeries  ;   and  is  therefore  divergent. 

7G6.  I^t  u„  denote  tlte  n*  term  of  a  series;  then  if  from  am.d 
ofter  some  fixed  value  of  a  t/ie  value  of  n  {~^  ~^)  "  aliaays 
greater  than  some  positive  quantity  which  is  itself  greater  than 
unity,  tin  series  ia  convergent. 

Suppose  that  from  and  after  some  fixed  value  of  n  the  value 
of  »  (  — = —  1  1  ia  always  greater  than  y,  where  y  is  positive  and 
gi'eater  than  unity.  Then  ■ — *-  -  1  ia  -greater  thaji  J- ;  and  there- 
fore — i^  is  gi'eater  than  1  +  -  . 

Now,  hy  Art.  686,  a  positivB  quantity  p  gi'eater  than  unity 
c.in  lie  found,  Riich  that  when  n  ia  hirpe  enough   f  J     ^  ^^*^ 
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y         TT .„i. :.    1. X.       ^n 


than  1  +  —  .     Hence,  when  n  is  large  enough,   — ^  is  greater 

(n  +  1\' 
j  .     But,  by  Art  562,  the  series  of  which  the  n* 

tenn  is    --  is  convergent  when  p  is  positive  and  greater  than 


w'' 


unity;  hence  by  Ai-t.  764  the  series  of  which  the  n***  term  is 
u^  is  convergent. 

767.  Zet  Uq  denote  the  n!^  term  of  a  series;  then  if  from  and 
after  some  fixed  valiLe  of  n  i?ie  value  of  n  I  — - —  l\   is  never 

positive  and  greater  than  unity y  the  series  is  divergent, 

til 
For  here  after  some  fixed  value  of  n  the  value  of  — *-  is 

1  1 

equal  to  1  +  -  or  is  less  than  1  +  -  .     But,  by  Art.  562,  the  series 
^  n  n  ^ 

of  which  the  v^  term  is  -  is  divergent  \  hence,  by  Art  765,  the 
series  of  which  the  rP^  term  is  w^  is  divergent. 

768.  The  rules  given  in  Arts.  766  and  767  will  often  enable 
us  to  decide  on  the  convergence  or  divergence  of  series  in  the  case 
noticed  in  Art.  762  in  which  our  former  rules  do  not  apply. 
There  is  one  case  to  which  the  new  rules  will  not  apply,  which  it 
is  desirable  to  notice,  namely  that  in  which  from  and  after  some 

fixed  value  of  n  the  value  of  w  (  — = —  1  j  is  always  positive  and 

greater  than  unity,  but  continually  approaching  unity.  We  shall 
proceed  to  investigate  theorems  from  which  we  shall  deduce  tests 
for  this  case. 

769.  It  is  obvious  from  the  nature  of  a  logarithm  that  if  n 

increases  indefinitely,  so  also  does  log  n.     But  it  is  important  to 

observe  that  log  n  increases  far  less  rapidly  than  n  increases ;  in 

log  n 
fact  — ^ —  can  be  made  as  small  as  we  please  by  taking  n  large 

enough.     For  suppose  w  =  e',  so  that  log  w  =  a; ;  then  as  n  increases 
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indefinitely,  so  alao  does  x.    Now     "  ■  = 


1 

li 


l4 


'r 


h. 


and  it  is  obvious  ttat  this  can  Lc  made  as  small 
taking  n  largo  enough. 

These  remarks  will  be  found  useful 
of  the  present  Chapter,  "Wo  shall  adopt  the  following  notation 
for  abbreviation  :  let  log  n  be  denoted  by  X  (n) ;  let  log  (log  Ji)  be 
denoted  by  X'(k);  let  log  {log  (logu)}  be  denoted  \ij  >.' (n) ;  and 


n  studying  the  remainder 


770.     The , 


I  ofwhicJi  the  general  term  is 
1 


..(I) 


nX{n)\'{n} X'{n){X'*^{n)\'- 

is  convergent  if  p  be  greater  than  unil^,  arid  divergent  \f  p  be  equal 
to  unity  or  lees  than  'unity. 

"We  suppose  n  so  largo  that  X''^'  (n)  is  possible  and  poaitive. 

Tile  tnitli  of  this  theorem  when  r  =  0  has  been  shown  in 
Art.  563 ;  we  shall  prove  it  generally  by  Induation. 

By  Art.  563  the  series  of  which  (1)  ia  the  general  term  ia 
convergent  or  divergent  siroultaneouRly  with  the  series  of  which 
the  general  term  is 

m-i  (»r)  X-  (»■) A'(„.-)  li-KJj- <* 

where  ni  ia  any  positive  integer. 

I.  Suppose  p  greater  than  unity.  Ijet  m  be  any  positive  in- 
teger greater  than  the  base  of  the  Napierian  logarithms ;  then 
X  (m")  is  greater  than  n.  Hence  it  follows  that  the  general  term 
(2)  is  less  tlian 

»iW*'W i'^'Wii'MC '^'' 

thus  by  Art  764  if  the  Beriea  of  vhioh  (S)  is  the  general  term  ia 
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;i:h:<i; 


convergent,  so  also  is  that  of  which  (2)  is  the  general  term,  and  ao 
also  is  that  of  which  (1)  is  the  general  term.  Therefore  if  the  series 
of  which  (3)  is  the  general  term  is  convergent  when  r  has  anj 
specific  value,  it  is  convergent  when  r  is  changed  into  r  +  1. .  But 
since  p  is  greater  than  unity,  by  Art.  563  the  series  of  which  (3) 
is  the  general  term  is  convergent  when  r  =  1,  and  therefore  when 
r  =  2,  and  therefore  when  r  =  3,  and  so  on.  Thus  the  series  of 
which  (1)  is  the  general  term  is  convergent. 

II.  Suppose  jo  equal  to  unity.     Let  m  =  ^  which  is  a  positive 

integer    less   than    the    base  of  the  Kapierian  logarithms;    then 

X  (m*)  is  less  than  w.     Hence  it  follows  that  the  general  term  (2) 

is  greoUer  than 

1         

n\{n)\\n) \^-\n)\'' {nY 

Hence  by  proceeding  as  in  I.   we  can  shew  that  the  ^ries  of 

which  (1)  is  the  general  term  is  divergent. 

III.  Suppose  p  less  than  unity.  Then  the  general  term  (1) 
is  greater  than  it  would  be  if  p  were  equal  to  unity,  at  least  when 
n  is  large  enough,  and  therefore  h  fortiori  the  series  is  divergent. 

A  simple  demonstration  of  this  theorem  by  means  of  the 
Integral  Calculus  is  given  in  the  Integral  Calculus,  Chapter  iv. 

771.  Let  u^  denote  the  general  term  of  any  proposed  series. 
If  from  and  after  any  value  of  n  the  value  of 

u^nX  (n)  \'{n) X'  (n)  {X'^i  (n)}' 

is  always  finite,  p  being  any  fixed  quantity  greater  than  unity, 
the  proposed  series  is  convergent. 

For  in  this  case  the  terms  of  the  proposed  series  have  a  finite 
ratio  to  the  terms  of  a  series  which  has  been  proved  to  be  con- 
vergent. 

If  from  and  after  any  value  of  n  the  value  of 

u^nX  (n)  \' (n) X^{n)X^'{n) 

is  always  finite  or  infinite,  the  proposed  series  is  divergent. 

For  in  this  case  the  terms  of  the  proposed  series  have  at  least  a 
finite  ratio  to  the  terms  of  a  series  which  has  been  proved  to  be 
divergent. 
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772.  The  tlieorem  of  Art.  771  may  be  Bsed  in  cases  in  which 
the  tests  already  given  of  convergence  and  divergence  do  not 
apply ;  but  it  will  in  general  be  more  convenient  to  use  the  rules 
which  we  shall  demonstrato  in  the  nuxt  Ai-ticle, 

773.  Let  P„  stand  fm-  n  (-°-  -  iV-    iJi^.n  if  from  and  after 

sonie  fixed  value  of  n  the  value  of  X  (n)  (P^  —  1)  is  always  greater 
than  tome  positive  quantify  wliich  is  iiself  greater  than  unity  the 
series  of  which  the  n"  term  is  u„  is  convergent;  and  if  from  and 
after  some  fixed  vidue  of  n  the  value  of  \{n)  {£^~\)  is  never  posi- 
tive and  greater  than  unity  the  series  is  divergent. 

I.  Suppose  that  &oin  and  after  some  fixed  value  of  n  the 
value  of  X  (n)  (^P^  —  1)  is  always  greater  than  y,  There  y  is  posi- 
tive and  greater  than  unity.     Then  -?„—  1  is  greater  than  Yt\ ' 

therefore  — —  is  greater  than  1  +  -  h — .  ,  .■ . 
«,,       ^  n      nk(n) 

Now    X(n  +  l)  =  X{?i}+ xA  +  -V    therefore    X(n  +  1)    is   less 

than  X  (n)  +  -  by  Art.  687;    and  therefore  -^  is   less    than 

I  1  +  - )  1 1  +  ■     ,  .  \  ■    and   therefore  when   »   is  large  enough 

— '-  ia  less  than  Jl  +  -J  <1  +  — r—^  L  provided  3  be  greater  than 

p  :  aee  Art,  686.  Thus  -^  is  less  than  1  +  -  +  -T7-,  -I-  ,?-r\  ', 
and  when  n  is  taken  largo  enough  the  last  of  the  four  terms  just 
given  la  incomparably  smaller  than  the  third ;  and  therefore  — ''- 
1 
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This  result  holds  however  small  may  be  the  excess  of  q  above 
p,  and  however  small  may  be  the  excess  of  r  above  q  :  hence  since 
y  is  greater  than  unity  we  may  suppose  that  y  is  greater  f-hi^T^  f^ 
and  yet  have  p  positive  and  greater  than  unity. 

Since  y  is  greater  than  r  we  have  — --  greater  than  — =- .    But 

by  Art.  770,  the  series  of  which  the  general  term  is  t?,^  is  con- 
vergent when  p  is  positive  and  greater  than  unity;  hence,  by 
Art.  764,  the  series  of  which  the  n^  term  is  t*^  is  convei^nt. 

11.  Suppose  that  from  and  after  some  fixed  value  of  n  the 
value  of  A.(n)(Pjj-l)  is  never  positive  and  greater  than  unity. 

Then  P^  —  1  is  positive  and  not  greater  than  ^7— \  or  is  negative. 

u  11 

In  both  cases  -^^'  is  less  than  1  +  -  +    ^  .  ^ . 

Kow  X(n+l)  =  X(7i) +Xn+- J;  therefore  \{n  +  l)  is  greater 
than  X{n)  + ^"a  ^7  -^^'  ^^^  >  ^^^  therefore  — ^  is  greater 

than  ( 1  +  •  )  <  1  +     .  .  X  —  o  ax  /  \  f  >   *^d  therefore  when   n  is 
\        nj  {       n\{n)     2nX.{n)) 

large  enough  — ^  is  greater  than  1  4-  -  + 


It  *  1? 

Thus  when  n  is  large  enough  -^^^  is  less  than  — =- .     But,  bv 

Art.  770,  the  series  of  which  the  general  term  is  v^  is  divergent ; 
hence,  by  Art.  765,  the  series  of  which  the  n^  term  is  i^,^  is 
divergent. 

774.  The  theorem  of  Art.  773  does  not  apply  to  the  case  in 
which  \  (n)  {P^  —  1)  is  always  positive  and  greater  than  unity,  but 
continually  approaching  unity;  another  theorem  may  then  be 
used  which  also  is  inapplicable  in  a  certain  case.  A  series  of 
theorems  can  thus  be  obtained  each  of  which  may  be  advanta- 
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geoualy  tried  in  aiiccesaion  if  all  (Jiat  precodo  it  are  inapplicable. 
The  theorema  will  be  found  in  the  Ititegral  Calcidua,  Chapter  it.  ; 
they  might  he  demonstrated  in  the  manner  of  Ai-t,  773,  but  as 
they  will  rot  be  required  for  elementary  purposea  we  need  not 
consider  them  here  :  as  an  exercise  for  the  student  the  theorem 
■which  is  next  in  order  to  tliat  of  Art.  773  is  given  as  the  last 
Exajnple  in  the  set  at  the  end  of  the  present  Chapter, 

We  shall  illustrate  the  rules  which  have  been  demonstrated  by 
applying  them  in  the  next  three  Articles. 

775.    The  name  liypcrgeometrioal  has  been  given  to  the  series 
tl)^(gtl)   .  ,.(.  +  l)(a4-8)^(g4-lH8*21    ■         . 
1.3.3.y(,  +  l)(,*i; 
we  shall  now  determine  when  the  series  is  convergent,  and  when 
divergent. 

Denote  the  eeries  by  Mj  +  m,  +  Mj  +  m^  +  ...;  thus  ' 

...   (..»(-..)    (■%)(-9 

thus,  by  Art.  7G2,  if  m  is  less  than  unity  the  aeries  is  convergent,  aiid 
if  X  is  greater  than  unity  the  series  is  divergent.     Put  a;  =  1  ;  then 


>.W(^.-i)- 


ies  ia  convt 
:  see  Arts. ! 
!  have  then 


thus  if  y  —  a  —  /3  is  positive  the  series  ia  convergent,  and  if  y  —  a.  —  ;8 
is  negative  the  series  is  divergent ;  see  Arts.  766,767.  Xi  y  —  o.  —  p 
is  zero  we  must  use  Art  773 ;  we  have  then 


(-3(' 


this  can  be  ma<ie  as  small  as  we  please  by  taking  ji  large  ei 
and  therefore  the  series  is  divei^ent. 
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776.  Suppose  that  ^  =  n>+2n*-'+^n*-'+ W-'-n... '  ^^ 
X;  is  a  positive  integer,  and  no  exponent  is  n^ative ;  and  a,  h^e,.,. 
Af  B,  C,  ...  are  any  constant  quantities :  we  shall  shew  that  the 
series  of  which  the  n^  term  is  t6.  is  convergent^  if  a  —  A^l  is 
positive,  and  divergent  if  a  —  il  —  1  is  negative  or  zerou 

thus  if  a— -4-1  is  positive  the  series  is  convergent,  and  if  a— ^-1 
is  negative  the  series  is  divergent :  see  Arts.  766,  767.  If  a  —A— I 
is  zero  we  have 

we  may  still  in  some  cases  determine  whether  the  series  is  con- 
vergent or  divergent  without  using  any  new  rule,  for  instance 
if  b—£  —  A  is  negative  the  series  will  be  divergent  by  Art.  767. 
But  it  will  be  more  convenient  to  use  Art.  773 ;  we  have  then 

this  can  be  made  as  small  as  we  please  by  taking  n  large  enough, 
and  therefore  the  series  is  divergent. 

777.  We  shall  now  examine  the  expansion  of  (1  +«)"  by  the 
Binomial  Theorem  and  determine  whether  it  is  convergent  or 
divergent  when  a?  =  1  or  —  1, 

Let  u^  denote  the  r^  term  in  the  expansion  of  (1  +  aj)"  j  then 

r  r(r  +  l)  J 

We  must  then  consider  the  series  included  between  the  bi^ackets. 

I.  Suppose  x  =  l.  Let  r  be  numerically  not  less  than  m; 
then  the  terms  of  the  series  between  the  brackets  are  alternately 
positive  and  negative. 
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s  positive,  or  negative  and  niimerioally  less  tlian  unity, 
/ih  term  ia  numerically  less  tlian  the  preceding  term  and  the 
riea  is  convergent  by  Ai't.  558, 
If  m  =  —  1  the  series  between  the  bi'ackets  takea  the  form 


-1  +  1-1  +  .. 


which  ii 


a  convergent  accoi'ding  to  the  definition  of  Art.  554. 
If  m  is  negative  and  nnmericolly  greater  than  unity  each  term 
of  the  series  between  the  brackets  ia  numerically  greater  thau  the 
preceding  term  and  tlie  series  is  divergent. 

II.     Suppose  ic  =  - 1 .    Then  the  series  between  the  brackets  is 

r-m-1      (r-m~l)(r-m)      (r-m-l)(r-m)(r-m  +  l) 
r        *  rCr+1)  *  r{r  +  l)[r  +  2) 

Let  r  be  numerically  not  less  than  m ;  then  the  tei-ms  of  thia 

series  are  all  of  the  same  sign.    In  Art.  775  put  a=l,  ^  =  r— m  — 1, 

andy  =  )*:  henco  wo  find  that  the  aei ' 

tive,  and  divergent  if  m  is  negative. 


s  is  convergent  if  m  is  pori* 
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1.  Shew  how  to  determine  whether  the  product  of  an  infinite 
number  of  factors  Mj,  Wj,  u^,  w,.,.  ia  finite  or  not, 

2.  Shew  that  the  value  when  n  is  infinite  of 

(>i+l)(«  4.  2). ..(:.  +  ,.) 
is  finite  except  when  a:  is  a  negative  integer. 

3.  Shew  tliat  when  x  ia  unity  tJie  value  of  k,  in  Art,  775 
increases  indefinitely  with  nifa  +  ^-y-1  is  positive, 

4.  Shew  that  when  x  ia  unity  the  value  of  «,  in  Art.  775  is 
finite  when  n  inoi'eaees  indefinitely  ifa  +  j3  —  y  —  1  ia  aero. 

5.  Shew  that  when  a;  is  unity  the  value  of  u,  in  Art,  775  is 
indefinitely  small  when  n  increases  indefinitely  if  a  +  ^  — y— 1  is 
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6.  Determine  whether  the  following  aeries  is  oonveigent  or 
divergent^  x  being  positive : 

If  l£ 

7.  If  w„  =  -j^  shew  that  the  series  is  divergent. 

8.  Determine  whether  the  following  series  is  convergent  or 
divergent,  x  being  positive  : 

.    ^■*"1"*'2*  3  "*"2.4*  5  "^2.4.6*  7  ■*■••• 

9.  Determine  whether  the  following  series  is  convergent  or 
divergent,  /S  being  a  positive  proper  fi^ction  : 


/3.(l-/3)     {l+p)fi(l-p)(2-P) 
1*  1'.2' 


(2  +./3)  (1  +  ^)^(1  -J)  (2  -i8)(3-  ^ 


+  "  i  a  "o8    6 J  +  ..• 


10.     If  w„  =  ^ Yxa  >  where  ^  and  q  are  positive,  determine 

whether  the  series  is  convergent  or  divergent. 
,11..    Shew  that  if  from  and  after  some  £xed  value,  of  n.  the  value 

of  n  log  — ^  is  always  greater  than  ^ome  positive  quantity  which  is 

itself  greater  than  unity  the  series  is  convergent. 

12.  Shew  that  if  from  and  after  some  fixed  value  of  n  the 
value  of  w  log — —  is  never  .positive  and  .greater  than  unity  the 

series  is  divergent. 

1 3.  Determine  whether  the  following  series  is  convergent  or 
divergent,. 05  being  positive  : 

a  +  x     (a  +  2xy     (a  +  ^xY  ' 

•       -1     '^~\2        "^       j3       '^"' 

,     14.     Give  an  investigation  of  the  results  of  Art.  776  without 
using  Art  773. 


•  -  ;      .    « 
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15.  Give  an  invostigation  of  the  resulta  of  Art.  776  -without 
using  Art,  773. 

,  „      ,j    **-       W  + 1771^  +  6nv  +  . . .     ,  „ 

16.  If  = —3 — ^ where  a,B,  y,  ...  are  positive 

constants  in  descending  order  of  magnitude,  and  a,  b,  ... 
A,  £,  ...  are  any  constants,  determine  whether  the  setiea  of 
which  the  «"■  term  ia  w,  is  convergent  or  divergent. 

17.  Shew  that  the  two  series  m„  + m, +  Mj  +  m,+  ... 
and  -1  +  — *—  + -i — ~  + ' +  ... 


are  both  convergent  or  both  divergent  ;-w„,  v.^,  u^,  ...  being  aJl 
positive  quantities. 

18.  Let  P^  stand  for  X(»i)(f,-1);  then  if  from  and  after 
some  fixed  value  of  n  the  value  of  \'(n)(P,  -  1)  ia  always  greater 
than  some  poaitive  quantity  which  is  itself  greater  than  unity  the 
series  of  which  the  n'''  term  ia  «,  is  convergent ;  and  if  from  and 
after  some  fixed  value  of  n  the  value  of  X'  (n)  (/*,  —  1)  is  never  posi- 
tive and  greater  than  unity  the  aeries  is  divergent. 


LVII.     CONTINUED  FRACTIONS. 

778.     Tlie  most  general  foi-m  of  a  continued  fraetiot 


- 


Here  0|,a,,  a^,  ...  and  6,,  6,,  6,,  ...  may  denote  any  quantiUep, 
whole  or  fractional,  positive  or  negative.     The  simple  fractions 

- '  I  —,  — ,  ...  maybe  called  componenfa  of  the  continued  frac- 
tion. Either  sign  might  be  taken  where  ±  occurs  ;  but  we  shall 
consider  only  two  cases,  namely  that  in  which  every  sign  is  + ,  and 
that  in  which  every  sign  is  — .  We  shall  thus  have  two  classes 
of  continued  fractions,  which  we  ehall  call  the  first  class  and  the 
second  class  respectively. 
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In  C9iaptera  xuv.  and  xly.  we  confined  oorselTes  to  continued 
fractions  of  the  first  class  in  which  every  component  had  unity 
for  its  numerator,  and  a  positive  integer  for  its  denominator : 
but  we  shall  now  give  some  propositions  relating  to  the  more 
general  form. 

779.  The  fractions  obtained  by  stopping  at  the  firsts  aeoondi 
third, . . .  component  are  called  the  firsts  second,  third| . . .  conver^enis. 

Thus  the  first  convergent  is  -^ ;  the  second  conTergent  is 
*     ,  that  is  — *-Sr^  *^^  ^  ^^ 


'     a, 

780.  In  Articles  781... 785  we  shall  treat  of  continued  frac- 
tions of  the  first  class;  in  Arts.  786... 793  we  shall  treat  of  con- 
tinued ^['actions  of  the  second  class  :  in  all  these  Articles  we  shall 
assume  that  every  component  has  both  its  numerator  and  its  deno- 
minator positive^ 

Pi     P      p 

781.  Denote  the  successive  convergents  by  — ,   — ,  —  «  ... 

Then  we  can  sh^w  as  in  Art.  604  that  the  successive  convergents 
may  be  obtained  by  these  laws : 

Hence      ?^  ^^ ^  Jj^±lS^ (P^  ^^  . 
^^    n^i^n.x  ^ n^iqn^i ^j^.^j^  .^  Si  pvopev  froction.  Thus 

•tut — ti?  is  numerically  less  than —-^^^\    and  is  of  the  con- 

S'n+l         qn  qn        ^»^X 

tl^ry  sign. 

Now^^^  =  -* ?*^=^«;  and  this  is  positive.    Hence 

qi     q^     Oi     «ia,  +  6,     M, 

we  see  that  the  following  series  consists  of  positive  quantities  which 

are  in  descending  order  of  magnitude  : 

9i 


p. 

p» 

_£» 

Ps 

P4 

Pi 

Pa 

Pt 

p% 

q^ 

?* 

9'. 

qs 

-?/ 

q^ 

q^ 

q^ 

q% 
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This  result  involves  the  following  facts  for  a  continued  fraction 
of  the  £rst  class : 

The  convergenls  of  an  odd  order  con^Tmally  decrease,  and  tlur 
convergenU  of  an  even  order  corUitmally  increase. 

Svery  convergent  of  an  odd  order  is  greater,  and  every  conver- 
gent of  an  even  order  is  less,  iJian  all  following  convergents. 

782.  Now  suppose  the  number  of  compoQents  infinite.  It 
niay  happen  that  by  taking  n  large  enoiigh  we  can  mate  the  dif- 
ference between  the  n"'  convergent  and  the  next  convergent  leas 
than  any  assigneil  quantity ;  or  it  may  happen  that  however  large 
ji  may  be  the  difference  between  the  «,"'  convei-gent  and  the  next 
convei^ent  ia  always  greater  than  some  fixed  quantity. 

In  the  former  case  the  value  towarda  which  the  odd  convergenta 
continually  decrease,  and  the  even  convergents  continually  in- 
crease, may  be  called  the  value  of  the  infinite  contiaued  fraction : 
and  we  shall  say  tiat  the  infinite  continued  fraction  is  definite.  In 
the  latter  case  the  infinite  continued  fraction  cannot  be  said  to 
have  a  single  value ;  but  it  may  be  considered  to  represent  two 
values,  one  being  that  to  which  the  odd  convergents  tend  and  the 
other  that  to  which  the  even  convergent*!  tend. 

783.  If  from  and  after  some  fvced  value  of  i  the  value  of 

r^  ''*'  is  greater  than  eonK  fixed  positive  qvaniity,  the  infinite  corir- 

tinued  fraction  is  definite. 

Let  y  denote  the  fixed  positive  quantity. 

By  successive  applications  of  the  residt  in  Art.  781  we  havQ 

?.+.     ?.  V?.      ?./   ?.     9t   ?.« 


Now  - 


1 

B  greater  than  y. 
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Hence  ^^ti-^  is  numerically  less  than  jz r===TT»  where 

«  is  some  constant ;  and  by  taking  n  large  enough  this  may  be 
made  less  than  any  assigned  value.  Therefore  the  infinite  oon« 
tinned  fraction  is  definite. 

We  shew  here  that  the  condition  stated  is  sufficient  to  ensure 
that  the  infinite  continued  fraction  is  definite ;  we  do  not  assert 
that  the  condition  is  neoeesary, 

784.     An  infinite  continued  firaetion  of  the  first  doss  in  vjhich 
even/  component  is  a  proper  fraction  tmth  its  numeralor  and  t  ^ 
denominator  integral  must  be  an  incommcTisurahle  quantity. 

For  if  possible  suppose  the  continued  fraction  commensurable^ 

and  denote  it  by  -r ,  where  A  and  B  are  positive  integers.  Hius 
-T  =  — ^ — ,  where  p,  denotes  the  infinite  continued  fractioti  be- 

h  Ah  —  Tin, 

ginning  with  the  component  -*  .     Therefore  p^  t=  — *-= — i ;  the 

a^  ji 

numerator  of  this  fraction  is  an  integer,  which  we  will  denote 

by  C :  and  0  must  be  positive  for  p^  is  positive.     In  like  manner, 

if  p,  denote  the  infinite  continued  fraction  beginning  with  the 

h  B 

iiOTSi^OTi&TA,  -^  we  find  that  f>j=77>  where  2)  is  also  a  positive 

integer.     And  so  on. 

S     C     D 

Moreover  -7,   -5,   -p., ...  must  all  be  proper  fractions.     For 

B  h  C 

-7  is  less  than  -^ ,  and  this  is  a  proper  fraction :  ^  is  less  than 

A  a^  Jj 

h 

- ,  and  this  is  a  proper  fraction ;  and  so  on. 


a 


Hence  A^  B,  Cf  D, .,.  form  a  series  of  positive  integers^  which 
are  in  descending  order  of  magnitude,  and  yet  infinite  in  number : 
this  is  absurd.  Hence  the  infinite  continued  fraction  cannot  be 
a  conmiensurable  quantity. 

785.  If  some  of  the  components  of  the  infinite  continued  Jrac- 
tion  are  not  proper  fractions,  but  from  and  qfUr  a  certain  component 


r 


COKTlNOliD  FllACTIONS,  619 

all  the  others  are  proper  Jracllons  ths  infinite  continued  Jraction  it 
iticomyneneurable. 

For  suppose  that  -^^^  and  all  the  Bubsequent  componeata  are 
proper  fra<;tioiiSj  then  by  Art.  78i  tbe  infinite  continued  fi-action 
beginning  with  -^^ia  inoonimensurable ;  denute  it  by  x.  As  in 
Art.  781  we  have 

and  the  value  of  the  infinite  continued  fraction  will  be  obtained 
by  changing  a,  into  a.  +  a: :  so  that  it  is  ^ —  ;"'"' — ,-  ^^^' ,  that 

jg  y^ /Vj.      This  cannot  be  commensurable  unless  —  =  ^-»^  , 

?-  +  «?»-.        -  ?.      g--! 

and  this  by  aid  of  the  value  of  —  leads  to  ^-^^  =  ^-^ :  and  ao  we 

shonld  arrive  at  ^  =  2; .     This  is  impossible,  aa  we  cannot  have 

?>     ?i 
J,=0  or  &,  =  0. 

786.  ^  continued  fraction  of  ^  seeond  elass  in  vihich  tht 
denOTninator  of  every  component  exceeds  the  numerator  by  unity  at 
leatt,  hoe  all  its  convergcntg  positive  proper  fractions  which  are  in 
ascending  order  of  magnitude. 

The  first  convergent  -^  is  a  positive  proper  fracl'on  by  hyjw- 
thesis.     TTie  second  convergent  is  ij-  ;  and  as  -*  is  a  proper 


fraction,  and  a^  exceeds  h^  by  unity  at  least,  o,  — '  is  positive 
and  greater  than  6, ;  and  thus  the  second  convergent  is  a  positive 
pro^xir  fraction.     The  third  convergent  may  he  denoted  by  ■ 


whei-o 
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for  the  fiame  reason  that  the  second  convergent  is  :  hence  for  the 
same  reason  the  third  convergent  is  a  positive  proper  fraction. 

The  fourth  convergent  may  be  denoted  by ^,  where  Sm  ^q. 

Pa  **« 

a 

notes  a  fraction  of  the  same  form  as  the  third  convergent,  which 

is  therefore  a  positive  proper  fraction :  hence  the  fourth  convergent 
is  a  positive  proper  fraction.     And  so  on. 

Again ;  as  in  Art.  781  we  shall  find  that  the  successive  con- 
vergents  may  be  obtained  by  these  laws : 

Hence  ?^-.^-  =^.±2?=^  (S^  -S-iV 

thus  ^^^^  — ^  is  of  the  same  sign  as  ^  — ^==^« 

Kow    ^  -^  = ^-^ i  =  -^-^  ;     and    this    is    positive. 

Hence  it  follows  that  ^,  ^,  ^, form  a  series  of  positive 

9i     %     % 
proper  fractions  in  ascending  order  of  magnitude. 

787.  If  the  number  of  components  is  infinite  the  conveigents 
form  an  infinite  series  of  proper  fractions  in  ascending  order  of 
magnitude ;  and  so  the  terms  will  never  exceed  some  fixed  value 
which  is  unity  at  most.  We  may  say  then  that  an  infinite  con^ 
tinued  Jraction  of  the  second  class  in  which  the  denominator  qf 
evert/  component  eocceeds  its  nwrneraJtor  by  unity  at  least  is  definite. 

788.  We  shall  now  shew  that  p^  and  q^  in  Art.  786  increase 
with  n. 

For  j5„-;?„.i  =  (a^-l);?„.i-6^;)«.,j  now  a^-1  is  at  least  as 
large  as  h^  ;  therefore  j9^  is  gi-eater  than  p^_,  if  ^,_,  is  greater  than 
p^., ;  and  so  on  :  and  p^  is  obviously  greater  than  p^.  Thus  p^  is 
greater  than  />„_,.     Similarly  q^  is  greater  than  g^_,. 

789.  If  in  an  infinite  continued  fraction  of  the  second  class 
every  component  has  its  viumerator  not  less  Hian  unity  and  its 
denominator  greater  than  its  numerator  by  unity,  the  value  of  the 
tf^/lnite  continued  fraction  is  unity. 
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^^^KHere  Tve  have  always  Oa=6,+  l;  therefore,  by  Art  786, 

^^T  ^"  ^  ^*-  "^  ^^  ''■'-'  ~  ^"^"-= ' 

so  that  Jl„  —  ^„_i  =  i^  (fn-t  ~  Pn-a)- 

Now  ^1  =  6,,  p,-«,6,  =  (5|  +  l)6|j  thus  Pj-j)i  =  6i6,,     Hence 
we  obtain  in  Buccession 

Pj  — p,  =  i,6,6j,   p,-i>j  =  6j6,6j,S,, ,   P. -p„_i  =  SA".  6,. 

Therefore,  by  addition, 

^'„  =  Ji  +  6,6j  +  6,6A+ +S|SA  -"^fl' 

Similarly  we  have  j„  -  g'^,  =  6„  (?n_i  —  ?n^,)-     Now  jj  =  6,  + 1, 
?j  =  C^i  +  1) (^j  +  1)  —  ^1 J  so  that  q^-q^^ hfi^.     Hence  we  obtain 

9j— g',  =  6;i,6j,  9, - ?a  =  5,5j^A) j  ^""yn-i^^/A  ■■■  ^"• 

Therefore,  by  addition, 

q,  =  l  +ii  +  hfi,-i-bfip,+ +  ^fi,K  ■K' 

Thua,  ?.=J'.  +  1;  and  tJ!  =  — t-'-    = .     Now  p^  by  our 


^-l 


1  + 


hypothesis  ia  not  leas  than  n,  and  ao  may  be  made  as  great  as 
we  please  by  taking  n  large  enough ;  therefore  ^  may  be  matJe 
to  differ  from  unity  by  less  than  any  assigned  quantity  :  and  we 
may  thereibie  say  that  the  value  of  the  infinite  contiaued  fraction 
iannity. 

790.  It  will  be  seen  that  the  investigation  of  the  preceding 
Article  establishes  rather  more  than  is  contained  in  the  enuncia- 
tion which  we  naed  for  simplicity.  The  essential  conditions  are 
that  a^  —  b^-i-1  for  all  values  of  n ;  and  that  p^  should  increase 
indefinitely  with  n.  It  ia  sufficient  for  the  latter  condition  that 
b  should  be  never  less  than  unity,  but  not  necessary.  The  ne- 
cessary and  sufficient  condition  is  that  the  infinite  series  of  which 
the  m*  term  is  6,&,6j  ...  6„  should  be  divergent;  this  would  be 
""  e  Art.  552, 


secured  for  example  if  6^  - 


1-1" 


hrd  iUjNTiMUKO  yfucnoiifi. 


intitfitm  t^y  mmtt  Man  uuiig  tvhiU  ifis  drnwrnmatanr  4kf 
jffHn^iti  li^Hiiiiiih  i^  nutnttrutut  by  unity  at  letmt  ike 

KiMl^f  y\\m  lUtUy.     Tim  iulluita  oontinued  fisMstaan 
(44  \         ,  wltitCM  f<  in  H  poHitlve  qaaotiiif 

MiH  ihlil(tM«  h«mMmium{  (iiHiUou  Imgiuuiag  with  tibe  ixmipomflDt  — . 

Nnw  i(  I44MHMI'  M4tiMml  MiUi-y  by  Art.  787;  hoioe.T «  » 

|MiAlHtt«  \%VM\m  A'fMtMMU  i  HiMl  tharafore  a«  in  ArL  786  ^ve  an 
ilint  *  iiK  fv  |HwiUva  juopr  fractioit 

709.     i^f   (i{/(t^ih  imn^Hueii  /raction  of  the 
which  PVPf'y  iHtmiHinat^^  U  <f  f»tv^»tii'  Junction  with  its 
itn  thnomimhr  hihi^tH^t^  mit  U  which  the  value  of  ike 
eontimmijhtvtfm  bp\iimm\t  wUh  (my  component  is  less 
cannot  h6  a  ooti^nttn^HiHMti  (^HtmtUy. 

For  if  posHiblti,  HUj)|aMa  ilia  uuutiuuad  Aaotion  comm< 


and  denote  it  by  -r  ,  whaw  A  WJul  Ji  lira  poHitive  integers;    Thus 

B         h 

-2  =  — ^ —  whoro  n.  <laut>taH  tha  Iulluita  continued  fracticRi  b©- 
A     ai-p. 

ginning  with  the  compouaut    •.     Tharafore  pi  = B  ^    '    *^ 

numerator  of  this  fraction  in  an  iutagar,  which  we  will  denote 
by  C  ]  and  C  must  be  positivM^  for  p^  is  positive.  In  like  manner, 
if  Pa  denote  the  infinite  coutinu(Ml  i\*action  beginning  with  the 

component  —  we  find  tliat  />.  --=  x  ,  wlicre  D  is  also  a  positive 
integer.     And  so  on. 
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'   B' 


.  must  all  be    proper    fractib 


typotlies 


Heoce  A,  B,  C,  B,  ...  form,  a  series  of  pogiiive  integers,  which 
are  in  descending  order  of  magnitude,  and  yet  infinite  in  iminber  : 
this  is  absurd.  Hence  the  infinite  continued  fraction  cannot  be 
a  commensurable  quantity. 

Article  783  applies  here  also,  with  the  condition  of  the  enun- 
ciation in  Art.  792. 

793.  We  ha^e  supposed  in  the  preceding  Article  that  the 
infinite  continued  fraction  beginning  with  any  component  is  less 
than  unity.  By  Arts.  789,  791,  thia  irill  always  be  secured  except 
in  the  case  in  which  from  and  after,  some  fixed  component 
the  denominator  of  every  component  esceeds  the  numerator  by 
unily. 

794.  For  an  example  of  an  infinite  definite  continued  fraction 
of  the  first  class,  suppose  that  erery  component  is  5-,  where 
a  and  h  are  positive.     Denote  the  continued  fraction  by  a: ;  then 

X  = ; —  ;  so  that  x  = : 


therefore  x'  +  2ax  -6  =  0;  therefore  ;«  =  —  a  ±  J(a'  +  b) :  the  upper 
sign  must  be  taken,  since  the  infinite  continued  fractioa  is  posi- 
tive.    Thus,  by  transposition,  we  obtain 
b 


Jia'^h)^ 


2a  + 


2a+  ... 

This  formula  gives  various  modes  of  expressing  a  square  root 
in  the  form  of  a  continued  fraction.  For  example,  take  :^17. 
We  may  put  17  =  16  +  1,  or  =  9  +  8  ;  and  so  on.     Thus, 
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795,    For  an  example  of  an  infinite  definite  continued  fraction 
of  the  second  class,  suppose  that  every  component  is  ^^  j  where 

a  and  5  are  positive^  and  2a  exceeds  h  by  unity  at  least.  Denote 
the  continued  fraction  by  a; ;  then 

x=z -^ —  SO  that  x:=- -: 

«  0  2a -x 

2a  ^-Tz 

2a-.... 

therefore  a?  —  2ax  +  5  =  0;  therefore  x^a^  ^{cf .-  5).  The  lower 
sign  must  be  taken,  for  with  the  upper  sign  we  have  a  result 
greater  than  a-^a-^h,  that  is  greater  than  2a  — 5,  that  is  greater 
than  unity:  but  the  infinite  continued  fraction  cannot  be  greater 
than  unity,  by  Art.  787.     Thus,  by  transposition,  we  obtain 

J{a'-b)  =  a ^ — . 

2a-. 


2a—... 
796.     In  Art.  781  we  have 

and  in  Art.  ^86  we  have  similar  relations  with  the  sign  +  changed 
to  — .  Now  suppois6  that  the  values  of  a^  and  5«  are  given  for 
all  values  of  n,  and  that  p^  and  p^  and  q^  and  q^  have  been  ob- 
tained; then  from  the  above  general  relations  we  can  determine 
in  succession  p^,  p^,  Ps****  and  q^^  g^,  q^y ...  Sometimes  we  may 
by  special  artifices  discover  such  a  law  of  formation  of  the  suc- 
cessive terms  as  will  enable  us  to  give  general  expressions  for 
p^  and  q^ :  an  example  has  already  occurred  in  Art  789.  Or  a 
law  may  appear  by  trial  to  hold,  and  may  be  verified  by  induction. 
The  investigation  of  the  general  expressions  for  p^  and  q^  belongs 
however  to  a  higher  branch  of  mathematics,  namely  the  Calculus 
of  Finite  DifiTerences. 

A  particular  case  may  be  noticed.  Suppose  that  a^  and  6^ 
are  constant  for  all  values  of  n]  denote  the  former  by  a,  and 
ibe  latter  by  5.     Then  we  have  p^  =  ap^^i  +  hp^^^ ;   and  we  see 
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by  the  aid  of  Art.  656  thatp,  is  equal  to  the  coefficient  of  a:""' 
in  the  expansion  according  to  ascending  powei-s  of  x  of 

\  —  ax  —  b!t? 
altjo  pi-b,  and  p,=  ab,  so  that  this  expression  becomes 

b 

l-we-bx'' 
Similarly,  q„  is  equal  to  the  coefficient  of  a;'"'  in  the  expansion  of 

1  —  (UB  —  baf 
also  Ji  =  0,  and  g,  =  a'  +  6,  so  that  this  expression  becomca 
a  +  bx         .,    ..  1  1 

-7— r-Il    tnat  Ifl   —r^ ^-i;  -  -  . 

1— 1KB  — to  x(l  —  aa!-bx)     x 

797.     Wa  will  now  shew  how  to  convert  a  seri«  having  a 
finite  number  of  terms  into  a  coutimied  fraction. 

1       X      a^  x' 

The  series  —  ^ —  +  — 1- ^ —    is  identicallv  equal  to  a 

M,       W,        M,  M, 

continued  fi-action  of  the  second  class  with  n  +  1  components,  in 
which  the  first  component  is   — ,  the  second  is  — - — - ,  and 

senei-ally  the  r*  is ^^ . 

^  M^_^  +  M,_, 

This  may  be  demonstrated  by  induction. 

It  is  obvious  that  —  -  —  ,  

and  that  — h-  ~ — ; 


assume  that  the  theorem  holds  when  there  are  n+l  terms  in 
the  series :  we  will  shew  then  that  it  will  hold  when  there  are 
n  +  2  terms. 

For  change  m_^  into  u, ;   then 
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; ,  that  IS  into '^^>^ ,  that  is  into  —  + : 

80  that  another  term  is  in  fact  added  to  the  series.    Also  if  the 

change  oiu^  into  w„ — —be  made  in  the  continued  fraction 

with  w  + 1  components  we  obtain  a  continued  fraction  with  n  +  2 
components  formed  according  to  the  same  law. 

Hence  if  the  theorem  holds  when  the  series  has  n  +  1  terms  it 
holds  when  the  series  has  ti  +  2  terms ;  and  it  has  been  shewn  to 
hold  when  the  series  has  two  terms  :  hence  it  holds  uniyersallj. 

798.  "We  may  deduce  the  following  result  from  that  oiT 
Art.  797  by  simplifying  the  fractions  which  occur;  or  we  may 
establish  it  dfrectly  in  the  manner  of  Art.  7^7  :  the  series 

1        re  £c*  aj" 

-^  +  —  + +...+ 


^0       ^0^1       %^i^«  ^o-^i^.---^. 


is  identically  equal  to  a  continued  fraction  of  the  second  class  with 

1       

n  +  1  components  in  which  the  first  component  is  —  ,  the  second 


^'o 


is  — - — ,  and  generally  the  r^  is  — ^=^ — . 

799.  In  the  identities  of  Arts.  797  and  798  we  may  if  we 
please  change  the  sign  of  x ;  take  for  instance  the  identity  of 
Art.  798 ;  hence  we  obtain  the  following  result :  the  series: 

i  _  ^        ^'     _  (-  l)y 

is  identically  equal  to  a  continued  fraction  of  the  first  class  with 

.    1  • 

w  +  1  components,  in  which  the  first  component  is  —,  the  second 

is  — - — ,  and  ffenerally  the  i^  is  — ^-^ — .     This  result  may  also 
i?, -ic     -       °  ''  %_,  — a;  ^ 

be  established  directly  in  the  manner  of  Art.  797. 

800.  In  Arts.  797,  798  and  799  we  may  suppose  n  as  great 
as  "^e  please  provided  the  series  remain  convergent ;  and  then  we 
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can  tranaform  aa  infinite  convergent  seiiea  into  an  infinite  con- 
tinued fraction. 

801,     A  very  important   formula  on  thia  subject  ia  due  to 
Gauss.     Denote  the  hypergeoinetrical  iufiuite  aeries  of  Art.  775  by 

F[p.,^,  y);  then  Gauaa  has  transforaied  —"'f,^  g  "^^  ^^-  into 
an  infiaite  continued  fiaction  ;  the  transformation  holds  provided 
I'  {a,  p,  y)  aad  F{a,  ^  +  l,y  +  l)  are  both  convergent 

The  essential  part  of  the  demonstration  consists  of  the  follow- 


a  relation  :  let  s  stand  t 


m 


^f(..^-H,ytl) 

^(«,  ft  y) 


.whore  ki- 


a(y-|6)a! 


K  =  '- 


^l)(y+l-")^ 


,  and  s,  is  what  t 


"7(7+1)  '  '^'       (r+i)(y  +  2) 

becomes  when  in  a  we  change  o,  p,y  into  a4- 1,(3  +  1,  y  +  2  respec- 
tively.    This  we  shall  now  shew. 

In   the  series  for   F(a,  p,  y)  change  j8  into  /3  +  1,  and  y  into 
y-i- 1,  and  subtract  the  original  value  ;  thus  we  obtain 

/■(.,/5+i,y+i)-i-(.,A,).^rfp(<.*i,^+i,rt2)....(i). 

Similarly  we  have 
/■(.+  l,ftytl)-f(.,Ay>.^°|^f(.+  l,^tl,T  +  2)...,(2). 
rrom  (1)  by  division 

,   .    1  .   ,.   y(.4-l,/3-tl,y4-3) 

Fi-om  (2)  by  division  after  changing  ^  into  j8  +  1,  and  y  into 


..(3). 


_yfel±i.y±l) 


-#(.+1,, 


tl,y  +  2)- 


.%=*,« 


•.(*)■ 


11  (3)  and  (4)  ve  obtain  the  ref^uired  niBult, 
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Then  tlie  continued  fraction  for  z  may  be  pitdonged  bj  the  aid 

of  the  relation 

1 


z 


1_      ^»  - 

and  tbiH  may  be  prolonged  to  any  extent,  the  general  terms  being 

,       _(a-f'r-l)(y4'r-l-)8)ag 
*'-'"■     (y+2r-2)(y  +  2r-l)     ' 

,        (/3  +  r)(y  +  r— a)a5 
*-"(y  +  2r«l)(y  +  2r)' 

.^'(g  +  r,  ff  +  r-f-l,  y4'2r+l) 
**■"       /'{a  +  r,  i8  +  r,  y  +  2r) 

We  assume  throughout  that  the  infinite  series  are  canyeigent; 
as  we  cannot  employ  (1)  and  (2)  without  this  condition ;  it  will 
be  seen  from  Art.  775  that  if  the  numerator  or  denominator  o£ 
z  is  conyei*gent  then  all  the  infinite  series  which  occur  are  con- 
vergent. 

When  r  is  indefinitely  large  «^  will  not  differ  sensibly  ftom 
unity, 

where    ^-(^llH^ll)      j      (a^r-f  l)(ff-fr4. 1)  . 

""^"^    ^^~     l(y  +  2r)    '    ^- 2(y  +  2r+l)        ^"-^ 

and  ^1,  A^, ...  may  be  obtained  from  Bi,  B^j  ...  respectively  by 
changing  p  into  /8  +  1  and  y  into  y  + 1. 

^      A 
Thus  ^ ,   "n^, ...  may  be  considered  to  be  all  equal  to  unity 
Ml      JS^ 

when  r  is  indefinitely  great ;  and  so  by  Art.  679  we  may  consider 

z>^  to  be  also  unity. 

Since  «,^  may  be  considered  to  be  unity  A;,,«,,  becomes  sim- 
ply h^r* 

Thus  z  is  transformed  into  an  infinite  continued  fraction. 
802.     For  a  particular  case  put  —^  instead  of  xi  then  suppose 
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=  a,  and  that  a  inci-easea  indofiaitel y ;  thus  the  denominator 
,       oi-  r 


i  +  , 


1-7     l-3-7(7  +  l)     1.2.3.r(y+l)(r  +  2) 
■which,  we  will  denote  by  /(y) ;  the  numerator  may  be  obtained 
immator  by  changing  y  into  y  + 1 . 


Also  Ab._i  becomes 


(y+ 


-2){y  +  2r~iy 


Thus  finally' 
&actiim    


(y  +  2r-l)(,  +  ar)- 
-  is  transformed  into  an  infinite  continued 


« 


1  + 


1  +  ... 


Thia  result  may  be  obtained  independently  in  the 
Alt.  801 ;  for  we  have 

"j(r  +  i)- 


/W-/(r+i)- 
/(y) 


■t/(7  +  2);  thus 


-1+- 


803. 


/(y  +  1)    '"r(r+i)/(y  +  J)' 

In  the  result  of  the  preceding  Article  put  h  ^°''  V  ^^^ 


^  for  K.     Then  it  will  he  found  that      Z,  .      becomes      ,  „ 

2  /(y)  »{"■  + 


■')' 


1  that  p„  becomes  ^ 


Ey  multiplying  by  y  and  aim.pli- 

fying  the  fi-actioaa  we  ultimately  obtain  for  ^„  an  infinite 

continued  fraction  of  the  fii-st  claaa  in  which  the  firat  component 
is  y  ,  the  second  is  ^  ,  and  geneiidly  the  r*  is r- , 

For  y  put     ■  where  wi  and  n  ai-e  positive  integera ;  then  by 
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fiimplifying  the  fractions  we  obtain  for  — an  infinite  ooa- 

tinued'  fraction  of  the  first  class  in  which  the  first  oomponent 
is  — ,  the  second  is  ^ ,  and  generally  the  r^  is 


When  r  is  large  enough  (2r-l)n  exceeds  t»*;  lience  by 
Art.  785  the  infinite  continued  fraction  beginning  with  a  suitable 
component  is  incommensurable ;  and  therefore  the  whole  continued 

fraction  is  incommensurable.     Hence  ^  is  incommensurable  for 
all  integral  yalues  of  m  and  n. 

EXAMPLES  OF  COXtlNtTED  FRACTIONS. 

1 


1.     Find  the  value  of  5  - 


10-    ' 


10-... 


2.  Shewthat{n  +  ^2^     }'-{«-2^^     |*=2. 

3.  In  a  continued  fraction  of  the  first  class  every  component 
is  - :  shew  that  2>,+i  =  ^^* 

€b 

4.  In  a  continued  fraction  of  the  first  class  every  coniponent 

is  -  :  find  the  values  of  p^  and  q^. 
a 

5.  In  a  continued  fraction  of  the  first  class  if  a„  =  6„  =  7i>  shew 
that  7?«  +  ^„  =  |n4-l. 

6.  In  a  continued  fraction  of  the  first  class  if  5^^^  =  1  +  a^, 
fehew  that  p^  -  K^^p^^x  =  ^  (- 1)",  q^  -  6n+i  g^-i  =  -^  (- 1)"  ;  where 
A  and  B  are  constant  whatever  n  may  be. 

7.  In  an  infinite  continued  fraction  of  the  first  class  the  r^ 
component  is  ^ { :  shew  that  p^  -  (n*  +  l)l?,.,  =»  (- 1)"'*''* 
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'  can  be  transformed  into  an  iii£utte  con- 


.fc 


the  second  it>  -j ,  aiid  generally  the  r 

9.  Shew  that  Ic^  3  is  equal  to  an  infinite  continued  fraction 
of  the  first  daas  in  which  the  first  component  is  ^  >  the  second  is 
=  ,  and  generally  the  if  is  - — r— i- , 

10.  Obtain  fi'om  Art,  801  an  infinite  continued  fi-action  of 
the  first  clasa  for  -  log(l  +  a:). 

LVin.     MTSCELLANEOrS  THEOREMS. 

804.  The  present  Chapter  conaista  of  some  miscellaneona 
theorems  on  the  following  subjecta ;  abbreviation  of  algebraical 
multiplication  and  division,  vanishing  fractions,  permutations  and 
combinations,  and  probability. 

805.  In  multiplying  together  two  aJgebraical  expressions  it  is 
sometimes  convenient  to  abridge  the  written  work  by  expres8in;i; 
only  the  coefficients.  Tor  example,  suppose  it  required  to  multiply 
ix*  +  fc*  -  33:  + 1  by  jB*  +  3a!  ~  2  j  we  may  proceed  thus  : 

2+0+1-3+1 
1  +  3-2 


2+0+1-3 
6  +  0  +  3 
-4-0-3+6-2 
2  +  6-3+0^10+9-3 
Thus  the  required  result  is  23:;'  + Oaj'- 3a;*- lOie" +  9a!- 2, 
A  similar  abridgement  of  the  written  work  may  be  made  in 
division. 

This  mode  of  operation  has  beea  sometimes  called  the  method 
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806.  Si^ntheHc  Division.  The  operation  of  divicdon  may  how- 
ever  be  still  more  abridged  by  a  method  which  is  due  to  the  late 
Mr  Homer,  and  which  is  called  synthetie  division. 

Suppose  it  required  to  divide 

Jaj"  +  BaT''  +  CaT"'  +  Dx"^-'  +  EaT^*  +  . . . 
by  a^ +  aja:^"*  +  a^~'  +  rt^aj""*  +  a^af "*+...  ; 

let  the  quotient  be  denoted  by 

then  it  is  our  object  to  shew  how  Ai,  A^^  A^j  ...  may  be  dete^ 
-mined. 

If  we  multiply  the  quotient  by  the  divisor  we  obtain  th'e  divi- 
dend ;  this  operation  may  be  indicated  as  follows,  expressing  onlf 
the  coefficients, 

-4+-4^+    -4^+    -4,+    -i^  +  ... 
1  +  a,  +    a,  +    a,,  +    a^  +  . . . 


-4  +  -4.+ 


+    -4.+    -4,4-... 


Ojil  +  Ojiii  +  Ojii,  +  Oi-4,  +  ... 

a^A-¥a^A^-\-a^A^-¥ ... 

a^A  +aj^j4- ... 

a^A  +  . . . 


^+    ^-i-     C+     2>-i-     i?-!-... 


here  the  last  line  is  supposed  to  be  obtained  in  the  usxial  way  bj 

adding  the  vertical  columns  between  the  horizontal  lines,     l^ov 

Ay  By  C,  .,.  are  known,  and  we  have  to  find  A^y  A^y  ^„  ... ;  for 

this  purpose  we  reverse  the  above  operation  and  perform  the 

following : 

A+    B^      C+     i>+     E+ 


—  a. 


-  a^A  -  a^A^  -  a^A^  -  a^A^  - 
-a^A  -a^A^-a^A^- 

-M  -Ml- 

"tt^A  — 


A  +    -4^+    A^+     ^3+     -4^  + 
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Here  each,  vertical  column  expresses  the  same  result  as  the  cor- 
responding vertical  column  ot  the  former  operation,  but  expressea 
it  in  a  form  more  convenient  for  our  oliject.  For  example,  tha 
fourth  yertieal  column  of  the  former  operation  gave 

A^+a,A^  +  a^A^  +  a^A  =  If ; 
and  the  fom-th.  vertical  column  in  the  present  operation  gives 

D-a^A^-a,A^-a^A=A^. 
The  method  then  may  be  described  as  follows  ; 

(1)  11  the  first  teiTu  of  the  divisor  have  a  numericaJ  coeffi- 
cient, divide  every  coefficient  of  the  dividend  and  divisor  by  this 
coefficient;  the  resulting  coefficients  ore  those  intended  in  the 
following  rules. 

(2)  Write  the  coefficients  of  the  dividend  in  a,  horizontal  line, 
■with  their  proper  signs,  putting  0  when  any  term  is  wanting. 
This  gives  the  horizontal  row  j1  +  S  +  G-l- J}  + E+  ... 

(3)  Draw  a  vertical  Una  to  the  left  of  this  series  of  coefEcients, 
and  write  in  a  vertical  column  the  coefficients  of  the  divisor  with 
their  signs  changed,  putting  0  when  any  term  is  wanting.  This 
gives  the  vertical  column  —a^—a^  —  tt,  ...  no  notice  being  taken. 
of  unity,  which  is  the  coefficient  of  the  first  term  of  the  divisor, 

(4)  Multiply  each  term  of  this  vertical  column  by  the  first 
coefficient  of  the  quotient,  and  arrange  the  results  in  the  first 
oblique  column.  This  gives  the  obUq'os  column  —a^A—a^A-a^A—.., 
the  first  term  of  which  is  to  be  placed  under  B. 

(5)  Add  the  terms  in  the  second  vertical  column  to  the  right 
of  the  vertical  line ;  this  gives  tha  coefficient  of  the  second  term 
of  the  quotient.     That  is,  B  —  a^A  =  A^. 

(li)     With  the  coefficient  thus  obtained  form  the  next  oUiqus 

column.     This  gives  —a^A^—aiA^  —  a^-i— the  first  term  of 

which  is  placed  under  C 

(7)  Add  the  terms  in  the  third  vertical  column  to  the  right 
of  the  vertical  line  ;  this  gives  the  coefficient  of  the  third  term  of 
the  quotieut.     That  is,  G ~a^A^  —  a^  =-4,, 

(8)  Continue  these  operations  until  the  work  terminates,  or 
as  many  terms  are  found  as  are  required. 
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807.     For  example,  divide  4aj*  +  3aj*  -  3»  + 1  by  a^  -  2a?4-  3; 

4  +  0+    3-3+1 
8  + 16 +  U -26 -92 
-12-24-21+39  +  138 


2 
-3 


4  +  8+   7-13-46-53 

Thus  the  quotient  is  4a^+  8a:  +  7  -  13a?"*  -46aj''*-  53a;~* 

Or  if  we  wish  to  stop  at  46aj"*,  we  have 

aj*-2a:+3  iB««2a:  +  3 

If  we  wish  to  atop  at  - 1305"*,  the  oblique  column  -92  +  138  must 

be  suppressed,  and  the  result  is  40?*  +  8aJ  +  7  —  13a?"' —-3 — 5. 

If  we  wish  to  stop  at  7,  the  oblique  column  —26  +  39  must  also  be 

suppressed,  and  the  result  is  4aj'  +  8«  +  7 — i — s o- 

808.  We  may  observe  that  the  principle  which  ia  exemplified 
in  Art.  332  is  often  of  use  in  effecting  algebraical  reductions.  For 
example,  suppose  it  required  to  prove  the  following  identity : 

(a  +  6  +  c)*-(5  +  c)*-((?  +  c)*-(a  +  5)*  +  a*  +  &*  +  c* 

=  12a6c(a  +  6  +  c). 
We  see  that  if  a  =  0,  the  expression  which  forms  the  left-hand 
member  of  the  proposed  identity  vanishes;  we  therefore  infer 
that  this  expression  is  divisible  by  a.  In  the  same  manner  we 
infer  that  the  expression  is  divisible  by  h  and  by  c.  ThxiB  ahe  is 
a  factor  of  the  expression.  And  since  the  expression  is  of  the 
fovHh  degree,  there  must  be  another  factor  which  is  of  the  first 
degree;  and  since  the  expression  is  sym/metrical  with  respect  to 
a,  hy  and  c,  this  factor  must  be  a  +  h  +  c. 

Hence  the  expression  must  be  equal  to  habc  (a  +  5  +  c),  where 
h  denotes  some  numerical  coefficient  which  retains  the  same  value 
for  all  values  of  a,  6,  and  c.  To  determine  h  we  may  ascribe  to 
«,  hf  and  c  emj  values  we  find  convenient ;  for  example,  we  may 
suppose  b  =  a  and  c  =  a,  and  we  find  that  k^l2. 

Thus  the  proposed  identity  is  demonstrated. 
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The   following   identitj'   may  be    demonstrated   ; 


(a  -^b  +  c  +  dy  +  {a  +  h  -c-dy  +  (a  +  c  -h'dy  +  (a+  d-b  -  ey 

=  1^2abccl. 

809.     Vanis/iing  Fractions.    A  fraction  in  which  the  numerator 

and  the  denominator  are  both  zero  on   Bome  Biippoaitioa  as  to  the 

valne  of  any  quantity  involved,  is  then,  called  a  vanishing  Jraction. 

For  esample,  the  numerator  and  the  denominator  of  the  fraction 

x»-.'  .  0 

■  r  -— |-  vanisli  whiin  m  =  (i;  the  fraction  tlien  takes  the  form  -^  , 

and  we  cannot  strictly  say  that  it  has  any  definite  value.  But  we 
can  find  the  value  of  the  fraction  when  te  has  any  value  different 
from  a ;  and  we  can  shew  that  the  i 
the  more  nearly  does  the  value  ol 
certain  definite  value.  For  put  a;  = 
Theorem  the  fraction  becomes 

-»* 


nearly  a;  approaches  to  a 
the  fi-action  approach  to  a 
.  +  /(.;  then  by  the  Binomial 


1 


9 


,  that  is, 


Kow  as  h  diminishes  the  numerator  B^d  the  denominator  of  the 

last  fi-action  approach  to  the  values  —  a~^  and  j  a"'  respectively ; 

and  by  tailing  h  small  enough,  the  numerator  and  the  denominator 
may  be  made  to  differ  from  these  values  by  as  small  a  quantity  as 
we  please.     Thus  tJie  fraction  can  be  made  to  approach  as  near  tta 

'we  please  to  ,  that  ia,  to  ^a'^.    Tliia  result  is  expreaaed 


by  Baying  that  =  a"  is  the  Umil  to  wliich  the  fi-action  approwhes 
aa  is  approaches  to  a. 

Wo  may  also  iUfiTO  at  this  ccsnlt  without  using  the  Binoitiial 
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Theorem.     For  suppose  a;  =  y  and  a  =  V*;   then  the   proposed 

fraction  becomes  % — ra  j  so  long  as  ^  is  not  absolutely  equal  to  h 

if 

we  may  divide  both  numerator  and  denominatcnr  by  y  — 5,  and  so 

V*  +  y^b  4-  vh*  +  h^ 
put  the  fraction  in  the  form  - — 4 — ,     ,» — .    As  y  approaches  to 

b  this  fraction  approaches  to  —  ,  and  the  fraction  may  be  nuuie 

o 

•fco  differ  as  little  as  we  please  from   —  by  making  y  —  6  small 

46 
enough.    Thus  the  limit  of  the  fraction  as  y  approaches  to  6  is  -r  ; 

o  • 

.    4     1 
that  is,  the  limit  of  the  fraction  as  x  approaches  to  a  is  «  <*^'  • 

Questions  respecting  vanishing  /ractions  and  limits  belong 
properly  to  the  Differential  Calculus,  to  which  the  student  is 
therefore  referred  for  more  information. 

810,  "We  will  now  give  two  Articles,  which  form  a  supple- 
ment to  the  Chapter  on.  Permutations  and  Combinations.  Th6y 
are  due  to  H.  M.  Jeffery,  Esq.  of  Cheltenham. 

811.  To  find  the  numher  of  combinations  of  n  things  taken 

1,  2,  3, n  at  a  time,  when  there  are  p  of  one  sort,  q^  of  another, 

r  o/ another,  ami  so  on. 

Let  there  be  n  letters,  and  suppose  p  of  them  to  be  a,  g  of 
them  to  be  6,  r  of  them  to  be  c,  and  so  on.     The  product 

.  (1  +aaj  +  aV+ +  a'af )  (1  +  6a;  +  6V  + +6W) 

(1  4-ca:+cV+ -^-cTaf) 

contains  the  combinations  of  the  n  letters  taken  1,  2,  3, n  at 

a  time,  namely  in  the  coefficients  of  x,  x^,  x^, af  respectively 

The  number  of  the  combinations  in  each  case  is  found  by  equating 

a,b,  c, to  unity.     Thus  the  number  of  combinations  of  the 

n  letters   taken  ^  at  a  time,  is  the  coefficient  of  7^  in  the  ex- 
pansion of 

(1  +  a? +  »'+...  + a;P)(l+a:  4- «'+...  4- ic*)(l  4-a:  +  aj*+ ... +  af) 
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The  number  of  eombinationa  when  the  letters  are  taten  it;  at  a 
time,  is  the  same  as  the  numbei'  when  they  are  taken  n  ~  it  at  a 
time ;  this  may  be  shewn  aa  in  Art.  495, 

The  total  number  of  combinations  is  found  by  equating  x  to 
unity  in  the  above  expression,  and  subtracting  one  from  the  result, 
aince  the  first  term  in  the  expansion  of  the  expression  does  not 
contain  x,  and  therefore  does  not  denote  the  niunber  of  any  com- 
bination.   Thus  the  total  number  is  (p+l)  (q+'l)(r +1) —  1. 

The  expression  to  Vie  expanded  may  be  written  thus, 
l-of-"     l-a:""     )-«"' 


^^_   j.ue 
""Ifiatia, 


1-a;    ■ 
(1-^")(1- 


1- 


1  - 


')(!- 


-a- 


where  /i  ia  the  number  of  different  sorts  of  lettera, 

For  example,  take  the  letters  in  the  word  Tiolatiun.  It  mtU  be 
found  that  the  numbers  of  the  combinations  when  the  lettera  arp 

token  1,  2,  8  at  a  time,  are  respectively  5,  13,  22,  26,  22, 

13,  6,  1. 

812.     To  find  the  numhef  of  pervmtatione  of  n  Hangs  taken 

1,  2,  3,  n  at  a  lime,  w;A«n  lliere  orep  of  one  tort,  q  oj  another, 

r  of  another,  and  so  on. 

Let  there  be  n  lettera,  and  suppose  p  of  them  to  be  a,  q  of 
them  to  be  fi,  r  of  them  to  be  e,  and  so  on. 

Form  the  product  of  the  following  aeries ; 


PWx' 


P^aTx' 


l  +  Poa: 


AJler  the  product  has  been  formed  and  arranged  aecorUing  to 
powers  of  I'x,  change  F  into  1,  change  JP"  into  |2,  change  P* 
into  [3,  and  so  on;  then  the  coefficient  of  (c*  in  the  result  t 


*  1.2   +     13     +■■ 

Pbv    nv 

*  1.2    +     |3     *■■ 

*    1.2     '       [3      ^■■ 

P'e'x' 
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oonsiBt  of  the  permutations  of  the  n  letters  taken  £  at  a  tiine. 
The  truth  of  this  statement  maj  be  seen  by  examining  the  mode 
of  formation  of  each  coefficient  in  particular  cases  ;  for  example, 

suppose  n  =  4,  and  p,  q^  each=  1 ;  or  suppose  n  =  4y  p  =  % 

g  =  l^  r=l.     The  number  ol  the  permutations  will  be  found  \sf 

making  o^  h,  e^  each  equal  to  unity;  this  znay  be  6xm 

before  the  product  of  the  above  series  is  formed. 

For  example,  take  the  letters  in  the  word  nokUiofK  It  will  be 
£Dund  that  the  numbers  of  the  permutations  when  the  letters  are 

taken  1,  2, 8  at  a  time,  are  reepeotively,  5,  23,  96,  354, 1110, 

3790,  5040,  5040. 

813.  We  will  now  ^ve  some  further  remarks  on  the  subject 
of  Probability. 

It  is  observed  by  Dr  Wood  in  his  Algebra,  that  there  is  no 
subject  in  which  the  learner  is  so  liable  to  mistake  as  in  the  calca* 
ISftion  of  probabilities.  Dp  Wood  proceeds  thus:  **  A  single  in* 
stance  will  shew  the  danger  of  forming  a  hasty  judgment,  even 
in  the  most  simple  case.     The  probability  of  throwing  an  aoe 

with  one  die  is  ^,   and  since  there  is  an  equal  probability  of 

throwing  an  ace  in  the  second  trial,  it  might  be  supposed  that  the 

2 
probability  of  throwing  an  ace  in  two  trials  is  ^.     This  is  not 

a  just  conclusion;  for  it  woidd  follow  by  the  same  mode  of 
reasoning,  that  in  six  trials  a  person  could  not  fail  to  throw  an 
ace.  The  error,  which  is  not  easily  seen,  arises  from  a  tacit  sup* 
position  that  there  must  necessarily  be  a  second  trial,  wtich  is  not 
the  case  if  an  ace  be  thrown  in  the  first." 

The  above  extract  is  introduced  for  the  sake  of  the  import- 
ant remarks  which  it  contains,  and  also  for  the  pm^pose  of  draw- 
ing attention  to  the  last  sentence,  which  students  have  ofben  found 
difficidt.  It  should  be  observed,  to  prevent  any  ambiguity,  that 
the  problem  under  discussion  is  the  following  :  Keqidred  the  pro* 
bability  of  throwing  one  ace  at  least  in  two  trials  with  a  single 
dio.     Dr  Wood's   last   sentence  indicates   the   following  as  his 
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method  of  flolutioii.  The  chance  of  an  ace  ia  the  first  trial  ia 
-  ;  if  an  ace  ifl  obtained  in  this  trial  there  -will  be  no  need  of  a 
eecond  trial.  But  snppoae  we  fidl  to  throw  aoe  the  fii'st  time; 
the  chfuice  of  thia  failure  ia  ^,  and  then  tlie  chance  of  aucceas  in 

the  nest  trial  is  -^ .  Thus  the  chance  of  obtaining  one  ace  at  least 
in  two  trials  >s  g  +  g  ■  c  i  *^t  '^i  ag  •  -^^  the  error  of  a  per- 
son who  eetdmates  the  chance  at  ^  +  =  may  be  ascribed  to  iha 

circumstance  'that  he  changes  tlie  ^  in  the  pi-oduct  j;  .  ^  into  nnity, 

thus  assuming  that  there  will  ba  alwaya  a  second  trial,  although 
the  second  trial  may  be  rendered  unnecessary  by  reason  of  the 
first  trial  having  been  euccessfol. 

Thia  solution  ia  of  coui-ae  quite  correct,  but  it  would  probably 
be  considered  by  the  person  who  estimated  the  chance  at  ^  +  ^ 

that  it  does  not  shew  him  hia  error,  but  substitutes  a  diflei-ent 
solution  altogether ;  and  he  might  say  there  ia  no  unoertainty 
about  the  occurrence  of  the  second  trial,  for  two  trials  are  guaranteed 
in  the  enunciation  of  tlie  problem,  or  at  feast  are  aUoived  to  u»  ^ 
we  please  to  make  thenu 

The  error  really  arises  from  neglect  of  the  following  consi- 
deration :  when  events  are  mutually  exclusive,  so  that  the  suppo- 
sition that  one  takes  place  ia  incompatible  with  the  auppowtion 
that  any  other  takes  place,  i/ww  and  ttot  otheruyiae  the  chance  of 
one  or  another  of  the  events  is  the  sum  of  the  chances  of  the 
separate  eventa. 

In  the  present  problem  success  in  the  first  trial  is  not  incom- 
patible with  success  in  the  second  trial,  and  therefore  we  cannot 
take  the  aum  of  the  chances  as  the  chance  of  success  in  one  or 

X  of  the.  trials. 
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It  is  easy  to  present  the  correct  solution  of  the  problem  in  dif^ 
ferent  ways.  Thus  besides  Dr  Wood's  solution^  another  has  heen 
given  in  Art  735.  We  may  also  proceed  thus.  The  desired 
event  may  be  considered  as  one  of  the  following-  three;  suc- 
cess in  the  first  trial  and  failure  in.  the  second,  failure  in  the 
first  trial  and  success  in  the  second,  success  in  the  first  trial 
and  success  in  the  second.     The  chances   of  these   events  aro 

,.,155111      ^  ,^        ; 

respectively  g.g,    g.g,    g.gj  a^d  the  events  are  mutually  ex- 
clusive, so  that  the  chance  of  obtaining  one  or  another  of  them  is 
5       5        1      ^,   ^  .     11 
36-'36'"36'  *^*^'36- 

^  .814.  This  discussion  naturally  leads  us  to  investigate  the 
probability  of  the  happening  of  one  or  more  events  out  of  events 
which  are  or  which  are  not  mutually  exclusive.  We.  shall  now 
give  some  theorems  on  this  subject. 

I.  Let  there  be  any  number  of  independent  events  of  wliich 
the  respective  probabilities  are  a,  )S,  y, :  required  the  proba- 
bility of  the  happening  of  one  at  least. 

The  probability  of  aU  failing  is  (l-o)  (1 -jS)  (1 -y)  ;..... ; 
therefore  the  probability  of  the  happening  of  one  at  least  is 
l-(l-a)(l-)S)(l-y)...  This  may  be  written  Sa-Sa/3+Sa^y--... 
or  Pi  -  Pj  +  Pg  —  P4  +  ...  suppose,  where  Pi  is  the  smn  of  the  pro- 
babilities of  the  single  events,  P,  is  the  sum  of  the  probabilities  of 
pairs  of  events,  P3  the  sum  of  the  probabilities  of  triads  of  events, 
and  so  on. 

II.  The  theorem  just  proved  is  true  even  when  the  events 
are  nx>t  independent;  that  is,  the  probability  of  the  happening  of 

one  at    least    of   the    events   is  Pi  — Pj  +  Pg  — P44- where 

Pj,  P,,  P3,  P^, have  the  meanings  already  stated. 

For  consider  only  two  events  A  and  jB  ;  let  w  denote  the  whole 
number  of  equally  probable  cases,  na  the  number  in  which  4 
occurs,  na  the  number  in  which  B  occurs,  n^^  the  number  in 
which  both  A  and  B  occur.     To  find  the  number  of  cases  in  which 
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neiiJier  A  nor  S  occura  we  proceed  thus  :  from  n  tuke  away  n,  and 
ttp ;  we  have  tima  taken  away  too  many  cases,  because  the  cases,  in 
number  n,^,  in  which  both  A  and  B  occur  have  been  taken  away 
twice ;  restore  then  n,g .  Therefore  the  whole  number  of  cases  in 
which  neither  A  nor  S  occurs  ia  Ji  -  (re,  +  li^)  +  n^p. 

Hence  the  number  of  cases  in  which  one  at  least  of  the  events 


ii 


Therefore  the  probabihty  of  the  occuiTence  of  one  at  least 


Similarly  any  other  case  may  be  treated. 

IlL  Supposing  that  there  are  n  events,  required  the  proba- 
bility that  an  assigned  m  of  them  will  happen,  and  no  more. 

Suppose    that    the    events   of  which    the   pi-obabUities    are 

o,  j3,  y,  ai'e  to  happen,  and  the  events  of  which  the  proha- 

biiitiea  are  X,  ji,  v,  are  not  to. happen.     Then  if  the  events 

are  independent  the  required  probability  is 

'fi (l-x)(l-rt(l-») ; 

that  is,    a^y to  in  factors  J  1  —  2X+  S^/*  — SX/iji  + >. 

Tliis  we  may  denote  by  $_— ^„+,  +  Q„^., -0„+, -*- ,  wLere 

Q_  is  tfie  probability  of  the  occurrence  of  tlie  m  assigned  events, 
Q^^^  is  the  sum  of  the  probabilities  of  the  occurrence  of  eveiy 
collection  of  m  +  1  events  which  includes  the  m  assigned  events, 
Q„^,  is  the  sunt  of  the  probabilities  of  the  occurrence  of  every 
collection  of  wi  +  2  events  wiiich  includes  the  m  assigned  events, 
and  so  on. 

TV.  As  before  we  may  shew  that  the  theorem  in  III.  is  true 
e\"en  when  the  events  are  nob  independent. 

V.  Required  the  probability  of  the  occurrence  of  any  m  of 
the  events  and  no  more. 

With  the  previous  notation  this  ia 


542  EXAMPLES.     LVm. 

It  maj  happen  that  in  some  cases 


this  will  be  the  case  when  the  events  are  all  similar. 

YL  In  n.  we  have  found  the  probability  that  ctt  least  one 
event  shall  happen,  and  in  Y.  the  probability  that  j^8t  one  event 
shall  happen ;  by  subtracting  the  second  result  from  the  first  we 
obtain  the  probability  that  two  events  ctt  least  shall  happen.  Then 
again  we  know  firom  Y»  the  probability  that  just  ttoo  events  shall 
happen ;  by  subtracting  this  from  the  probability  that  two  evenfo 
at  least  shall  happen  we  obtain  the  probability  that  three  eveinits 
at  least  shall  happen.    And  so  on. 

HISOELLAICEOUS  WTAKPr.KW. 

1.     Having  given 

(c  =  hy'\'C»-¥d'ai  y^ax  +  cz+du,  z=^ax-\-hy-¥dUf  i«  =  oo;  +  5y  +  cs, 

^        a  h  c  d 

shew  that  1  =  -^ -fc-  ^^ — -r  + 


l+i»     1+6     1+c     1+rf^ 
Xj  y^  Zy  u  being  supposed  all  ttnequal. 

2.     If  =  a,  —^—-b,  and =  c,  find  the  relation  be- 

y  +  «  z  +  x  ^J  +  y 


X 


•     _     y*     _ 


tween  a,  h  and  c :  and  shew  that  — y^ — =-t-  -  ^-t^ x t^ s^r . 

a(l-5c)     6(l-ca)     c(l-flrf) 

3.  Find  the  relation  between  a,  b  and  e,  having  given 

X     a     y     b     z     c  '      . 

-4--=x-  +  -  =-  +-|  xyz - abCi 
a     X     0     y     c     z     ^ 

and  «*  +  y*  +  »*  +  2(a6  +  ac  +  6c)  =  0. 

4.  Find  the  relation  between  a,  b  and  e,  having  given 

— h-  =  a,     —+  —  =  £),      -+-  =  c. 
z     y  X     z  y     X 

5.  Eliminate  x,  y,  z  between  the  equations 


^^^v 

1 
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C.     Eliminate  a  and  6  from  tlie  equations 

v^?=£J|.  ^-'-(-^n  »'-'=A 

7,     Eliminate  fc  aad  y  from  the  equations 

x  +  i/^a,     ^  +  y'  =  b',     x'  +  y'^d'. 

8.     Eliminato  x  from  the  equations 

=^»-©"+"I*K;)'' '=';-©"*"'^=©' 

9.     Eliminate  x,  y,  s  from  the  equations 

M-l-  M^H 

J 

(i^f)0^3(^i)^^ 

■ 

10.     Eliminate  x  and  y  from  the  equations 

ax  +  hy^Q,    x  +  y  +  ay  =  0,    io'  +  y'-l^O. 

11.     Eliminate  x  and  y  fixim  the  equations 

jf-x'^ay-px,     ixy^ax  +  Py,     a:'  +  y  =  l. 

12.     n  (ar+yf-ic-a^,  t^  +  «)'  =  4»Vs.  {>  +  x)' =  ih^zx, 

ahewthat                       o'  +  6'  +  e'±2(t6c=  1. 

13,     Eliminate  a  from  -j^  =  -^^  =  -,^ . 

i(^+2^).«^  +  6y,     2(a:'-2/')  =  c^-5y,     =«y=c». 

15.     Shew  that  nnleas  ahc  +  2a,'b'c' ^ac^'  +  bb"  +  <x^',  the  fol-          | 

1 

a^x^,  b^y^,  c=xsi,  2»'=j//+sy,  26'=»c'  +  aw',  2fl'=ay 

+s^.       1 

16.     Find  tho  rnimher  of  permutations  which  can  he  formed          | 

with  the  letters  composing  the  word  examination  taken  3  at  a 

time.         1 

17.     Find  the   chance  of  a  one,  a  two,  and  a  three, 

f  the          \ 

Same  suit,  lying  together  in  a  pack  of  cards  which  consifita  of  nt           | 

^Saita^d  has  n  cards  numbered  1.  2,  3,  ......  in  eooh  suit. 

^ 
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18.  A  rectangular  garden  is  surrounded  by  a  walk  and  is 
divided  into  mn  rectangular  beds  hj  m  —  l  walks  parallel  to  two 
sides  and  n  -  1  walks  parallel  to  the  otker  two  sides.  Find  the 
number  of  ways,  no  two  of  which  are  exactly  alike,  in  which  a 
person  can  walk  from  one  comer  to  the  opposite  comer  so  as  to 
make  the  distance  equal  to  half  the  perimeter  of  the  rectangla 

19.  If  a;  be  a  proper  fraction,  shew  that 


x' 


l-aj^"*"  l-a'"     l+a*"*"  1  +a;*'^  l  +  a;**'"^' 


20.  If  a;  be  a  proper  fraction,  shew  that 

1 

7^ r-T^ awl ^^ =  (1  +  ^)  (1  +  OJ*)  (1  +  x')  (1  +  «*)  ... 

21.  Eliminate  aJ,  y,  z  from  the  equations 

(aj-y)(y-«)  («-«?)=/,  («+y)(y+«)(«+«)=j*, 

22.  Shew  that  if  aX+  hY+  cZ  =^  0,  and  a^X  +  \Y -k- c^Z^O; 
where  X=ax  +  a^x^  +  aj,  Y  =^hx  +  h^x^  +6,,  Z^cx-h  CjO^  +  c, ;  then 

X'  \  Y*  \  Z*-  ^^^  ^^^' "  ^"^^  '^  ^'  ^^^'  ~  ^'"^'"^  "^  ^"  ^^^' ""  ^'^^^* . 

23.  If  a^y  a^,  ...  a„  and  h^,  ftj,  ...  ft„  be  two  series  of  posi- 
tive numbers,  each  arranged  in  descending  order  of  magnitude, 

shew   that   -^  +  ~  +  ..,  +  --   is  less,  and   =-'  +  7-^+  ..•  +  -v^  is 

greater,  than  if  the  denominators  h^,  62,  ...  ^n  were  arranged  in  any 
other  order  under  the  numerators  a^)  ^29  •••  ^n 

24.  If  a  be  less  than  b,  shew  that  a  series  of  which  the  genenvl 
term  is  —  ( . j  ^       J   is  equal  to  the  logarithm  of  f  t  )      •  . 

25.  If  a  be  less  than  b,  shew   that   (t  )       is  increased  by 
adding  the  same  quantity  to  a  and  b. 
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1.     Simplify  »-[2j  +  )3s-3j!-(«  +  !())]  +  2i^(!/  +  3s). 


^ 


3.     Divide  nV  +  (2«o  -  b')  x*  + . 
3.     Eediice  to  ita  lowest  terms 


gie'+2ic'-15iB--6 


5. 


6a!  +  3a       7ai  +  9a 

4a!  +  I      Sa:  -  1 

'^-I5 3-  = 


G.     Solve  lGx-iy  =  n,  3a:+2y=14i. 

7.  j1,  who  travels  3^  milea  an  liour,  Etarta  2J  lioui'8  liefore  JJ 
«^lio  goes  the  same  road  at  4J  milea  an  hour :  find  wlien  B  over- 
aiea  A- 

8.  A  bill  of  ^100  was  paid  with  giiiueas  and  half-crowns, 
md  48  moi-e  half-crowns  than  guineaa  were  used  :  find  how  many 
)f  each  were  paid. 

,  1 


^i- 


9.  Find  the  square  raot  of  a*  ■ 

10.  Solve  (^- A(3;k-1)  =  |. 

11.  If  a  =  l,  6  =  L  c  =  3,  d=v,  find  the  value  of 
o  -  [2o -  36 - {4a  ~  56  -  Gc  -  (7a -  86  -  9c  ~  \M)]]. 


12.  Multiply  a;"  +  (2«  +  36) ic  ■(■  6a6  by  a;'-(2a  + 36)a!-(- (3a6  j 
uid  divide  \i:x'-\\x''y-G?i3^y''-1xY-^^^^y*+^^y'  •>?  2a:'-3a;y-6j('. 

13.  Find  the  LC.M.  of  a:" -H  5a; -i- 6  and  a*  +  6a!  +  6. 


2iB  +  3a 
3a;  +  4a 


14.  Take  TJ.  ...  from 

15.  Solve 


23a^^-18aa!-i-17a' 
12a:'-(-31oa:  +  20(i'' 
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16.  Solve  7«-  9y  =  23,  9aj- 7y  =  57. 

17.  Find  the  time  between  9  and  10  o'clock  whea  the  liomv 
hand  and  the  minute-hand  of  a  watch  are  together. 

18.  A,  after  doing  three-fifths  of  a  work  in  30  days,  ealls  in  B, 
and  with  his  help  finishes  it  in  10  days :  find  in  how  many  days 
each  could  do  the  work  alona 

19.  Find  the  Bquare  root  of  4«*-12a;y +  9^*  +  4a»-  6j«  +  «*. 

20.  Solve  -^-^^=L 

1  1 

21.  If  a=:l,  5  =  2,  c  =  ^,  c?=^,  find  the  value  of 

a  -  [3a  -  66  -  {7a  -  96  -  lltf  -  (13a  - 155  -  17b  - 19£^)}]. 

22.  Multiply  jb*  +  (3a  -  25)  a  -  6a5  by  «•  +  (35  -2a) «  -  6a5,' 
and  divide  aj*— 66a;+15  by  1  — 4aj  +  «". 

23.  Find  the  o.  c.  M.  of  a"  -  4,  «"+ 10«  +  16,  and  «*- 7«-lfiL 

2aj'-aj4-2       4aj*-l 


24.     Simplify 


4iB»  +  3a;  +  2      2aj-l  " 


^^      a  ,       ai-l      llaj-3     3a;-9     oi 

25.  Solve  -^+-^^.-j^  =  2J. 

« 

26.  Solve  ^+^-11,   5«-3y  =  6. 

27.  A  person  starts  from  Ely  to  walk,  to  Cambridge,  which  is 
distant  16  miles,  at  the  rate  of  4|  miles  per  hour,  air  the  ssame 
time  that  another  person  leaves  Cambridge  for  Ely,  walking  at 
the  rate!  of  a  mile  in  18  minutes  :  find  where  they  meet.  ' 

28.  In  a  concert-room  a  certain  number  of  persons  are  seated 
on  benches  of  equal  length ;  if  there  were  ten  more  benches  cUb 
person  less  might  sit  on  each  bench;  if  there  were  fifteen  fewer 
benches  two  persons  more  must  sit  on  each  bench  :  find  the  nuni' 
ber  of  benches,  and  the  number  of  persons  seated  on  each. 

29.  Find  the  square  root  of  a^  -  4«*  +  6aj*  -  8a?  +  9a5*  -  4aj  +  4. 

30.  Solve  llaj'- 11^  =  905. 


MISCELLANEOUS  EXAMPLES. 

e  =  3,  d-i,  find  tha  values  of 
-6%    i/{d'  +  So  +  b). 
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31.  If  a-1,  6  =  2,  £ 

ab  +  ed 

32.  Multiply  "3  +  a^  by  '2  —  x;  and  find  the  value  of  the  pro- 
luct  when  a:=  ■!. 

-115a; +  2-1: 
'-llSaj'  +  l* 


Reduce  to  its  lowest  terms  - 


34.     Add  togethe 


1  + 


1  +  x 


1+x' 


35.  Solve  (_x~  3)'  -  3  (a;  -  2)'  +  3  (»;  -  1)' -  a;"  =  D  ~  a^ 

36.  Solve  5y- 3*  =  2,    8y-5a;=l. 

37.  A  farmer  bought  equal  numhera  of  two  kinds  of  sheep, 
Dne  at  £3  each,  the  other  at  £i  each.  If  he  had  expended  his 
jionoy  equally  in  the  two  kinds  ho  would  have  had  2  sheep  more 
ihiin  he  did  :  find  how  many  he  bought. 

38.  The  sum  of  £177  is  to  be  divided  among  15  men,  20 
A'omen  and  30  children,  in  sucb  a  manner  that  a  man  and  a  child 
(otty  together  receive  sa  much  as  two  women,  and  the  women  may 
wgether  receive  £60  :   find  what  they  respectively  receive. 

39.  Find  the  square  root  of  —, +^. --  +  ^  - -r . 

y        4ar      y      Ix      i 

W.     Solve  -^*^'.  9. 

41.     If  a=l,  6-3,  c  =  5,  d=7,  find  the  values  of 
1^,   6--C'-    V{d'^^. 


43.     Shew  that 

43.  Piud  the  a.  c.  u.  and  the  l.  c. 

44.  Simplify  - 


-2^}+i(6-a;)(3a-26-23;> 
.  of  a:"  —  a;'  +  iB'-a;'  +  a;-l 


+  5*+ 6     «'  +  6i 


4a. 


SdIvi 


1 
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46.  Solve 

2a;  +  3y-8«+35  =  0,    7a:-4y+««8  =  0,    12aj-5y-3«+ 10  =  0. 

47.  Find  how  many  gallons  of  water  must  be  mixed  with 
80  gallons  of  spirit  which  cost  15  shillings  a  gallon,  so  that  bj 
selling  the  mixture  at  12  shillings  a  gallon  there  may  be  a  gain 
of  10  per  cent,  on  the  outlay. 

48.  A  and  B  can  together  do  a  work  in  12  days  ;  A  and  G 
in  15  days ;  JB  and  (7  in  20  days :  find  in  how  many  days  thej 
will  do  the  work,  all  working  together. 

49.  Find  the  square  root  of  a-c  +  2  J{ab  +  ic •  ca  —  6*), 

3 


50.    Solve  «  = 


4- 


4- 


4  — JB* 

61.  Simplify 

(a  +  6  +  c)  (a?  +  y  +«)  +  (a  +  6-  c)  (as  +  y  -  «) 
+  (6  +  c-rt)  (y  +  «-aj)  +  (c  +  a-6)  («+  «-y). 

62.  If  8  =  — 5 ,  shew  that 

{(a-a)  +  («-5)f  =  («-a)»  +  («-5)»+3(/r-a){«-6)(?. 

53.  Find  the  g.c.m.  of  jb*  -  2ajy  +  5ajy  -  2ay' +  4y*  and 
«*  -  Sa'y  +  6iB*y"  -  3ajy*  +  5y*. 

54.  Smiplify r  + ,        >  /    . ; . 

^        05  —  6     x  —  a     (a:  -  a)  (a;  —  6) 

55.  Solve  (3a;  - 1)*  +  (4aj  -  2)*  =  i^x  -  3)*. 

er/%      CI      aJ  +  S     y-3     rt  a;  — 3       y-3      ^ 

56.  Solve s+^^ — o  =  2,  o 0+-I — o=l* 

aj-3     y+3       '  2aj+3     2y  +  3 

57.  -4,  j5,  C  are  employed  on  a  piece  of  work.  After  3  iiXji 
A  is  discharged,  one-third  of  the  work  being  done.  After  4  dayi 
more  B  is  discharged,  another  third  of  the  work  beiiig  dctifti 
C  then  finishes  the  work  in  5  days.     Find  in  how  many  days  daidl 

CQvld  separately  do  the  work. 
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A  person  -walks  from  A  to  B,  &  disttuioe  of  7i  miJes,  in 
2  hoitra  17^  minutes,  and  retuma  in  2  toura  20  minutes.  His 
rates  of  walking  up  hill,'  down  hill,  and  on  a  level  road  being  3, 
3|,  and  3{  mUes  i-espectively,  find  the  length  of  level  road  betweoa 
A  and  H. 

59.     Find  the  cube  root  of 

Ss^-Ua^  +  Gx'-  37a!"  +  36k*  -  Saj*  -f  5W  ~  27x'  ~  27. 

(i-mi.)(a!-S)      {x-a}l,va-b) 
61,     Sm.plify24{=.-5  («- 1)}{«-|  («- 3)}{«  -  ?(«  -  IJ)], 
and  Hubtract  the  result  from  (x  +  2)  {x+-  3)  {a;  +  4). 
63.     Divide  {-.+  -, -2]    by  -  -  -  . 

63.     Find  the  q.o.m.  of 

Saj*  -  ISa;*)/  +  Uxi/'~  6/  and  7a!'  -  23a;y  +  6y'. 

6i.     Simplify- 


^^ 

ax" 

fa:* 

-I)' 
TT 

3      s!  +  4 

-at 

-I 

-4- 

4^-. 

!±- 

. 

t! 
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66.  aiiTO!^^-p+ 

67.  A  man  bought  a  house  which  cost  him  4  per  cent,  on  the 
purchase  money  to  put  it  in  repair.  It  then  stood  empty  for  a 
year,  during  which  time  ho  reckoned  he  was  losing  5  per  cent, 
upon  his  total  outlay.  He  then  sold  it  again  for  £1192,  by  whidi 
means  he  gained  10  per  cent,  on  the  original  purchase  money  :  find 
what  he  gave  for  the  house. 

68.  A  certain  resolution  was  carried  in  a  debating  society  by 
a,  majority  which  was  equal  to  one-thh'd  of  the  number  of  voteK 
given  on  the  losing  side ;  but  if  with  the  same  number  of  votcn 
10  more  votes  had  been  given  to  the  losing  side,  the  resolution 
would  only  have  been  carried  by  a  majority  of  one ;  find  the 
numbw  of  Totea  given  on  wuHi  side. 
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69.  &olye  Jx- Ja  +  J{x  +  a"h)=sJb. 

70.  Solve  («-2)(aj«3)  =  H|^. 

71.  If  a  =  2,  5  =  3,  c  =  6,  d=:5,  find  the  value  of 
i/{(a  +  c  -  6)'  ci}  +  i/{{h  +  c^)  (5(;  -  4c)}  +  ^{(c  -  a)  {d^  h)]. 

72.  Shew  that 

a;(y  +  «)'  +  y(«-*-a?)*  +  «(aj  +  y)*-4a;y«=(y  +  «)(«  +  a;)(«  +  y). 

73.  Find  the  o.c.M.  of 

5x'  -  IQa*  +  55a;  -  425  and  ial"  -  15a;'  -  38a;  +  65. 

75.  Solve  ^{(a;~a>*  +  2a6  +  5*}  =  a;-a  +  6. 

76.  Solve  aa;+(?y+6«=ca;+fty+a»=6a;+ay+c«=a*+6'+c*— SoJftt 

77.  ^  and  B  start  together  from  the  same  point  on  a  walking 
match  round  a  circular  course.  After  half  an  hour  A  has  walked 
three  complete  circuits,  and  JB  four  and  a  half.  Assuming  that 
each  walks  with  uniform  speed,  £nd  when  £  next  overtakes  A, 

78.  On  a  certain  day  mackerel  were  being  sold  at  a  ceftain 
price  per  dozen ;  on  the  next  daj  twice  as  many  mackerel  could 
be  bought  for  one  shilling  as  dozens  could  be  bought  for  a  sovemgn 
on  the  day  before :  the  whole  price  of  20  mackerel  bought  10  on 
one  day  and  10  on  the  other  being  2«.  2d,,  determine  the  price  of 
a  mackerel  on  each  day. 

79.  If  a;  =  4/(a  +  V^^^+^)  +  >J/(a - ^oN^),  shew  that 

a;'  +  3fta;-2a=0. 

80.  Solve  (a;"  +  8a;»+16a;~l)*-a;=3. 

81.  Shew  that  (p  +  3'  +  r)*  = 

4  (^»  +  j»  +  7^+  3pqr)  {p-hq  +  r)+  6^^*+  6r"^*+  6pY-  ^P*"  3^*-  3/. 

82.  If  X  =  aa;  +  cy  +  6«,     T=ex  +  hy-haz,    Z=hx-\-ay-¥eit 
»hew  that  X'+r'  +  ^'-r^-^X-XF 
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83.     Find  the  e.c.H.   of  7a:'- 
-  1  StKo"  +  5aV  -  Sa'x  +  3a'. 


lOaaf  +  Sa'n^  -  ia'x  +  ia* 


84,     Simplify  - 


l4 


l+i"      1  +  x 


83.     Solve 


4a:'  +  4a:'  +  8a!  +  1       Z**  +  2a:  +  I 


2a:'  +  2a:+3  ic  +  l       ' 

86.  Solve  a:  +  y+e  =  ffl  +  6  +  c, 

oa:  +  5y  +  as  =  &c  +  ca  +  o5, 
C6-c)«  +  (.-o)yH.(,.-i)«.0. 

87.  Tlie  present  iucome  of  a  i-aOway  company  would  justify 
a  dividend  of  6  per  cent.,  if  tLere  were  no  preference  shures.  But 
as  ^400000  of  the  stock  consiata  of  such  shares,  which  are 
guaranteed  TJ  per  cent,  per  annum,  the  ordinary  shareholders 
receive  only  5  per  cent.      Find  the  amonnt  of  ordinary  stock, 

88.  The  road  from  a  place  ^  to  a  place  B  first  ascends  for 
five  mileB,  ia  then  level  for  four  miles,  ajid  aflerwarda  descends  for 
six  miles,  the  rest  of  the  distance  ;  a  man  walks  from  ^  to  5  in 
3  honrs  52  minutes ;  the  next  day  he  walks  back  to  J  in  4  hours, 
and  he  then  walka  half  way  to  if  and  back  again  in  3  hours 
55  minute :  find  hia  rates  'of  walking  up  hill,  on  level  ground, 
and  down  hilL 

89.  Find  the  value  to  five  places  of  decimals  of 

{161  +  ^/I9360}-*. 

90.  Solve +■ \ =  2. 

x+a-c     x+h-c 

91.  Find  the  value  when  a:=  5  of 

3^-[5y-(2a:-(3a-32,)-H2*-{^-2y-*)|]. 

92.  Shew  that  (y-a)*  +  {«-a;)'  +  (a!-y)* 

=  2Uj,-«)'(«-a:)'  +  («-a:)'(a;-y)'  +  (a:-y)'(y-«)'} 
=  2  {a!*  +  y"  +  s*  -  ya  -  iBC  -  Ki/)', 

93.  Find  the  o.  c.  m.  of  a:"  +  {5m-  3)x'  +  (6m'  -  15m)  a:  -  18fli' 
and  as' +  (m  ~  3)  «' -  (2ffi' +  3m)  a:  +  6fl*'. 


I 
and 
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AK     o,      /a!*-ll«  +  19V     3(«-2)     rt 

96.  Solve  a;"  +  y'  +  »'  =  3a:y«,    aj-a  =  y-6  =  ;??wc, 

97.  A  bag  contains  sixpences,  shillings,  and  half-crowns  j  the 
three  sums  of  money  expressed  by  the  different  coins  are  the  same: 
if  there  are  102  coins  in  the  bag  find  the  number  of  sixpences, 
shillings,  and  half-crowns. 

98.  A  person  walks  from  ^  to  jS  at  the  rate  of  3|  miles  per 
hour,  and  from  jB  to  C  at  4  miles  per  hour;  in  returning  he 
calculates  that  he  can  complete  the  distance  in  the  same  time  hj 
walking  uniformly  at  3}  miles  per  hour,  but  being  detained 
14  minutes  at  JB  he  has  to  walk  to  ul  at  4  miles  per  hour  to  finish 
it  in  the  same  time:  find  the  distance  from  ^  to  j?^  and  from 
^to(7. 

99.  1£  X=ax'^ci/  +  hz,  Y^cX'\-hy  -{-dZf  ir=:  &a;+ oy  +  ee, 
shew  that 

lOOo     Solve  a?  -  223aj  +  12432  =  0. 

101.  Solve  {ix  +  2)*  -  (3a:  -  1)*  =  (2aj  +  4/  -  (a?  -  3)*. 

102.  Find  three  consecutive  numbers  whose  product  is  equal 
to  fifteen  times  the  middle  number. 

Ill 

103.  Solveaj  +  y=9,       -  +  -  =  -. 

"^  X     y     2 

104.  If  a;  varies  jointly  as  y  and  «;  and  y  varies  directly  as 
x  +  z ;  and  if  a:  =  2  when  «  =  2,  find  the  value  of  z  when  aj  =  9, 

5     2 

105.  Sum  to  18  terms  1  +  -^  +  ^  +  ... 

D      o 

106.  Sum  to  6  terms  and  tP  infinity  14  -  7  +  3  5—  ... 
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107.  If  the  number  of  combinations  of  2n  things  taken  n  —  l 
together  be  to  the  number  of  combinations  of  2  (ra  —  1)  things 
taken  n  together  as  132  is  to  35,  find  n. 


108.  Bhewthafc  2-_'.L'2-i  +  "'V"     '' r-- ... +{-l)"^  1, 

1  If 

109.  In  the  expansion  of  (aj  +«,+  ...  +  o„)"  if  n  in  a  positive 
integer,  and  ni  greater  than  n,  shew  that  the  coefficient  of  any 
term  in  which  none  of  the  quantities  Bi,  a,,  ...  a^  appears  more 

110.  Given  log2  = -3010300  and  log  3=. -4771213,  find  the 
integral  values  between  which  x  must  lie  in  order  that  the  integral 
part  of  (1-08)'  may  contain  four  digits. 

111.  Solve{a{6  +  iB-a)}l  +  {fi(a  +  a:-6)}U{«{a  +  6-fl:)l*. 

112.  If  a  and  jS  bo  the  roots  of  the  equation  ax*  -i- bx  +  c  -  0, 


form  the  equation  whoee  roots  a 

K13.     Solve  --1-?^=^,       X 
y     X     2 
14.     If  a!-4  :  x~2  :;  x- 
116.     Sum  nine  terms  of  aJi 
18  ia  the  middle  term. 

T 
116.     Sum  to  n  tei-ma  - 


aoaid^. 


-I  :  x  +  Z,  Gndx. 
arithmetical  progi-ession  of  which 


4-V2      3  +  2^2      7+6^2        ■ 

117.  Prove  tliat  the  number  of  ways  in  which  p  positive 
signs  and  n  negative  signs  may  be  placed  in  a  i-ow  ao  that  no  two 
negative  signs  shall  be  together  is  equal  to  the  number  of  com- 
binations oi  p  +  l  things  taken  n  together. 

118.  Determine  the  coefficient  of  x'  in  the  ex^iansion  accoi-d- 
,(^-m-H)»(l-;.)-^"H-»-" 


ing  to  ascending  powers  of  aj  of  - 
where  m  aad  n  are  positive  integers  of  which  n 
119,     Detei-mine    whether    the    series    v 
^(n'+l)  — n  is  convergent  or  divergent. 


(1—)" 
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120.  Find  the  value  of  ^^  {^p^.  -  ^^^J . 

Given  log  105  =  2021 1893,  log 53032U  =  67245391, 

log3768894  =  6-5762U. 

121.  Solve  (4  +  5aj-aO*  =  2*a;i+(aj«  +  3ar-4)*. 

122.  Find  the  relation  between  the  coefficients  of  the  equa- 
tion oo*  +  fee  +  c  =  0,  that  one  root  may  be  double  of  the  other. 

i^^noii       l.loj  +  y  7 

123.  Solve  -+-=        ^  - 


X     y       12        x  +  y  +  5* 

124»  Divide  111  into  three  parts  so  that  the  product^  of  each 
pair  may  be  in  the  proportion  of  4^  5,  and  6» 

125.  Find  the  number  of  terms  of  an  arithmetical  progression 
of  which  the  first  term,  the  sum,  and  the  common  difference  are 
given  :  find  the  conditions  which  must  hold  if  there.be  two  such 
numbers. 

126.  Find  the  sum  of  the  reciprocals  of  n  temvs  of  a  geo- 
metrical progression  of  which  the  first  t^rm  is  a  and  the  common 
ratio  r. 

127.  Shew  that  the  number  of  ways  in  which  wwi  things  can 
be  divided  among  m  persons'  so  that  each  shall  have  n  of  them 

128.  Shew  that  the  coefficient  of  aj"*''~Vin  the  expansion 
of  )^ (a  ^  2""*{(n  +  2r)(n  +  2r  +  2)  +w},  r  being  0  or  any  posi- 

tive  integer. 

129.  Find  the  coefficient  of  a;*  in  the  expansion  of 

(l+2a;-3a:*+aj')*. 

2'     3'     4' 

130.  Shew  that  1  +  .-s-  +  .-«  +  ,-7  +  ...  =  5e. 

[2      [3      [4 

131.  Solve  V(a;'-8a;  +  15)+^(a;'+2aj-.15)  =  V(4a»-18«+18). 

132.  The  numerically  greater  root  of  aa^  —  &b  +  c  =  0  has  the 

same  sign  as  - ;  and  the  numerically  less  root  the  same  sign  as  - . 
a  « 
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133.  Solve  a!  +  y  +  a  =  a  +  S  +  c, 
!C*  +  y'  +  »'  =  a'  +  6'  +  c'. 

134.  Two  persona  A  and  £  divide  equally  a  sum  of  money 
consisting  of  half-crowna,  sliillingB,  and  sixpences;  tlie  values  of  the 
several  parts  being  respectively  in  the  proportion  of  16,  4,  and  1, 
It  is  found  that  each  has  60  coins,  A  having  two  half-crowns 
more  than  B.     Determine  the  sum  and  the  coins  each  had. 

135.  The  p"'  term  of  an  arithmetical  progression  is  -,  anil 

the  q""  term  is  -  ;  shew  that  the  sum  of  pa  terms  ia  ^-~ —  . 
P  -^^  2 

136.  If  a,  i,  0  be  in  arithmetical  progression,  and  a,  j8,  ■ 
in  harmonicttl  progresaion,  and  -  +  -■  =  —  +  -,  ahew  that  aa,  hfi, 
ey  are  iu  geometrical  progi'ession. 

137.  Find  the  number  of  words  beginning  and  ending  witli 
a  consonant  which  can  be  formed  out  of  the  woi-d  equation. 

138.  If  a^  be  the  coefficient  of  af  in  the  expansion  of  {1  +  x)", 

{-l)"\2n 


•         ■         ■         •  |»t? 

139.     Determine  whether  the  following  Eeries  is  ' 

1         ■"  1 

divergent:  1+-^ 


nvergent  o 


140. 


V2      4/3^^4 - 
It  S^x-~  +  -~. 


shew  that  x  =  y 


(tin.  Solve  (x-Sy  +  3x-22  =  J{i»^~Zx  +  7). 
^42,  The  niunber  of  soldiers  present  at  a  review  is  such  that 
ey  could  all  be  formed  into  a  solid  square,  and  also  could  be 
formed  into  four  hollow  squares  each  four  deep  and  each  con- 
taining 24  more  men  in  the  front  rank  than  when  formed  into  a 
solid  square ;  find  the  whole  number. 

143.     Solve  6ai"-a!y-12y'  =  0,       a^ -(- Sj)*  =  jg . 


UBS  HISOELLAlOOnS  EXAMPLES. 

144.  If  the  speed  on  a  railway  is  20  miles  an  hour  it  is  found 
ihat  the  expenses  ore  just  paid.  If  the  speed  is  more  than  20 
miles  an  hour  the  increase  of  the  receipts  is  found  to  vaxy  as  the 
increase  of  the  velocity,  while  the  increase  of  the  cost  of  working 
is  found  to  vary  as  the  square  of  the  increase  of  the  velocity ;  at 
the  rate  of  40  miles  per  hour  the  expenses  are  just  paid :  find  the 
velocity  at  which  the  profits  will  be  greatest 

145:  Shew  that  the  number  j9^  + 10pj  + 10*^,+ ...  + 10"j»^  is 
divisible  by  13  if  the  following  expression  is, 

146L  If «  be  the  sum  of  an  odd  number  of  terms  in  geome- 
trical progression,  and  ^  the  sum  of  the  series  when  the  signs 
of  the  even  terms  are  changed,  shew  that  the  sum  of  the  squares 
of  the  terms  will  be  equal  to  88^, 

147.  If  there  be  n  straight  lines  lying  in  one  plane,  no  three 
of  which  meet  at  a  point,  the  number  of  groups  of  n  of  their 
points  of  intersection  in  each  of  which  no  three  points  lie  in  one 

of  the  straight  lines  is  -^{n  —  h 

148.  Shew  that  2* .  4* .  8^^.  16^ ...  =  2. 

149.  Find  the  coeflficient  of  x*  in  the  expansion  of 

{l  +  x-x'-'Sx'^xYK 

150.  Shew  that  if  the  logarithms  of  w  quantities  with  respect 
to  n  bases  in  geometrical  progression  be  all  equal  they  will  also 
be  equal  to  the  logarithm  of  the  ratio  of  any  one  among  these 
quantities  to  the  preceding  quantity,  with  respect  to  the  common 
ratio  of  the  progression  as  basa 

151.  Solve  ^^^.«^-)=^|?^.!^). 

2ic  +  l         3aj  +  l         2x^6  x-l 

152.  Shew  that  if  a  quadratic  equation  be  satisfied  by  more 
than  two  values  of  the  unknown  quantity  the  equation  is  an 
identity.     Apply  this  property  to  establish  the  identity 

a*{x-h),{X'-c)     h'  {x  -  c)  (a;  -  a)     c*  (x-a)(x-h)  _^ 
(a  ~b){a-  c)         (6  -  c)  (6  -  a)         {c-a){c  -b)    "" 


r 


Miscellaneous  examples. 


153.    Solve  {^'  +  ^-  =  e,    (x' -f)"=  I. 

Bronze  contains  91  per  cent,  of  copjjer,  6  of  tine,  and 
3  of  tin.  A  mass  of  bell-metal  (conaisting  of  copper  and  tia  only) 
and  bronza  fused  together  is  found  to  contain  88  per  cent,  of 
copper,  4'8r5  of  zinc,  and  7"125  of  tin.  Find  the  proportion  of 
copper  and  tin  in  bell-metal. 

155.  Shew  th»t  the  sum  of  the  produatH  of  the  first  n  natural 

numbers  taken  two  and  two  together  is  ^ —   -ij       " • 

156.  Four  numbers  are  taken,  the  firat  three  in  o.p.,  and  the 
last  three  in  H,  p, ;  again  four  numbers  are  taken,  the  first  three 
in  H.P.,  and  the  last  three  in  q.p.  :  shew  that  if  the  first  two 
numbers  are  the  same  in  each  set  the  last  of  the  £rst  set  will  be 
less  than  the  last  of  the  socond, 

157.  Find  the  number  of  different  aiTangementa  that  can  bo 
made  of  bai-a  of  the  seven  prismatic  colours,  so  that  the  blue  and 
the  green  bars  shall  never  come  togcthar. 

158.  If  (5^2  +  7)''  =  n  +  a,  whore  m  and  n  are  positive  in- 
t^era  and  a  less  than  unity,  shew  that  a  (ji  -t-  a)  =  1,  if  w*  be  odd. 

fl59.     Find  the  coefficient  of  x'  in  the  expansion  of 
(l-2a!+3a^-W+. ..)-*. 
160,     If  the  whole  number  of  persons  born  in  any  month 
be  J5j7  ofthe  whole  population  at  the  beginning  of  the  month,  and 
the  number  of  persons  who  die  g^ ,  find  the  number  of  months 

in  which  the  population  will  be  doubled. 

Given  log  2  =  -3010300,  log  3  =  4771313,  log  7  =  -8450980. 

161.  Solve  x*+l  =2(l  +  ir)S 

162.  j1  and  5  run  a  race  round  a  two  mile  oouree.  In  the  first 
heat  B  reaches  the  winning-post  2  minutes  before  A.  In  the  second 
heat  A  increases  his  speed  S  miles  an  hour,  and  B  diminishes 
his  by  the  Same  quantity;  and  A  then  reaches  the  winning-post 

JUhinxites  before  if.     Find  at  what  rate  each  ran  in,  tlift  fci^'vifi^ 
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163.  Solve      ^±3y±5  +  3«  +  y  +  4  ^ 

«  +  y+i       aj  +  y-1 

(a?  +  2y)*  +  (y  +  2a:)«  =  6  (a?  +  y)«  +  4y. 

164.  Solve --^  =-^—= r=aJ  +  y  +  & 

y  +  «  +  l     «  +  a5     oj  +  y— 1  ^^ 

165.  Shew  that  the  number  p^  +  lOp^  + 10'/),  +  ...  t  \0*p^  w 
divisible  by  101  if  the  following  expression  is, 

i^p  +  lOpy  -  (;?,  + 10;?,)  +  (i?4  +  lOpJ  -  .... 

166.  If  a,  5,  c  be  three  quantities  such  that  a  is  the  arith- 
metical mean  between  h  and  c,  and  c  the  harmonical  mean  between 
a  and  h,  shew  that  6  is  the  geometrical  mean  between  a  andc: 
«nd  compare  a,  b,  e, 

167.  In  a  plane  there  are  m  straight  lines  which  all  pass 
through  a  given  point,  n  others  which  all  pass  through  another 
given  point,  and  p  others  which  all  pass  through  a  third  given  point: 
supposing  no  other  three  to  intersect  at  any  point  find  the  number 
of  triangles  formed  by  the  intersection  of  the  straight  lines. 

168.  If  a,  =  r-(r-.l)n+(r--2)^?^^y^ 

^^^^3^.(.-l)(n-2)^ 


to  r   terms,    shew    that  a,  =  (- 1)"  a,^  if  r  be  less  than  n  -  1, 
a^  =  0  if  r  be  greater  than  n  —  1,  and  a^_^  =  (—  1)". 

169.  Find  the  coefficient  of  aj*  in  the  expansion  of 

(1  +  2aj  -  Sx*  -  a*)* 

1 70.  Given  log^^  2  =  -30103,  find  log„  50. 

171.  Solve  x^  +  x'i  =  — -  (a;  +  x~\ 

172.  If  a  and  fi  are  the  roots  of  the  quadratic  aa;*+ftaj  +  0  =  0 
form  the  quadratic  whose  roots  are  (a  +  jS)*  and  (a  —  ^)\ 

173.  Solve    8V(a'~y*)=ic  +  9y, 

a;*+  2aj*y  +y*  +  a;  =  2a;'  +  2a;y  +y  +  506. 
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174.  A  and  JB  engage  to  rea)>  a,  field  in  12  da^.  The  timea 
in  which  the^  could  separately  reap  an  acre  are  in  the  proportion 
of  2  to  3.  At  the  end  of  6  daja,  as  they  find  they  cannot  finish 
the  work  in  the  stipulated  time,  they  call  in  C  and  finish  it  "widi 
his  help.  The  time  in  which  A  and  C  together  could  have  reaped 
the  field  is  to  the  time  in  which  £  and  C  together  could  hare 
reaped  it  as  7  is  to  8.  Find  in  Low  many  days  the  field  would 
have  been  reaped  if  C  had  worked  from  the  first. 

175.  A  tradesman  has  eight  weights,  two  of  1  oz.  each,  two 
of  5  oz.  each,  two  of  25  oz.  each,  two  of  125  oz.  each  :  shew  tliat 
he  can  weigh  with  a  pair  of  scales  any  integral  number  of  ounces 
from  1  up  to  312. 

176.  rind  four  numbers  in  geometrical  progreBsion  so  that 
their  sum  may  be  15,  and  the  sum  of  their  Bquarea  85. 

177.  Out  of  2n  men  who  have  to  sit  down,  half  on  each  side 
of  a  long  table,  p  particular  men  desire  to  sit  on  one  side  and  q  on 
the  other  :  find  the  number  of  ways  in  which  this  may  be  done. 

178.  Shew  that  the  coefficient  of  ic*  in  the  expansion  of 
(9a*  -)-  Goj;  -1-  4o^)^'  is  2''  (Say"^'. 

179.  Shew  that  the  scries  «,  +  «,  +  ...  +  ti„  +  ...  is  convergent 
if  from  and  after  a  certain  term  the  value  of  (a.)"  is  always  less 
than  some  finite  quantity  which  is  itself  less  than  unity,  and 
divergent  if  the  value  is  unity  or  greater  than  unity. 

■       180.       Sh^fctl-j^-j-^-y-^i^-... 

=log(l  +  -J .      Hence  shew  that  (l  +  -)    increases  with  n, 

181.  Solve  9a;'  +  4«'  =  l  +  12a:\ 

182.  Three  persons  A,  B,  C,  whose  ages  are  in  geometrical 
progression,  divide  among  them  a  sum  of  money  in  amounts 
pTBportionaJ  to  the  ages  of  each.  Five  years  afterwards  when  O 
is  double  the  age  of  ji  they  similarly  divide  an  equal  s 
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183.  Solve  @^(|y-i  =  ^Jl.,      ^^^J^js. 

184.  If  a;  =  cy  +  5«,  y  =  az-\-cXy  z  =  hx  +  af/,  shew  that 

a?       ^        y g 

and  find  tiie  relation  between  a,  h,  and  e. 

185.  Shew  that  in  the  scale  with  radix  nine,  every  number 
which  is  a  perfect  cube  must  end  with  0  or  1  or  8. 

186.  Find  the  sum  of  the  products  which  can  be  formed  by 
multiplying  together  any  thi*ee  terms  of  an  infinite  o.p.;  aad  shew 
that  if  this  sum  be  one-third  of  the  sum  of  the  cubes  of  the  terms 

the  common  ratio  is  ^ . 

187.  A  vessel  is  filled  with  a  gallons  of  wine,  another  with 

b  gallons  of  water ;  c  gallons  are  taken  out  of  each ;  that  firom  the 

first  is  transferred  to  the  second,  and  that  from  the  second  to  the 

first;  this  operation  is  repeated  r  times :  shew  that  the  quantity  of 

ciu  c     c 

wine  in  the  second  vessel  will  be r  (1  —  ©O  where  »  =  1 ■= . 

a  +  b^      -r/  r  a    b 

1  +  2a; 

188.  By  comparing  two  expansions  of  ^j j-,  shew  that 

f    nx>-i      o^.  (3^-1)  (3^ -2)     (3n~2)(3n-3)(3n^4) 

(3n  -  3)  (Sn  -  4)  (3n  -  5)  (3n  -  6) 

[4 

Vhere  n  is  any  positive  integer,  and  the  series  stops  at  the  first 
term  that  vanishes. 

189.  Determine  whether  the  following  series  is  convergent 
brdivergent:   1  +  2iC+^^+ jia  +  ^a  +  ••• 

190.  If  log  2 -J J  be  expanded  in  a  series  of  powers 

JL  ~"  X  *"*  iC   "r  X     ^ 

3       1 
of  X.  shew  that  the  cdidffibient  of  a**  is  -  of  -  according  as  n  is 

bven  or  odd. 
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191.  Solve  (l+a:^'  =  2aa!(l-a:^. 

192.  Shew  that  i£x,  y,  z  are  real  quantities 
=J(i-y)(«-»)  +  j'(j,-.)(j.-;.)+^(=-,.)(«-y) 

cnunot  be  negative. 

193.  Solve  «* 4- y*  +  1  =  m*a!y  —  a'y',    xy(^x-y)  =x-n'y. 

19i.    Shew  that  the  equations  fla:+Jy+(a=0  and  aa^+by'-Hsc'^O 

will   be   satiBfied    by  takiiis  = — -,—  =  =-=^ —  =  , ;— »;    where 

■'  "1  ~bv       1+av       I  +  ttiu" 

a  +  h  +  e  +  aixnf  =  0, 

195.  In  Art.  458  we  arrive  at  an  a.  f.  of  which  the  first 
term  is  —  77-  +  s  ■  ani  the  common  diSerence  is  -, :  shew  that 
if  thi^  be  arranged  in  groups  of  q  terms  each,  the  m"  group  is 
equfd  to  the  m"'  term  of  the  a.  r.  of  which  the  £rst  term  is  a  and 
a  difference  is  b. 


196.  The  first  term  of  a  certaia  series  is  a,  the  second  term 
is  b,  and  each  subsequent  term  is  an  arithmetic  mean  between  the 
two  preceding  terma  ;  shew  that  the  n*  t-jrm  ia 

197.  If  all  the  permutations  of  n  things  a,  b,  e, ...  I  taken 
all  together  be  formed,  and  from  any  permutation  as  ahe  ...  /  be 

1 


formed  the  fraction  ^  ,    _^  ^.  , 

4-4  +  .).. .(.  +  »  +  .. 

-=,  Bhewtlial 

the  sum  of  all  these  fractions  is 

ai>c...l- 

1 98.     Shew  that 

--T-^r-v^r-r- 

-(-«>-{-"-fe^'a^^ 

[?|2 

«■ 

(l+») 

...}. 
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200.  If  w  is  any  positive  integer,  find  tlie  value  of 

201.  Multiply  out  (1  -  a)  (1  -  a:*)  (1  -  oj^  (1  -  x*)  (1  -  «•) ;  a»d 
find  the  form  of  tlie  series  up  to  »**  when  the  number  of  factors  is 
infinite. 

202.  Shew  that 

203.  Shew  that  money  will  increase  fifty-fold  in  a  century 
at  4  per  cent,  per  annum  compound  interest,  having  given 
log  2  =='301030,  log  13  =  1-113943. 

204.  ^^<^^^^^^Jp'^=P'^A^^~^''^ 

205.  Find  the  number  of  ways  in  which  a  substance  of  a  ton 
weight  may  be  weighed  by  weights  of  9  lbs.  and  14  lbs. 

1 

206.  If  n  ^  2a;Ul  ~  2a; + a^)  ^  ^^P^^^  "^  ascending  powers 

of  X,  find  the  general  term. 

207.  If  71  is  a  positive  integer,  and  x  a  positive  proper  firaiction, 

1  —  «****  1  -  a;" 

shew  that  — -r*-  is  less  than , 

w+ 1  n 

208.  Shew  that  n*  -  4w'  +  5w'  -  2n  is  divisible  by  12  for  all 
values  of  n  greater  than  2. 

209.  From  a  bag  containing  10  coimters,  3  of  which  are 
marked,  5  are  to  be  drawn  ;  and  the  drawer  is  to  receive  a  shilling 
if  in  his  drawing  the  three  marked  counters  come  out  together: 
find  the  value  of  his  expectation. 

210.  Determine  whether  the  following  series  is  convergent  or 

1      2"     3^ 
divergent:  1  +  ^5  +  y  +  j4  + ... 

211.  If  the  square  of  the  sum  of  n  real  quantities  is  equal  to 

=-  times  the  sum  of  their  products  taken  two  and  two  together, 

the  n^  quantities  are  all  equal  to  one  another. 


MISCELLANEOUS  EXAMPLES. 


5G3 


213.     Shew  that 

213.  If  a  man  48  years  old  can  buy  an  annuity  of  £150  a 
year  for  X1812,  ICs.,  intei'eat  being  reckoned  at  6  per  cent.,  deter- 
mine what  ia  considered  the  expectation  of  life  at  48.  Having 
gifen  -tliat  log  2  = -3010300,  log  3  =  -4771213,  log  7  =  '8450980, 
log  1-1872  =  ■0745239. 

214.  If    -■  denote  the  r""  convei^ent  to    ^— ^ — '  shew  that 


J's+i'i-* 


+P„.i=P..- 


=  ?.,-9,. 


315.  Find  the  pi-oper  fractions  which  satisfy  tho  condition 
thiit  the  Biun  of  five  times  the  numerator  and  cloven  times  the 
denominator  shall  be  1031. 

216.  Shew  that  if  »  be  a  poaitive  integer,  and  a;  such  that 
no  denominator  vanishes, 

"^'tz^-^ ,    (-1)' 


1-1     lx  + 


1. 


a;  +  3 


Hi 


217.    I 
quantities,  i 


be  11  positive  proper  fraction,  and  a  and  6  positive 
V  that  (re  +  by  a'~*  is  less  than  a  +pb, 

218.  If  3,  or  5,  or  7,  or  9  be  raised  to  any  power,  shew  that 
the  digit  in  tho  tens'  plnca  is  always  even ;  if  6  be  raised  to  any 
power,  shew  that  the  digit  in  the  tens'  place  is  always  odd. 

219.  There  are  three  balls  in  a  bag,  and  it  is  not  known  how 
many  of  these  are  black  ;  a  jierson  draws  a  ball  fi-oni  the  bag  and 
replaces  it;  this  ia  done  thi-ee  times:  if  every  drawing  gave  a 
black  ball  find  the  cliance  that  all  the  balls  are  black. 

1 


1,    shew    that 


tihe  leflrhand  aide  must  be  equal  to 


224.     Convert  ,  I  \cf  -^r  v-j  into  a  continued  fraction* 
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222.  Solvey«  +  «a;  +  fcy  =  a'-aj*=6*-y"  =  c*-«*. 

223.  If  |7  years'  purchase  must  be  paid  for  an  annidty  to  con- 
tinue a  certain  number  of  jears,  and  q  years'  purchase  for  an 
annuity  to  continue  twice  as  long,  £bid  the  rate  per  cent. 

225.  Resolve  2a*-21a:y-lly*-a; +  34y-3  into  rational 
factors  of  the  first  degree. 

226.  Shew  that  a  recurring  series  whose  scale  of  relation  is 
l—px  —  qaf  is  convergent  or  divergent  according  as  a?  is  numeri- 
cally less  or  greater  than  the  numerically  least  root  of  the  equation 
l-'px-  qx*  =  0  j  the  roots  being  supposed  real. 

227.  Shew  that  if  all  the  letters  denote  positive  quantities 
and  p^y  Pa,  Pi ...  and  o^,  a^,  a,,  ...  are  both  in  ascending  or  both 

in    descending    order    of   magnitude,  />'«»'  + ft<  ^  - +/>.«/  j, 

Pl+P,+  -'+Pn 

gmtter  than  ("'•^'^^•••-^ '*■)'.. 

228.  If  a'  -I-  6*  =  c%  and  a,  5,  c  are  integers,  shew  that  one  of 
them  is  divisible  by  5. 

229.  A  number,  of  w  digits,  is  written  down  at  random:  shew 
that  whatever  be  the  value  of  n,  provided  it  be  given,  the  chance 

that  the  number  is  a  multiple  of  9  is  ^  . 

230.  If  71  be  any  positive  integer,  shew  that  the  integer  next 
gi-eater  than  (3  +  J5)*  is  divisible  by  2". 

231.  If  the  two  expressions  aj'+;7a;V5'aj-fr  and  as'+pV+gr'aj+y 

have  the  same  quadratic  factor,  then 7  =  ^    ",    =  ^ %- . 

p-p         q—q  r-r 

232.  Shew  in  the  preceding  Example  that  the  third  factors 
are  x  +  - — ^  r  and  x  +  ~ — —,  /  respectively ;  and  that  the  quad- 

r&tic  motor  is  or  -f  >  x  + 7  • 

P-P         P-P 


I 
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233.  The  present  valuo  of  an  annuity  of  £100  on  the  life  of  a 
person  aged  21  is  by  the  Carlisle  Tables  of  mortality  £2150, 
interest  being  at  3  per  cent.  If  out  of  every  10  children  bom  6 
roach  the  age  of  21,  find  what  sum  ought  to  be  paid  down  immedi- 
ately on  the  birth  of  a  child  in  order  to  secure  it  an  annuity  of 
XlOO  on  its  reaching  21,  the  deposit  being  forfeited  if  the  child 
dies  previously.  Having  given  log  43  =  1'63347,  log2  =  -30103, 
logl03  =  2'01284,  log  1165  =  30628. 

23i.  Convert  .  /{ t'  —  )  i°*^  ^  continued  fraction,  n  being 
greater  than  unity. 

335.  There  is  a  number,  of  two  digits,  which  if  its  digits  be 
reversed  becomes  less  by  unity  than  its  half;,  find  the  number. 

236.  Shew  that  if  n  be  a  positive  integer,  and  x  such  that 
no  denominator  vanisLes, 

J: i ^ lis:!') . 

+  («*l)(»  +  2). ..(«  +  «  +  !)      ^  +  „  +  l- 

237.  Shew  that  a:"  -  lis  greater  than  n(x'  — a!')if»iis  any 
positive  integer,  and  x  any  positive  quantity  greater  than  unity. 

238.  In  the  successive  powers  of  i  shew  that  the  digit  in 
the  tens'  place  ia  alternately  even  and  odd ;  in  the  successive 
powers  of  3  and  of  8,  shew  that  thei'e  are  alternately  two  even 
digits  and  two  odd  digits. 

239.  A  digit  from  3  to  9  inclusive  is  taken  at  random,  and 
raised  to  a  high  power :  shew  that  the  chance  that  the  digit  in 
the  tens'  place  ia  odd  is  ys  . 

240.  Determine  whether  the  series  TvhoBe  m""  term  is 
7^  -u  n  c«  -.-  ^w^  .T^  ^  convergent  or  divergent. 

241.  A  series  a,,  b^,  a,,  6,,  ...  is  formed  in  the  following 
way :  o^  is  an  arithmetical  mean  between  a,  and  b„^^,  and  6_^  is  an 

1  between  i,  and  o,_,. 
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242.  Bhew  that  tiie  following  equatioitf  are  eith^  ineoii- 
nstent  or  insufficieiit  fcHr  determming  the  Talues  of  x,  y,  and  zi 

jc*-a*=»aa?  +  aiy-y^  y*-6*=ay  +  y2-«c,  «*-c'=y5+«5r— ay. 

243.  A  person  starts  with  a  certain  capital  which  prodnees 
him  4  per  cent,  per  annnm  compound  interest  He  spends  eveiy 
jear  a  sum  equal  to  twice  tiie  original  interest  on  his  capitaL 
Find  in  how  many  years  he  will  be  mined.  Having  ^yen 
log  2  =-3010300,  logl3  =  11139434. 

244.  Convert  ^  (^'  +  — 5 —  )  ^*^  *  continued  fraction. 

J245.  A  farmer  laid  out  £25  in  buying  sheep  at  £1.  10s, 
a  piece,  and  bullocks  at  £5  a  piece :  find  how  many  sheep  and 
bullocks  he  bought 

246.  By  comparing  the  coefficients  of  the  various  powers  of 
Zj  shew  that 

1         n  X  n(n—l)        a* 

m-^n     I'm  — w+1         1.2      m  — n4-2     '" ' 

n  being  a  positive  integer,  and  m  such  that  no  denominator 
vanishes. 

247.  If  all  the  n  letters  a,  h,  e  ,.,k  denote  positive  quanti- 
laes,   shew  that   n  (a^*»  +  ft***' +  c^*«  +  . . .  +  Af *«)  is  greater  than 

248.  If  71  be  a  prime  number,  and  N"  not  divisible  by  71, 
shew  that  N""  —  1  is  divisible  by  w' ;  where  m  stands  for  ti'  —  w'"*. 

249.  A  box  contains  three  bank  notes,  and  it  is  known  that 
there  is  no  note  which  is  not  either  a  £5,  a  j£10,  or  a  X20  note ; 
one  is  drawn,  found  to  be  a  X5  note,  and  replaced :  determine  the 
value  of  another  draw. 

250*  Apply  the  process  of  Synthetic  Division  to  divide 
re*  +  3a:*  —  12a:  +  4  by  a;*  —  4a;  +  12  as  far  as  the  term  involving  x"'*, 
and  give  the  remainder. 

231.     Solve  aj*y  +  x-xy  +  a^y* -  4i/  +  4,  ay  + 1  =  3x^--x^y\ 
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253.  There  are  two  numbers  a  and  6  :  it  is  required  to  find 
n  intermedjate  nunibere  a,,  a,,  ...a,,  so  that  Oj  — a,  a,  — <x  ,  o,— o,, 
...  b  -  a,,  may  be  in  arithmetical  progression  with  tlie  common 
difference  d.     Find  also  the  limit*  between  which  d  must  lie. 

253.  When  the  3  per  cents,  are  at  88,  tiie  sum  of  £100  ia 
given  for  a  perpetual  aimuity  of  .£3  per  anmmi,  and  an  annuity 
terminable  in  30  years :  aupposing  the  value  of  money  to  be 
fixed  by  the  price  of  the  3  jier  cenla,  fiud  the  otnount  per 
annum  of  the  terminable  annuity.  Having  given  log  1-1  -  -0*139, 
logl'3  =  'U39i,  Iog2  =  -30i03,  log7-'84510,  log  3G58  = -50320. 

254.  If  -^'=^ ,    —  ,     -'^    be  three  succesaive  convern-enta  to 

,y{a'  +  l),  ahew  that  3  (a'+  1)?,  ^jJ^.i+p.+i,  2^  =  9„_i+ ?,+i. 

255.  A  boy  laid  out  a  shilling  in  buying  apples,  pcai-a,  and 
peaches ;  the  apples  were  five  for  a  penny,  the  peara  wei'C  one 
penny  each,  and  the  peaches  were  twopence  each,  and  he  got  a 
dozen  in  all :  find  how  many  of  each  kind  of  fruit  he  bouglit. 

25C,    If  -^  be  expanded  in  powcra  of  X,  shew  that 

a-„,(i-^) 

the  coefficient  of  ic"  is  "^^"T/i"!^^,     "     ■ 

257.  Ehew  that  {[n}'  is   lesa   than 
that  {[n}"  is  kiM  than  |"('^+^)T 

258.  If  )»  be  ft  prime  number,  and  JV  not  divisible  by  it, 
shew  that  N"  +  1  or  jV"  - 1  is  divisible  by  n' ;  where  m  stands 

KIP   — i-q — *  . 

259.  A  number  taken  at  random  is  squared.  Shew  that  it 
la  an  even  chance  that  the  digit  in  the  units'  place  of  the  result 
is  an  even  number,  that  it  ia  4  ^o  1  that  the  digit  in  Uie-tenB' 
place  is  an  even  nrunber,  and  that  it  is  50  to  41  that  the  next 

r  digit  is  an  even  number,  ,  ^^^^^ 


•(;jj)(22il)l- 
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«A/^    V    .1.  •         ^(l  +  cx)(l+c*x)(l-hc^x)...   ^- 

260.  In  the  expansion  of  )^ — ^ ^-^7= ^-^ — ,  the  'num- 

(A "~  C30)  (A  "~  C  OCl  (A  ~~  C  35)  •  •  •  • 

ber  of  fEu^rs  being  infinite,  and  e  less  than  unity^  shew  that  the 

coefficient  of  of  is  <f  > y. —  wi     ^iwi    ^  ax'"    n    ^  J  • 

(1  —  c)  (A  - c*)  (A  - c  ) ...  (A  —  c^ 

261.  If  a  and  fi  are  the  roots  of  the  equation  oof  +  bx  +  c  =  0, 
find  the  value  of  a*  +  a*^  +  ^. 

262.  If  the  m^  term  of  a  series  in  harmonica!  progression  be 
n,  and  the  n^  term  be  m,  then  the  r^  term  will  be  —  « 

263.  The  first  term  of  a  certain  series  is  a,  the  second  term 
is  5,  and  each  subsequent  term  is  a  geometrical  mean  between 
the  two  preceding :  shew  that  as  n  increases  the  n^  term  tends 
to  the  value  i/{ah^. 

264.  If  T  be  a  proper  fraction  shew  that  it  may  be  expressed 

,^         a      1        1  1  1  , 

thus :  r  =  ""  +  —  ^ +  . . .  + ,  where  ffi,  o'.,. . . o'  are 

b    qi    q,q»    q,q,q^  q^q.^'-qn  ^'^'     ^• 

5 

positive  integers.     Take  for  example  ^  • 

265.  The  diameter  of  two  coins  are  '81  and  *666  inches 
respectively:  find  the  smallest  number  of  coins  which  can  be 
placed  in  a  row  of  9  feet  long.  Find  also  the  smallest  sum  of 
money  which  such  a  row  can  be  made  to  represent,  supposing  that 
the  value  of  the  larger  coin  is  twice  that  of  the  smaller. 

266.  Shew  that  the  difference  between  any  two  consecutive 
odd  convergents  to  ^{a'  + 1)  is  a  fraction  whose  numerator  is 
divisible  by  2a. 

267.  In  a  geometrical  progression  of  which  all  the  terms  are 
positive  the  arithmetical  mean  of  the  extremes  is  greater  than  the 
arithmetical  mean  of  all  the  terms. 

268.  If  a*  +  6*  =  <?•,  and  a,  6,  e  are  integers,  shew  that  ahe  is 
divisible  by  60  ^  and  that  if  a  is  a  prime  number  greater  than  3, 
then  6  ia  divisible  by  12. 
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269.  There  aro  n  ticfeeta  in  a  bag  numbered  1,  2,  ...  n.  A 
man  di-awa  two  tickets  together  at  random,  and  is  to  receive  a 
number  of  shillinga  equal  to  the  product  of  the  numbers  he  draws ; 
find  the  value  of  hia  expectation. 

270.  If  j1  betho  pi-eseat  value  of  an  annuity  of£I  on  the 
life  of  an  individual,  shew  that  in  oi-der  to  receive  £P  at  his  death 
the  payment  to  bo  made  immediately  and  repeated  annually  during 

Ilia  life  ia  -^  —  ^j-^ — j  ,  ■where  H  ia  the  amount  of  XI  in  one  year. 


S      14 


271.     If 


ejyj- 


logy 


s(3;  +  y-a) 


log  X  log  y  log  z 

shew  that  ■  y*z»  =  37*2"  =  a^y". 

272.  Solve  V(^+ a')  (/  +  6')  +  V(iB'  +  6')  (/  +  £.')=( 

;.-Hy  =  »  +  6. 

273.  Find  a  series  of  square  numbera  which  ^Fhen  divided  by 
7  leave  a  remainder  4. 


+  J)', 


274. 


If^  he  the 
lEkpand 


srging  fi-action  to  ^(n'+l),  c 


376. 


of  ai 


(l  +  3a:)'{l-10a;)   ' 


a    series  of 


Find  the  scale  of  relation  in  each  of  the  following  series  ; 

1  +  4a!  + 1 8a^  +  80i^  +  356a;*  +  . . . 

1  +  2a!  +  Sa:"  +  Saj"  +  13a!*  +  30a^  +  55x'  +  ... 

277.     If  S  be  the  sum  of  the  m""  powers  of  the  n  positive 

quantities  a,  6,  c, ...  A;  and  P  the  sum  of  the  products  of  the 

quantities    m    together ;    shew    that    JW"  1  iS    is    greater    than 

273.  If  n  be  a  prime  number  greater  than  2,  shew  Oiat  any 
number  in  the  scale  whose  radix  is  2n  ends  with  the  same  digit  aa 
it*  n*  power. 


S70  MISCELLANEOUS  EXAHPLSa 

279.  A  bog  contains  5  coins,  and  it  is  known  tiiat  they  can 
be  nothing  but  shillings  or  sovereigns ;  two  shillings  are  drawn 
together,  and  are  not  replaced :  determine  the  yalue  of  another 
draw  of  two  coins. 

280.  If  n  be  a  positive  integer,  and  m  sack  that  no  denomi- 
nator vanishes,  shew  that 

(w  +  n-1  (m  +  n-3)|S  J 

281.  Determine  the  limits  between  which  -jr-r — ^  "^  ,  lies 

for  all  real  values  of  x, 

282.  Solve  «•*  +  y*  =  a*,     (a:*  +  y*)*  +  (2a!y)*  =  J. 

283.  If  -*  be  the  n*^  convergent  to  the  contiaued  fraction 

—  ; 7 —  . . .  shew  that  p    and  g    are  i^espectively  the  co- 

1  +  6a:  —  re* 
efficients  of  a''"'  in  the  expansions  of  the  expressions  ,^  ,  v — kt-t — ;; 

.  a  +  (a6  +  l)a;-  x* 
l-(a6  +  2)«"  +  a*' 

284.  Shew  in  the  preceding  Exjumple  that  if  X  and  fi  are  the 
values  of  x^  found  from  the  equation  1  -  («6  +  2)  a;'  +  a;*  =  0 ; 

m, = 6?^-, = — jcz^  '  P^^  =  y.. = j^ • 

^85,  Find  two  mimbere  such  that  the  first  may  be  equal  to 
the  product  of  the  digits  of  the  second,  and  also  less  by  100  than 
twice  the  second. 

286.  If  A^  denote  the  value  of  an  annuity  to  last  during: 
the  joint  lives  of  m  persons  of  the  same  given  age,  shew  that  thci: 
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value  of  an  equal  annuity  to  continue  so  long  as  there  is  a  sur- 
vivor out  of  n  peraonfl  of  that  a^  may  be  found  by  means  of 
tables  giving  tbe  values  of  A^  from  the  formula 


[3' 


^^- 


287.  If  X,  y,  z  be  real  quantities,  shew  that 
a'{x-y){K-s)  +  h'{y-x)(^-is)  +  <^{x-x){z-y) 

cannot  be  negative ;  provided  that  any  two  of  the  three  quantities 
a,  h,  c  are  together  greater  than  tlie  third. 

288.  Shew  that  any  square  number  is  of  one  of  the  forma 
5m  or  5m*l.  Shew  that  n'~n  is  always  divisible  by  30;  and 
ifiibooddby  2iO. 

289.  A  bag  contains  n  balls,  but  nothing  ia  known  about 
their  colours.  A  ball  ia  drawn  out  and  found  to  be  black ;  it 
is  replaced,  and  then  a  second  draw  is  made  with  the  same  result  r 
supposing  the  ball  drawn  the  second  time  to  be  replaced,  shew 
that  it  is  3»  +  3  to  m—  1  in  iiivour  of  a  third  draw  giving  a 
black  ball, 

290.  If  a;  19  a  proper  fi-action  and  p  positive,  shew  that  jiW 
ia  indefinitely  small  when  n  is  indefinitely  great. 

291.  If  1,  x,  x'  and  1,  y*  jr'  be  each  in  h.p.,  shew  that 
—  y*,  y,  X,  a^  will  be  in  a.p,,  and  that  their  sum  will  be  x'  +  y', 
supposing  x-y-y  not  to  be  zero,  and  x  and  y  not  to  be  unity, 

202.     Shew  that  IV  +  3V'  +  6 V  +  . .,  +  (2h  --1)=  r' 

r  (1  +  6r  +  >■'}  -  {(2w  -  1)  (1  - r)  +  2]' r"' -  4^"*' 
(1-r)' 

293.  Shew  that  if  r  be  leaa  than  unity  and  the  aeries  in  the 
preceding  Example  be  continued  to  infinity  it  will  be  convergent ; 
and  find  the  sum  to  infinity, 

294.  Find  two  solutions  in  positive  integers  of  a:"  —  ly''—  1. 

295.  In  converting  Jlf  into  a  continued  fraction  if  the  first 
two  quotients  be  each  6,  find  N. 
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397.  TW  aBomil  of  foA  wwumwi  bj  m  steamer  Tmries  as 
AecvbeoftkeT^ooST.  Se  coosoms  1-5  tons  of  coal  per  boor 
a*  18  AnK»gf«  per  ton  -what  ker  ipeed  k  15  miks  per  lioar.  She 
corta  fer  oAer  eipenaes  16  dbtHrags  per  hong,  find  tiie  least  oort 
for  m  Toja^  of  10€0  Bilea. 

•  29^     l^ev  Adit  if  a&T  odi  number  baa  an  eren  digit  in  the 
pLve^  Aen  all  its  integral  powea  most  ba^e  an  eren  digit 


299.  TWre  are  three  tickets  in  a  bag  numbered  1,  2,  3  ;  a 
tkkst  is  diawn  and  pot  bai^ :  if  tiiis  be  dene  four  times^  shew 
Aal  ii  B  41  to  40  Ant  Ae  sua  of  Aennmbendnwn  k  even. 

9IMX.     Ptvf«  Ant  tke  coBtmned  fraction 

111  1     « 

T"I"3- 1^^ 

1^5^  3^  n 

^^J L^^.    ^h2n 

^"1.2     2.3     3.4  n(n+iy 

£nd  tke  Taloe  of  the  continued  firaction  when  n  k 


(     «3     ) 


^ 


ANSWERS.    I.  n.  III.                                   " 

L       1.  23.             3.  35.              3.  63.           4.  88.            5.  92. 

■            6.  26.             7.   15.             8.  6.             9.  6.            10.  2. 

■         11,  9.             12.  10.            13.  0.            11  26.          15.  43. 

f         16.  38.           17.  76.  536.       ^               18.  9. 

n.     1.     9a-76+4c.                                 2.     10j^-4a!  +  13. 

3.     12x'+6a^-y'  +  3a!4--li/.           i.     ici?  +  a'a:. 

5.     2ab  +  23:' +  2ax  +  2bx.                   6.      3a~b*c-Gd. 

1.     2*'  +  ,;.         8.     2a'-ax.           9.     a-J  +  c-d                   1 

10.     2hx+2hy.      11.     a-^b  +  c-d.       12.     a-fi  +  c  +  rf. 

13.     a~n.      11    50!.       15.    2a-b-d.       16.    Ux-9.y. 

17.     3(1.       18.    a.       19.    2a  +  iC-26  +  y=9.       20.    Sa:*. 

III.     1.  3pj  +  2/-2j'.           2.  7a'  +  lGo'5-a6'-106'.                     ; 

3.  a*-a*i*  +  2a6'-i*.                  1  «'-a''ft'  + 4a6'-46\ 

5.  o'  +  ia'ic  +  4aV-a;'.              6.  o*-8aV  +  163!*. 

7.  «'J+(a-6)*a;-2a.);'-a^.    8.  60a;'+42;c'a-107a;'<»'+10:^V14a'. 

9.  6a;'-96.                                 10.  iaj'-SSic-j +  42^-27/, 

11.  12^'-17x'y  +  3a^  +  2y'.      12.  af  -  xy +  «?},*- y". 

13.  a;'-4/  +  12y«-9a".              14.  6a;'  +  a;'y +  2xy- ISa^ +  4s,*. 

15.  o:*  +  3r'(i/+2)  +  a^(y'  +  ys  +  s°)+ajj/s(y+a)  +  )/V. 

16.  a'  +  b'-c'+3abc.                 17.  x"  +  j' +  3a^  -  1. 

18.  a;'  +  151a!-261                    19.  a:"- 41a!  - 120.                                    ; 

20.  ix'-5x'+&^'-10x'-Sx'-5x^i.               21.  x'+10x~$3. 

22.  »;'-73!'+21«'-17ic*-253;'+ea^-2^-l 

i-2a'H 


fl. 


21  ( 


25.  a!*-10a!'  +  9.  26.  af  +  x'  +  \. 

27.  a^-s^a'+2x'ab-{b'-^2ac)x*+23^{be+ad)-{c'+2bd)x'+2xed-d'. 

30.  a6c  +  (ai  +  io-t-ca)3:+(a  +  6-l-c)ic'+!«:'. 

31.  x*~af{a  +  b  +  e  +  d)+ x'{ab  +  ac  +  ad  + be +  bd  +  cd) 

~x(bcd+  acd -i- abd  +  ai)c)  +  abed. 
.  26V  +  2c'a'  +  2a'i'-a'~6'-c'.  33.  b'-d'. 
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34.  4(a«  +  6'  +  c'  +  rf')-  36.  2(a'  +  6*  +  <0.  37.  8a:*. 
38.  2(a*  +  6*  +  c*).                      39.  4  {6V  +  cV  +  aV). 

43.  a:*-22a;*  +  60aJ«-55aj«+12a:  +  4. 

44.  «■  -  2x^a  +  2a; V  -  2«*a*  +  2a5V  -  2«a^  +  a\ 

45.  a*  -  a*6  -  2a'b'  +  2a V  +  ab'  -  6\ 

IV.  1.  a5*-a;  +  l.  2.  Qaj*- 6a^+ 4/. 
3.  a*4.a6-6'.                       4.  a*-3a6. 

5.  32»»+16a;V  +  8«'y'  +  4a:*y"  +  2a;/  +  y*. 

6.  a*-a"6+aV-a6'  +  6*.  7.  ic'  +  y*.  8.  a»  +  3aj  +  2. 
9.  16a;*-8a;V  +  4»*y'-2a5/4.y*.                 10.  «»-a;y  +  y^ 

11.  a;'-a;  +  l.         12.  a"-2a5  +  36*.  13.  a' - 2a*6  +  2a5* - 6'. 

14.  IGa*  -  24a«6  +  36a6«  -  276'.  15.  x*  +  2ar»  +  So*  +  2a;  +  1. 

16.  X*  -  5a;'  +  4.  17.  a*  -  2a5  +  36*.  18.  a;*  -  8a;*  +  16. 

19.  a;'+3a;*  +  a;-2.  20.  2a;'- 8a;*  +  3a;- 12. 

21.  a  +  a;.  22.  a;*-^i*.  23.  a  +  6  +  c. 

24.  3a;»  -  2a6a;  -  2aV.  25.  a;*  -  2a;  +  1.  26.  3a*  +  4a6  +  b\ 

27.  a;*-«y4-y*  +  a;  +  y  +  l.  28.  a*  +  6*  +  c*+6c  +  ca-a6. 

29.  6 (2a*  +  3a*6 - a6*  +  46*).        30.  ab-ac-hhc.         31.  6  +  c-a. 
32.  (b-^c)(c-^a).  33.  a*  -  4a*6c  +  76V.  34.  a*  +  aa;4-a;*. 

35.  (a;  +  2«)y*  +  (a;*-2«*)y-a»(a;  +  «).  ^^-  a6  +  6c  +  ca. 
37.  a;*-(a  +  6)a;  +  a6.             38.  a;-6.  39.  a6-ad  +  6*-c*. 
40.  a*+6'  +  c'.         41.  a-\-x,         42.  (a  +  6-c-c?)  (a~6  +  c-€?), 
43.  x'-ax-^  a*.                        45.  The  quotient  is  7xt/  (a?  +  y), 

46.  Each  is  a6c  -  ap*  -^h^'-cr^-h  2pqr, 

47.  (a-a;)  (a  +  a;)(a*  +  a;*)(a*  +  a;*)(a'  +  a;*).  ' 
46.  (a  +  6  +  c)(6  +  c-a)(a-6  +  c)  (a  +  6-c). 

49.  (6  +  c  +  c^-a)(a  +  c  +  e?-6)(a  +  6+i-c)(a  +  6  +  c-e?). 

V.  2.  9.       3.  70.       4.  6.       5.  y*  +  lly*  +  47y*  +  93y  +  69. 

VI.  1.  a;-2.         2.  a;  +  3.  3.  a;«+2a;  +  3.  4.  a;+l. 
5.  3a;  +  4a.        6.  a;-y.         7.  3a;-7.        8.  a;-l,         9.  a;- 2. 

10.  a;*  +  a;+l.             11.  x  +  2.            12.  a;-3.  13.  2a;-.l. 

14.  x-y,        15.  a;*  +  2a;  +  3.          16.  a  (2a- 3a;).  17.  2a?- 9. 

18.  aa;-6y.             19.  a;*  +  (a'+ j^ a;  +  y».              20.  (a;  +  l)*. 

J2i.  2a;'-4a;*  +  a;-l.         22.  a; -2a.         23.  a; -2.  24.  a;*- 1. 


H 

^M 

■ 
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VIL     1.    (2a!'+3a!-2)(3a;  +  l).             2.    (le'- 1)  (a:  +  2). 

3. 

(i--9j?+23i-15)(«-7).          i.  (3i-2)(4«'-4»'-a;4-l). 

5. 

(s+l)'(«"-l).            C.  (a?-}')(j!'-V).            7.  16j,'-l. 

8. 

•:{x--\).       9.  (.--loT.         10.  (x-l)(a:-2)(i-3)(»-4). 

11. 

(«-2)(^-3)(»-4)(»-5).            12.  (i,--l){x--9)(»tT). 

13. 

«'-16o'.                            14.  («-«)(;t-6)(a,-o). 

15. 

(i  +  o)(2»-35)(i-+oj!-6').        16.  36(>.'-6')(«'-57(»--S'). 

vm.   1.^.     2.^^.     3.  a! -3.      4.  «  +  6.      5.  as  +  l. 
OJ  +  7            a;-5 

0. 

3i;-l              3x  +  2             2»  +  S                       Sii  +  g 
2a:-r              x+1'             3a;-4*             a:'-ai'+63^-6a;+6  ' 

10. 

a:-6             >,-+2>.  +  3                     1                       («-ir 

a;  +  6-             ji'-2a!-3'         ■j,--2«  +  2-          'li'-Sj  +  f 

U. 

"-^-     -J^.-     -^^-^i?^.    ir.^.  ■ 

18. 

J-     >'•  ,4..-'i,.-     *»■';■     ^'•(jnH:T2r- 

23. 

2j^3                          ra-J-                     1 

(.•-l)t2«+3)-           -^-  a,'-6"          •'*'«  +  2-        ■'■'■"■ 

2a. 

2ai'                  .■-4I,-!,'                   4„6                   4, 

30. 

*'°j*'.                31.   0.                32.   0.                33.   0. 

34. 

38. 

(•-6)6               ,„      ^-,/               ,„    3..             „    1-y 

43, 

i1. 

^.5:.l.     48.  .,.14.     4..|±|.      6a.iiZ^. 

61. 

^^-       ^^•?^-       --S^-       -t"-^ 

65. 

1.            56.1.            67.  ai'-i»  +  !-j.            S'-^-- 
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59.  ?l±fl±i.  60.  a'-6«+c'+2ac.                 61.  ^^i^. 

X  x  —  y 

68.  ««-y+c»-2«c.  63.  €±^^^,    64.  '^=^      65.  ^. 

^^   a*  +  x^  be-hea^ab              ^-       a*  +  a'b'  +  b* 

69,    —  rr 5 m  •  '0.    — 5 s*  71.    — f.    g.g — •  72.     Wl. 

6*  +  c*  +  6V  «"  +  y*                     2a'6* 

^      **-a*-      '*•  26c        •     '^'3(a:+l)-      ^^^  bdj  ^  be  ^  cf 

IX.    1.  1.        2.  20.        3,  3.  4.  11.         5.  -,       6.  13, 

7.  8.          8.  1.  9.  7.          10.  7.             11.  4.           12.  3. 

13.  5.          U.  28.  15.  2.          16.  2.          17.  3.          18.  10. 

1 

19.  IJ.         20.  2 J.  21,  5.        22.  g.         23.  13.          24.  9. 

25.  4.          26.  4.  27,  9.        28.  ^ .        29.  13.        30.  | . 

3i;  4.        32.  56.  33.  7.        34.  8|.        35.  4 J.         36.  2,^^. 


37.  If.        38.  3.        39.  2.     .  40.  12,        41.  12.  .         42.  2. 

79 
29 


79 
43,  3.        44.  -  2.        45.  1,         46.  1.         47.  5.         48.  ^  . 


49.  3J.  50.  ^ .  51.  -^^^ .         52.  ^^^  . 

*  29  a  +  o—c  —  d  o{b  +  a) 

,    aq-t*)  g,    g'c-t-ft'a  +  c'S-a-S-c  ac 

6(a*-l)  oc  +  6c  +  a6-l  6 

,^^     a6(a4-6~2c)  -^    rft-c^r        ^j.      aft  ^^    nb—ma 

oo.  — r — rj  ,  •       07.  •     Oo.  = .      oy. , 

a  +6  —  ac  — 6c  pc-ra  a  +  6  m  —  n 

60.  ^.  61.  l(a  +  6  +  c).         62.  2.        63.  20.         64.  5. 

X.     1.  £1290,  £2580.  2.  X120,  £300.  3.  £5. 

4.  £140.  5.  28,  18.         6.  38  children,  76  women,  152  men. 

!•  £720.  8.  £144,  £240,  £210.  9.  £350,.  £450,  £720. 
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10.  A  £162,  B  £118,  G  £104.  11.  345G,  2304. 

12.  126  quarts,  13.  £2.  15^.  14.  £3.  10& 

15.  £600,  £250.  16.  400  inches.  17.  30.  18.  42. 
19.  7,  8.  20.  8,  6,  3,  2  ;  24  kings  in  aU.  21.  3. 
22.  6  shillings.               23.  £3600.               24,  11  oxen,  24  sheep. 

25.  5  shillings  taken  by  each ;  there  were  20  shillings  in  the  purse. 

26.  240.  27.  90  by  180,  and  100  by  230.  28.  48  minutes. 
29,  £8750.  30.  5.  31.  60  oranges  and  240  apples. 
32,  10  from  A,  4  from  B.          33.   11,  22,  33.  34.  £420.  10*. 

35.  6i«i  past  one.  36.  ^.  37.  "ia.M.  38.  40. 

XL     1.  aj=rll,  y  =  4.       2.  a;  =  5,  y  =  7.  3.  a:  =  16,  y=7, 

4.  a;  =  2,  y=13.               5.  aj  =  8,  y=l.  6.  a;  =  2,  y=6. 

7.  a?  =  3,  y=5.               8.  a  =  3,  y=4.  9.  a;  =  12,  y=3. 

10.  aj=4,  y=3.           11.  a;=10,  i/  =  20.  12.  a;=60,  y=36. 

13.  aj=12,  y=20.         14.  a;  =  -6,  y=12.  15.  aj=18,  y  =  6. 

16.  a;=7,  y=ll.  17.  aj  =  2,  y  =  7.  18.  aj  =  -4,  y  =  -l. 

19.  aj  =  4,  y=l.  20.  a  =  ^,  y  =  Y-         2^-  ^=^^'  y  =  ^- 

22.  a  =  2,  y  =  -l.  23.  aj  =  3,  y  =  2.  24.  a;=18,  y  =  12. 


6* 


25.  a:=5,  y  =  6.  26.  a;  =  10,  2/  =  ^.  27..a;  =  y  = 

nc^hd  ruc-ad 

2S.a^y=m^n.     20.  x=3a,  t/=-2b.     30.  a:=^— ,  3/=^^^^^ . 

31.  aj=6  +  c,  y-a  +  c.  32.  aj  =  (a  +  6)',  y  =  {a-b)\ 

XII.     1.  a:  =  7,  2/  =  5,  «  =  4.         2.  a;  =  2,  y  =  3,  5;=4. 

3.  a;=l,  y  =  2,  «  =  3.  4.  a;  =  2,  2^  =  3,  «  =  5. 

5.  aj=2,  y  =  3,  z  =  L  6.  a;  =  8,  2/  =  4,  «  =  2. 

7.  a;  =  10,  y  =  2,  «=3.  8.  a;=4,  2/  =  3,  «-5. 

4  4 

9.  a;  =  3,  y  =  4,  «  =  6.  10.  a;=  ^,  y  =  4,  «  =  ^  . 

7  7  *>1  111 

11.  «  =  g,  y  =  -2'  "^^^io-  ^^-  ''^2'  ^==3'  ^  =  4- 

20         46 
13.  aj  =  2,  y  =  3,  «  =  1.  U.  aj  =  6,  U  =  y^  *=  3"' 

T.  il.  ^^ 
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59.  ?j!:^±1.  60.  a'^h'^f^-^-^ac.  61.  ^^±^. 

X  x  —  y 

62.  a-y+c*-2ac.     63.  ^ .    64.  65,  r-,. 

^-    a'  +  a:*  ^^    5c  +  <»  +  a6  ^^       a*  +  a'6'  +  6* 
2ax                          bc-k-ca  —  ao  ah  (a—by 

bc{b-ey  xy  (a*  +  by      . 

fc*  +  c^  +  6  V  a^  +  y^  2a V 

^•5^3^*      '*•         26c        •     '^'  3{x-i-l)'      ^^*  bci/+be  +  c/' 

IX.  1.  1.         2.  20.         3.  3.         4.  11.         5.  -.       6.  13, 

7.  8.  8.  1.  9.  7.  10.  7.  11.  4.  12;  3. 

13.  6.  14.  28.  15.  2.  16.  2.  17.  3.  18.  10. 

1 
19.  IJ.         20.  2J.         21.  5.         22.  g.         23.  13.  24.  9. 

25.  4.  26.  4.         27.  9.        28.  ~ .        29.  13.         30.  | . 

31.  4.         32.  56.         33.  7.         34.  8|.        35.  4 J.         36.  2i^. 
37.  U.         38.  3.         39.  2.     .   40.  12.        ih  12.  .  42.  2. 

43.  3.       ,  44.  -  2.         45.  1.         46.  1.         47.  5.  48.  ^  . 

49.  3|.  50.  ^^ .  51.  -4^ .         52.  J^^  . 

"  25  .  a  +  b-c-d  b  {b  +  a) 

^«    g (1  ~ 5*)  p..    a'c  +  6'a  +  c*6-a-6-c  oo 

6  (a  -  1)                             ac  +  6c  +  ao  —  1  .  6 

^^     a6(a  +  6  — 2c)           -^    rb-cq        ^^      ah  ^^    n6— 711a 

a  +b  —ac-^bc                pc-ra              a  +  6  m  —  n 

-h  1  ^ 

60.  ^.  61.  i(a  +  5  +  c).  62.  2.         63.  20.         64.  5. 

X.  1.  £1290,  £2580.  2.  £120,  ,£300.  3.  £5. 
4.  £140.  5.  28,  18.  .  6.  38  children,  76  women,  152  men. 
7.  £720.           8.  £144,  £240,  £210,          9.  £350^  £450,  £720. 
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10.  A  £162,  B  £118,  G  £104.  11.  345G,  2304, 

12.  126  quarts,  13.  £2.  15^.  14.  £3.  10«. 

15.  £600,  £250.  16.  400  inches.  17.  30.  18.  42. 
19.  7,  8.  20.  8,  6,  3,  2  ;  24  kings  in  aU.  21.  3. 
22.  6  shillings.               23.  £3600.               24,  11  oxen,  24  sheep. 

25.  5  shillings  taken  by  each ;  there  were  20  shillings  in  the  purse. 

26.  240.  27.  90  by  180,  and  100  by  230.  28.  48  minutes. 
29,  £8750.  30.  5.  31.  60  oranges  and  240  apples. 
32.  10  from  A,  4  from  B.          33.  11,  22,  33.  34.  £420.  10*. 

nht* 

35.  6i«T  past  one.  36.  . .  37.  "ia.M.  38.  40. 

^  6  +  c 

XL     1.  aj=ll,  y  =  4.        2.  aj  =  5,  y  =  7.        3.  aj  =  16,  y=7. 

4.  a;  =  2,  y=13.  5.  aj  =  8,  y=l.  6.  aj  =  2,  y=6. 
7.  a?  =  3,  y=5.               8.  a  =  3,  3/=4.                 9.  aj  =  12,  y=3. 

10.  aj=4,  y=3.  11.  a;=10,  i/  =  20.  12.  a;=60,  y=36. 

13.  a?  =12,  y=  20.         14.  «  =  - 6,  y=  12.         15.  aj  =  18,  y  =  6. 

16.  a:=7,  y=ll.  17.  a;  =  2,  y  =  7.  18.  aj= -4,  y  =  -l. 

19.  aj  =  4,  y=l.  20.  a;  =  ^,  y  =  y.         21.  a;=12,  y  =  6. 

22.  aj=2,  y  =  -l.  23.  aj  =  3,  y  =  2.  24.  a;=18,  y  =  12.   . 

25.  x^^,  y  =  6.  26.  a;=10,  2^  =  5.  27..a;  =  y  =  |. 

nc^hd  mc-ad 

28.  a:=y=m-¥n.     29.  a^3a,  v=-2b,     30.  «=— r -,  y=     , .       . 

^  '  "^  mb+na    ^     mb+7ia 

31.  aj=6  +  c,  y  =  a  +  c.  32.  aj=(a  +  6)',  y  =  {a-b)\ 

XII.     1.  a;  =  7,  2/  =  5,  «  =  4.         2.  a;=2,  y  =  3,  «=4. 

3.  a;  =  1,  y  =  2,  «  =  3.  4.  a;  =  2,  2^  =  3,  «  =  5. 

5.  aj=2,  y  =  3,  «  =  4.  6.  a;  =  8,  y  =  4,  «=2. 

7.  a?  =  10,  y  =  2,  «=3.  8.  a;=4,  2/  =  3,  «-5. 

4  4 

9.  a;  =  3,  y  =  4,  «  =  6.  10.  a;=  ^,  ?/=  4,  «=  - . 

7  7  *>1  111 

11.  a;  =  g,  y  =  -^'  *  =  io-  ^^-  "^"2'  2^  =  3'  ^  =  4* 

,i  ..  20         46 

13.  a  =  2,  y  =  3,  «=1.  U.  a  =  6,  3^  =  y,  «=  3-. 

T.  il.  ^^ 
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15.  a;  =  4,  y=9,  «=16,  u=25.         16.  «*<,  aj=12,  y  =  5,  «  =  7. 
17.  aj  =  3,  y=l,  u  =  9,  «  =  5.  18^  aj=3,  y  =  2,  w  =  5,  «=-4. 

19.  «-2,  y=4,  «=3,  fi=3,  v=l.       20.  aj=2,  y =1,  «=3,  tt=-l,  t7=-2. 

21.  «=|,  y4'«=l-      22.  ^=^^'.        23.  «=2a,y-2ft,«-2c 

(a-6)(a-c)  a(a-6)(a-c)  sb        \6      c/ 

27.  x-h-^c-a.  28.  x=abc,  f/^ah-hbc  +  ca,  «  =  a  +  6  +  c. 

K  4- 

XIIL    Lg.     2.  250,320.      3.  jg.     4.  6,6.     5.  42«.,  26^. 

6.  75*.  and  35*.       7.  5  and  7.       8    7,  10.       9.  2«.  6c^.,  1*.  8J, 
10.  1,  3,  5.  11.  Tea,  5*.  per  pound;  sugar  id.  12.  50. 

13,  £3000,  £4000,  £4500,  at  4,  5,  6  per  cent  respectively. 

14.  20 persons;  6 shillings  each.     15  8andl2.    16.  £540;  17 pence. 

17.  300, 140,  218.       18.  £70.  An  ox  costs  £10  and  a  laml?  18*.  9c?. 

19.  A  wins  21  games,  B  13  games.  20.  A  11*.,  B  38*.,  C  33*., 

B  32*.,  JE  36*.       21.  90  miles.        22.  A  could  do  the  work  alone 

11  21 

in  80  days,  j5  in  48  days;  A  must  receive  —  of  the  money,  and  B  ^ 

of  the  money.  23.  ^  in  5  minutes,  -5  in  6  minutes. 

24.  2 J,  2  miles  per  hour;  distance  5  nules.      25.  100  miles;  original 

rate  25  miles  per  hour.     26.  ^26,  ^14,  C8.      27.  A  in    ^^     days, 

B  in  — —  days.      28.  -^^ miles  per  hour.       29.  4  yards  and 

5  yards.  30.  27.  31.  63.  32.  Coach  goes  10  miles  an 

hour;  train  goes  30  miles.      From  ^  to  j8  is  16|  nules;  from 
^  to  C7  is  20  miles ;  from  (7  to  -ff  is  40  nules.  33.  600  yards. 

2a:* -4         «6  .    ^         ^    a  +  b  +  c 

xrv.  1.  a.       2.  H-.       3.  -.      4.  0.        6.  — ^ • 

a;  +  3  a  2 

8.  a;=a+6.        9.  a;=a,  y=6,  z=c.        10.  (x+l)  (a;+2)  (aj+S)  (a;+4). 

XV,    1.  —5 =-  ,        3,  t  =  x.         6.-77-.         7,  x  =  b  —  c, 

y  =  e  —  a,z  =  a-b.        8.  Clear  the  given  relation  of  fractions ;  thus 
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■we  find  (o  +  6)  (6  +  c)  (e  +  o)  =  0,  therefore  one  of  the  three  factors 
nrnst  vanish ;  hence  the  required  result  follows.  9.  Each  child 

obtains  £1920.  12«.,  and  each  brother  £960.  Gg.  10.  x  =  -  3a. 

XVI.     1.   l  +  ix+l(ix'+12jf+dx*. 
2.  1  -  2x  +  3x' -  ia^  +  3x' -  2x' -t- x'. 

4.  l+Gx+15x'+20;,?+15^+Gx'+x'.  B.  2{l  +  l5x'+l5x'A-3f). 

9.  The  numerator  will  be  found  to  be  equal  to  5  (I  +  aj")'  and  the 


den 

ominator  to  {1  4 

a^', 

so  that  the  fractio 

"  "  1  +  «:■  ■ 

XVIT.    \.  x'- 

K+I 

2.  ic'-Sa;- 

2.          3.  2x'  +  3j!-1. 

4. 

2x'-x+l. 

5. 

2a^-3ax  +  ia'. 

6.  Sa;'-3(KC+4»'. 

7. 

(x-a)\      8.  a' 

+  b'. 

9.  (a'+5')(c'+ti 

).       10.  a'-b-^e'-ci: 

U. 

.-2-1 

12.  .-|.^. 

'^■^^^ 

14. 

a'  +  (26-c)a  + 

g'. 

15.  (a^2b)x'- 

lX-^2b-3.        16.  M4. 

17. 

x'-^x  +  2. 

18 

2x'  +  icx  -  3c'. 

19.  2a^-3cx  +  ie\ 

20. 

5-51. 

21.  9009. 

22.  32-23. 

23. 

111111111. 

4.  a;  -  ^  .            26.  The  given  expression 

.(^-!«H("^'-!/=) 

-(J/ 

'-,x){z'-xy)\^ 

two  similai-  eipresaiona 

1 

=  (x'-yz)x{x 

+  *'-3a:ys)  + two 
x'  +  y'  +  z'-Zxyz 

similar  expressions 

XVIIL     1.  X*. 

■    *■>■    =■©■■• 

6. 

oU-UaM  +  a 

-ifiS 

7.  itUms- 

a;j,i„y5.         8.  a'-l. 

9. 

„  +  „i^l+a-^ 

+  a- 

10.  -4fl-'6~ 

+  9<i-'i.         11.  x+y. 

12. 

a;!^a:*o*+oi. 

13.  »-+l+«-. 

U.  2a^-3a:y+2/. 

15 

«  +  fli6l-6. 

IG 

x  +  a 

^^  y^yij^^^. 

j;^  +  3j<«  +  a'' 

x^                  2^i 

18. 

2<»*  ~  3t*  +  4c:l. 

19.  16*'- 

6a;'+12-4;«-Ua:-^ 

XIX.    1.  a''4a'iUa'6*  +  a6'  +  a*6*  +  ;i' 
a.  2»  +  2'.3*  +  2^.3*  +  2.3  +  2*3'  +  3S. 


I 
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3.  3*  -  3 .  5*  +  3*  5^  -  5*.     4.    2679492.     7.  3^-  -  4  +  3    /| . 
8.  a  -  2a*6*  -  6.       9.  1  +  ^3.        10.  2  -  ^3.         11.  ^/5  +  ^2. 

12.  V10  +  2V2.  13.  3^7-2^3.  14.  sj^^^  ,J\' 

19.  |V3-2.  20.  1.  21.  l+<y2+^3. 

22.  1+^|-  V|.       23.  V6  +  V3-V5-1.        24.  1  +  ^3. 

25.  1  +  ^5.  26.  ^3  -  <y2.         27.  V^  -  ^5.         29.  x  =  25. 

QA  'r        oi  ^         «i  a*+6'  +  c*— 26c  — 2ca-2a6 

oO.  85=7.       31.  as- r,  ^32.  x= -. . 

a  +  6  4c 

XX.    1.  a:=l,  3.         2.  1,  4.         3.  |,   ?.         4.  4,  -^. 

5-  3,  ^.  G.   17,  |.  r.  -4,-6.  8.  5,-y. 

9.3,11.  10.|.  -|.  ll.|,-|.  12.  •^.-^. 

13.  jjj,   jj.           !*•  rs'    60-          15.4,-1.  16.3,-3. 
17.4,1.                 18.6,-1.              19.  5,- s.        20.  8,  s- 
21.  |,   2'.             22.3,-^..         23.10,^2.  24.-|.-^J. 

25.  |,    j^.  2G.  =t^/6.  27.  -1,?.  28.   7,-^. 

24 
29.  3,  -— .  30.  2,  IG.  31.  ~  2,  -16.         32.  5,  -3. 

33.  3,-5.  34.  29,-10.        35.  10,-29.  36.   1,  f. 

37.  3,- J.  38.  2,  J.  39.8,-8.  40.10,-?. 
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41.  2,  -  3.  42.  24,  ^ .         43.   3,  -  1* .  44.  3,  - 1 . 

4.  7  IS 

45.  3,-|.  46.  ^,1.  47.  y ,  1.  48.  0,4. 

49.  0,  g.  50.  1,-^.  51.  2  +  V3,   and  - (2  +  ^3)  2. 

52.  a* 6.  53.  a^Jia^-V).  U.  ^,   ^. 

55.  J{a  +  ft  +  c±<y(a*  +  6*  +  c*-a5~&c-ca)}.  56.  a  +  &  +  c. 

57.  -  «,  -  6.  58.  «'_±JWiy-/yH.4a6c'} 

2a6 

^^    ^   2a5-a<?-5c  .^    2a-6        3a  +  26 

a  +  6  —  2c  ac  he 

61.  — V [ah  +  5c  +  ca  «fc  ^{a"6'  +  6*c'  +  cV  -  a5c  (a  +  6  +  c)}]. 

^-  ""*'r(2^T3)- 

In  the  following  Cliaptei*s  the  irrational  roots  axd  the  impos- 
sible  roots  have  not  always  been  given;  and  some  of  the  roots  given 
are  not  applicable  ;  see  Arts.  329,  330. 

-XXI.     1.    1,  ~.      2.  1,-2.      3.  (-41)^,9.     4.  U*,  (-1)^ 
5.  2,  3.         6.  2",  (- 1)-.  7.  {-  J  a  ±  J  {a  -  c)}'.  8.  *  11. 

9.  ±2,V10.     10.8,^.     n.8,(-^jJ2y.     12.  2«^(-|)«-. 

.4,-1.   14. 4, 1 .    15. 16,  (-  ^y.  16.  (- 1)^  (ly. 

ItJJ,!.     18.  2-,1.     19.  9, 4^     20.^5.     21.  M^. 

22.  16,  0.  23.  18,  3.  24.  2*  =  8  or  - 10  ;  so  that  a;=  3. 

25.  5,  -  8.  26.  0,  -V-  a.  27.  «"=  -%  or  ^  . 

2  w-2       n+1 

28.  af  =  -ah^i(a*^h')^^3. 


13 


f 
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29.  {J{x  +  2)  +  J{oi^+ 2x)Y  ^(a-X"  Jx)%  a  quairafcic  in  Jx,  from 

^  2  +  2a  '  (c  +  2)* 

31.  Multiply  up  and  arrange  x{J{a''x)~J{a+x)}=Ja{^{a'-x^''d\y 

square,  &c.  «=0,*f!^  .  32.  ±  2a.  33.  1,  -  y  •  34.  1,  i  . 
35.  -^2a,  *2a V(-"l).         36.  a^==0  or  ^^^  ^^-  ^  -  f  * 

38..a,.l.  39..^3^.^4?i).  40.^^2.  41.0,^11^: 
42.|(W5).  43..-=^^'.  44.a:-  =  9.  45.  «^=^.. 
46.  a:*  =  ?-^.  47.  {ci>/(c«-l)}^.     48.  0,  ^ .    49.  db2a,  ^^{-6). 

50    ?     ?  51    0      ^(^  +  ^)(^'  +  ^')  52    1      ^ 

50.  g,   3.  51.  0,-3^.^3^.^^^^.  52.   1,-3. 

K^    ft      23  ac'  _    ,    47-44^6 

53.  8,--^.  54.  _.  55.   1;         ^3^    > 

59.  0,  i{a  +  6  +  c±  V(«'  +  ^'  +  <^*-2&c-2ca-2a5)}. 

60.  0,  — 7^ .      61.  0,  J=  V(»'  +  ^')-       ^2.  0,  ±  ^{mn  +  a  (w  -  w)}. 

63.  0,  a(  1  ± 2     /-  )  •  64.     Transpose  and  square;  we  get 

2j;(2a;+  1)  J{x'+2)  =  2  (aj'+ 1)  (2a;+  1) ;  it  will  be  found  from  this 

that  the  only  solution  is  »=-^.       65.  1.      66.  4,-9.      67.  0,2. 

Rft    n      ^    1        1^           AQ    1       1  -3d.J109  1 

68.  0,  -5,  3,  -  -3-  .         69.  1,  -4, — —  .  70.  1,  ^  . 

71.  2,  -5,  1  {>  3  ±^241}.         72.  a  +  2,  -  -J-  .       73.  2,  -  ?  . 

74.  1,  —  2.  75.  a*  +  5aa5  =  -  5a*  ±  ^(a*  +  c*) ;  whence  a:. 

1  9 

76.  o:^  +  3a?  =  7  or  —  -  ;  whence  x. 


77. 


4  4 

a'  +  x'     a'-^x'    ,  a 


ax 


=  ^r^'^'^-^  ^=2^"^*'^^)- 


+ 1  =0.  88.  a  +  -  =  -s-  or  ~  -5-. 

X        o  o 


89 
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78.  ^=  (^  -  o  +  o)  "*■  (*  ~  2  ""  2)  '     Q^a<^*ic  in  fa  -  -J  . 

79.  (a*  -  «)•  -(«;•-  a)  =  a.  80.  4,-3. 

81.  Ux  +  J{x-^7)Y  +  Jx-^J{x  +  7)  =  i2.     «  =  ^  orally. 

82.  {x-^ijxy  +  2{x-4jx)  +  l  =  0,     aj  =  7±4V3. 

83.  *{^aj  +  ^(a+a;)}*  +  ^a;  +  ^(a  +  a;)  =  6  +  a;  &c. 

84.  "(aj*  +  ic)«  +  4  (a«  +  a:)  +  4=  16a;".   »=  1  or  2. 

85.  {a^+ay=2a\x-ay.  86.  (aj  + —Y  + afa; +-) +  6=-. 

87.  p-^V-af*-?) 

\a     xj        \a     xj 
.  (a; J— 2ra; j  +  l  =  0  after  expunging  ^(a:  -  1). 

90.  1  +  ^3=1=^(3  +  2^3),  1-V3*n/(3-2V3). 

91.  (aj+l)(a:'-a;  +  l)  =  0.  92.  (aj+ 1)  {1 +»(a;'-a;  + l)}  =  0. 
93.  a;  =  5  is  obviously  one  solution.  94.  a;  =  6  is  obviously  one 
solution.                     95.  a;  =  5  is  obviously  one  solution. 

96.  aj  =  0  is  obviously  one  solution.  97.  (a*  -  4)  («  +  1)  =  0. 

98.  a?  =  a  is  obviously  one  solution. 

99.  8x'  - 1  +  8  (2a;  -  1)  =  0 ;   therefore  a;  =  J  is  one  solution. 

4-      1  /       2\  9  '• 

100.  05*  —  ;:  -  -  ( a  +  TT ) :  therefore  a;  =  -  ^  is  one  solution. 

9     a;  \       3/ '  3 

101.  3^*=  1  is  obviously  a  solution. 

102.  a:  =  —  w  is  obviously  a  solution.  103.  a;  =  a,  5,  or  —  (a  +  h), 
104.  aj +p  -  1  is  a  factor.                      105.  a;(^-l)+l  isa  factor. 

XXII.     1.  3(aj-5)^aj  +  |V  2.  (a; +  60) (a; +  13). 

3.  2(a;  +  2)ra;-|Y      4.  (a; - 62) (a; - 26).      5.  sf-  14a;  +  48  =  0. 
6.  a:'-9«  +  20  =  0.  7.  a*  +  a;-2  =  0.  8.  a*-2a;-4  =  0. 

9.  42,  36,  117.  10.  f»  =  8.  11.  ^-^.pi^ -'^q). 

12.  csc*  +  Ja;  +  a=:0.  . 
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XXIIL    1.  »  =  *3;  y  =  ±4.  2.  a;  =  60,  40 ;  y  =  40,  60. 

3.  a;=2;y  =  2.     4.  a=4,-^;  y  =  3,  ^  .        5*  aj=7,  5;  y=-5,-7. 
6.  a;=2,  5;  y  =  6,  3.  7,  a;  =  ±7,  ±4;  y  =  ±4,  ±7. 

8.  «  =  -!,  ^;  y  =  -l,^.  9.  «=!;  y  =  l. 

«.^^  ^  <■-■  »>  333  ^   370 

10.  aj  =  *3,  t8;  y  =  ±5.  11.  «  =  ^>  28  '  ^"^  "84  * 

23  5  1 

J2.  x=±3,*36;y=±5,T-^.        13.  «^=*3,±j2 '' ^  =  ^2,  ±--^^  . 

14.x  =  -.2,-.y|;y  =  ^2->'V^ 

8  1 

15.  «=±3,±-^;  y=±l,±  16.  «=±4,±3V3;y==fc5,:fcV3. 

1^  ^5  3  io  o      ^3  ,  227 

^^-  *=*72l'2^  =  "721'  ^^-  ^-^'-27>  3^  =  -^'^- 

.  «  =  *y^2' 2^"^'^\/"2'  ^^'  aj  =  ±6,  y  =  ±3,  t3. 

21.  a;  =  ±3^2;  y  =  ^J2,^J2.  22.  «=  0,  4  ;  y  =  0,  5. 

23.  aj  =  0,-l;  ^  =  0,--^  .  24.  a;  =  0,  15;  y  =  0,  45. 

25.  a;=0,2,±V2;y=0,2,2:pV2.  26.  a:=0,  4, -2;  y=0,  2,-4. 

27.  «  =  5,^;  ^^^^l'  ^^'  «  =  4,  2;  y  =  2,  4. 

29.  a;  =  2,  0;  y=0, -2.  30.  a;=l,  4;  y  =  4,  1. 

31.  aj=l,  10;  .7  =  10,  1.  32.  a;=3,  2;  y  =  2,3. 

33.  «=8,  4;  y  =  4,8.  34.  aj=17,  1;  y  =  l,  17. 

35.a:  =  4,2,-l».yy;y=2,4,-l,y^i. 

36.  a:  =  4;y  =  l.  37.  a:=  1,  4  ;  y  =  4,  1. 

38.  35=2,  3;  y  =  3,  2.  39.  aj=±2,y=d=2;  ora;==fc2,  ^=^2. 

40.  a;=3,  y  =  l ;  x=l,  y-^Z.        41.  a;=5,  -2;  y=2,  -  5. 

42.  aj  =  ±2,  ±  1 ;  y  =  *l,  *2.      43.  aj=.i(9±^73),  y=|(9=F  >/73). 

44.  aj  =  *3,  ±2;  y  =  *2,  *3.         45.  »  =  *5,  *3;  y  =  *3,  ±5. 
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46.  «  =  *  3,  ±  2;  y  =  ±  2,  ±  3.  47.  The  first  equation  may- 

be written  thus,  a^  (y  +  a;  -  3)  =  3  (4a;  +  y  -  xy) ;  combine  this  with 

na!=*^{-3),  =1.^3;  y  =  3  =f  ^(- 3), * 3  ^3. 
48.  a:  =  8,  2;  y  =  2,  8.  49.  a:  =  9,  4  ;  y=  4,  9. 

50.  a:=8,  64;  y  =  64,  8.  51.  x=5,  13;  i/-4,12. 

52.  a!  =  4,9;  y-9,  4.  53.  a;- 2,  8  ;  y  =  8,  2. 

54.  V^  =  2*V6,i{*V(15)-5};^y=-2*V6,4{-.^(15)  +  g}. 

53.  fl:  =  5,y  =  3.  56.  »=±  l,y  =  3.  67.  a;  =  ?,y=ij. 

58.  a;'  =  JX=.V{«*+46')};     y*  =  i{- «'-=^(^V  46')}. 

59.  ay  =  ^{2a'-*' J(^a* +2b')\ ;  whence  we  may  proceed, 

ol,  a:  =  a,  6 ;  y  =  6,  ra.  b:!.  x  =  a, r—  ;  1/  =  o, r-  . 


1 


63.  Proceed  as  on  piige  109. 
65.  a:  =  0,2(o+6);y=0,2,<6. 
quadratic  in  ot/.  C", 

„   ._»^(2»-.'). .,    .„   »■ 


GG.  4(ia;y=(l— ay)';  this  gives  a 

'"'^=^    dmsa:=(^^±^ic 
c-y      c  ay-e  ' 

69.  *'^6'{2±^3};y"=a'{2=FV3}. 


70.  Add;  t]ius3;'(a!-I)"+y'{y-l)'  =  (i  +  6; 
equation  may  he  written  a;(a;-l)+y(y-l) 
x{r^l)  =  ^[a^^i2a+2b-a')};  y(y-l)  =  i{< 

71.  !e  =  0,  2a;  y=6,  -  J;  3  =  c,  -c. 

'^-  *"2'  2e=  ^^3'  13'  *"4'  r4-  '^-  ^"^  ""P'^  equations 

for  finding  iry,  ye,  kb.        74.  Three  simple  equations  for  finding 


D  the  first  given 
[ ;  thus  we  get 
.y(2«  +  26-a-)}. 


1 


1        1 


—  ;  also  X,  «,  and  s  may  each  ~  0. 
xy      y»      sa;  "^  "^ 

75.  Prom  the   firet  and   second    equations  by  subtraction  x-y 

or  a;  +  y  =  s ;  then  use  the  third  equation  to  complete  the  solution. 

We  shall  thus  obtain  m=  y  =  ±i  {2c  + a  *  ^(a'  + 4ac- 40*)}*,  and 

s  =  {2o-a^^(a'^iac-ic')]^ix;  or  a;2,y2=^(«+e)+^(ec~3o), 

y2J2=J{a+c)-J{5o~Sa),   zJ2  =  ^(a  +  c). 
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5 

76.  Fonn  m  quadratic  in  s;  ihen  s  =  6  or  —  ^  ;  'wkh  the  first  value 

355  190 

we  get  x  =  4  and  3f  =  5;  with  the  fleecmd  *  =  "4^>y  =  "or  • 

77.  Bt  diminatuf  s  w«  get  x  +  y  +  —  =  2  and  ay  +  -— ^  =  ^; 

(1  \     a^y*— 1 
1-— j=-^— ,&c.     2,  1,  J  are  the  values 

of  x^  3fv  a;  these  values  mav  be  airanged  in  six  ways. 

78u  We  mar  deduce  xy»=  0;  thus  one  or  mcne  of  the  three  x,  y,  z 

must  be  aero.     Hie  resolts  are  0,  0,  1,  which  may  be  arranged 

in  three  wava.  79.  x^a'-^^  J{a*  +  b'-k-(f). 

80l  Fonn  a  quadratic  in  x  -k  y -i-  s  which  gives  9  for  one  value,  this 

kftds  to  a  cubic  in  xy,  of  which  the  roots  may  be  seen  to  be 

6,  8s  12 ;  hence  for  the  values  of  x,  y,  «  we  get  2,  3,  4,  which 

mar  be  arranged  in  six  way& 

XXIY.     1.  15  and  24.         2.  3.4.5;  that  is,  60.         3.  120 
and  121  yaids^  4.  five  miles  per  hour.         5.  66  on  one  side, 

22  <m  the  oth».  6.  28  acres.  7.  14.  8.  |  (1  +  ,^5)  is 

the  produced  part ;  a  being  the  given  line.  9.  50  and  15.  10.  18. 
11.  Ninepence^  12.  30  Austrian;  36  Bavarian.  13.  5  and  4. 
14.  The  first  worked  24  days  at  4«.  per  day ;  the  second  18  days 
at  3*.  per  day.  15.  15  persons;   each  spent  5   shillings. 

16.  100  shares  at  £15  each.       17.  x*+ai'=9  (x+1) ;  therefore  x'=9  ; 

the  number  is  3.  18.  7  per  cent,  and  6  per  cent.         19.  Bate 

7 
of  train  is^  thatof  coach ;  14miles.     20.  A  40 hours;  B  60houi'S. 

21.  70  miles.  22,  150  miles.  23.  5  hours  and  3  hours. 

24.  15  hours  and  10  hours.  25.  36  workmen,  and  each  carried 
77  lbs.  at  a  time;  or  28  workmen,  and  each  carried  45  lbs.  at  a  time. 

XXV.     1.  1.     4.  The  expression  =  ^^^.^^^  (2b'+ca){2i^+ab) ' 
then  see  Art.  55.     6.  l+xUa;'-**.     7.  j2W{**  +  ^)+'Ji'*-^))- 
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12,  "We  get  hy  working  out  {b'xx'  +  a'?/J/' -a'b')'  +  aV (xy' -yx')'^<i. 

13.  £30.       14.2,5,9.      10.  a!=0,  |,       17.  a;-l±^3,  U^(-l). 

18.  a=l,  2,  3,   ^{-ll±V(-23)}.  19.  x  =  3^J5,  l^  J5. 

20.  ^(2ie-l)-^(5a!-4)=V(4a!-3)-V(3a:-2};  tben  square;  x=\. 
31.  a;-a+4c^(a:-a)  +  ic'  =  iB  +  a-46,/(j!+fli)  +  46*;  extract  Hie 
square  root;  a!=(c*i)'+ j-^ — rr^ .  22.  n3;=«{Li;+([-ft);  divide  by 
4aw(l-ji') 


J{x+a)-Jaix=0,- 


23.  3;=o, 


24.  fl!=~;  y  =  -^.  25.  3!  =  3,  ^;  3/  =  3,  -^. 

a+oa+6  5  5 

2G.  2a!=a  +  c-5±^(a'  +  6'+c'-26c-2ca-2a5);  k  +  j/^c. 

Alsox^J{ac),  i/^J{bc).  27.  a;  =  2,  j/  =  3,  3  =  1. 

28.  Add  the  four  equations ;  thus  (u  +  a;  +  y  +  3)'  =  4  (a  4-  6  +  c), 

and  from  this  and  tke  first  given  equation  {f  +  le  —  y  —  s)'  =  8a ; 

2v  =  ^J{a  +  b^c)^  V(2«)  *  >/{2b}  =t  ^(2<:). 

SXVI.     1.4:9;  10:13.  2.7:15.  3.   18  and  27. 

5.  Short  road  from  .^  to  S  is  2G  miles ;  fi'om  .B  to  C  52  miles. 

6.  Either    xa^yb-sa-  j— -r  ;   or   else   xa  +  yb  +  xo  =  0 

and  ar+y  +  a  =  -l.        II.  a!=6,  y=8,  s=10.        13.  w=*fi(6'-c'), 
y  =  j.})(c*  —  a'),  e-'^e{a'  —  b*);  alao  a:,  y,  and  *  may  each  =  0. 

XXVII.  I.  3.     3.  6400.     3.  57.     4.  hll^ , 
xy 

10.  In  tlie  fii'st  the  wine  is  ^  of  the  whole ;  in  tlie  second  | 

11.  ^  has  X72  and  .^  has  .£96  ;  each  stakes -j*^  of  his  money. 

12.  female  criminals  four-fiftha  of  the  male. 
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XXVIII.  1.  9.       2.  a=56.      3.  4.      4.  1.     6.  }.      7.  10. 

8.  27a:*-4y».       9.  y=2x+-.      10.  16.      13.  10.     14.  (r»+f^)^ 

15.  We  have  y  +  s  -  «  =  -4,  (a;  +'y  -  «)  (x  +  »  -  y)  =  J5y2j ;  tlius 
«•  —  (y  —  «)•  =  J5y2,  therefore  a:"  —  (y  +  «)*  =  (jB  —  4)  yzy  therefore 
(a:-y-a)(«  +  y  +  2)  =  (^-4)ya,  or --4(a;  +  y  +  «)  =  (^-4)y«. 

16.  2  (n  -  1)  hours.  18.  4  hours. 

XXIX.  1.  1022634.  2.  321420111.  3.  3015333. 
4.  208461.          5.  209.           6.  624.           7.  2223.  8.  15^1. 

9.  1105*.  10.  22441.  11.  17-6.  12.  753461.  13.  134M11. 
14.  124-96.  15.  1099-39.  16.  1589349609375. 

17.  450,  1214;  product  613260.  18.  3483.  19.  152. 
20.  mil.  21.  44-4;  in  scale  3  it  is  1001-2.  22.  62444261; 
aquare  root  is  7071.  23.  1101111.  24.  %tel.  25.  -739. 
26.  Eight  27.  Six.  28.  Eleven.  29.  Five.  30.  Six. 
31.  Five.  35.  2" +2'+ 2^  + 2*+ 2*+ 2'  + 2  + 1. 
36.  3*  +  3*  +  3*-  S»+ 1.  37.  3'-  3«-  3  - 1.  38.  3«-  3»-  3'-  3  + 1. 
39.  Iliree  feet  eleven  inches.  40.  Twenty-three  inches  and  a  third. 
43.  r"  —  1  and  r'~* ;  r  being  the  radix  and  n  the  given  number. 
45.  The  numba*  is  one  hundred  and  twenty. 

XXX.     1.  800.       2.  4.       3.  -333.       4.  -26f.       5.  -2. 

6.  eij.  7.  5.  8.  425.  9.  0.  10.  w(8  +  w). 

n  ( 1 3  -  n) 
11.  -A*    _^^  12    Common  difference  -  3.  13.  9. 

14.  4  or  —  11.  15.  2n  - 1.  16.  Number  of  terms  is  10  or 

12  ;  last  term  3  or  -  1.        17.  Common  difference  7.        18.  5,  9, 

13.  17.  21,  25,  20.  ?  {2  +  4  (n  -  1)}  that  is  n  (2n  -  1). 

51.  1111.  22.  20.  23.  J(n-l)n(2n-l)yards.  24.  1,  1334. 
2^.  Nine  means,  3,  5,  7,  ...  19.  26.  Number  of  terms  19  or  -  2. 
27.  5  or  - 10.  28.  4  or  7.  30.  The  number  of  terms  is 

•N-^w  —  1  or  m  +  n;  in  the  former  case  the  last  term  is  1 ;  in  the 
)iittie<r  c«vsie  the  last  t^nn  is  zero.  31.  4  or  9. 

^i  /  *  y  +  (m  - 1)  2^.  37.  17.  38.  100  or  - 107. 
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39.  Number  of  terms  7 ;  middle  term  11.     41.  «'.     42.  —  w(-l)". 
43.  i{l-(2n  +  l)(-l)-}.  46.  9.  47.  iw(n+ l)(n  +  2). 

50.  I (19-71).  ^^'  To'   Yo^   To'  W  ^^'  25  months. 

63.  15.  54.  — — =-  hours.  55.  468. 

r+l 

^^^'-     '-t{(S)-'}-     2.-|{2"-1}.     3.0{i-Q-}. 
4.  ||l_^|y|.        5.  2.       6.~.        7.  1.        8.  9.        9.  10. 

10.  g.        11.  jj.         12.  g.         13.  gg.         U.  jj.        15.  -3. 

19.  4-(/i  +  2)2-"^».  20.  6 -^(271 +  3)  2-^ \ 

21.  |{2+(-l)"-'  ^;i^}.  23.  81.  24.  £108,  £144, £192, £256. 

25.  -^— ,  {a^-(_l )-_!}.      28.  £3.  is.      32.  Common  ratio  .r^^  . 

33.  ——^ — yrj^ '-Y  .     38.  r = 2,  a = 3 ;  r  is  found  by  an  easy  cubic. 

(t*  —  1 )        r  —  1 

3^-  ?^\^'-^ii)--^'     ^^-  It^^^'-^)-?'-     ^^-  2,4,8,12; 
or-^,    ir>   o>   b-  *3.  2,5,8.  45. 


2  '     2  '    2'    2*  '    '  (l-r)(l-6r)* 

XXXII.     1*  fi  »    7  •  2'  2»    3'   I To*         ^'  ^^  P 

d^oteit,  then-=i  +  (n-l)f|--V  4.  ^^^|^. 

2  1 

8.  2  and  4.  11.  2,  3,  6.  12.  The  terms  are  ^  and  g  ; 

thfin  the  scries  can  be  continued,  14.  "We  may  shew  that 

A  =  -zi — '^  and  G  -  ^   ~  ,  :  as  -4  and  6^  are  thus  known  in  tei-ms 
2a -6  2tt-6  ' 
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of  a  and  ft,  we  can  find  the  two  quantities  in  terms  of  a  and  h. 

19.  df-k-abf  a* -6',  a*-ab,  20.  The  common  difference  in 

2 
the  arithmetical  progression  formed  by  the  reciprocals  is =- . 

XXXm.     1.  13411323.         7.  36  nules.         8.  64  gallons. 
9.  A  £100  i  B  £80. 

XXXIY.     1.  1120.  2.  453600.  3.  454053600. 

A    ^laKa  K    ft  a      lig  7    20.19      19,18 

4.  34650.  5.  6.  6.  ^^ .  7.  -j-^-  ,    -j^ . 

195         195  160  15 

^-  {9|56'   [10[85*  ^•[12[48'  ^"-  "^^  ^^''2' 

12.  Suppose  one  person  to  remain  fixed,  and  all  possible  permu- 
tations  formed  of  the  other  n  —  1  persons.     This  gives  [yi  —  1  as 

the  number  of  ways.  But  this  counts  as  different  ways  a  pair  of 
cases  in  which  each  person  has  the  same  neighbours,  but  the 
right-hand  neighbour  of  one  case  becomes  the  left-hand  neigh- 
bour of  the  other,  and  vice  versa.  If  such  a  pair  of  cases  is 
counted  as  only  one  case,  we  must  divide  our  former  result  by  2. 
For  example,  if  there  are  three  persons,  there  is  only  one  way 
of  arranging  them,  in  the  latter  view.  13.  [9,  [10  — 1 9. 

,,    12.11.10      16.15.14.13  _    _  ,,         .  " 

14.  ps X j- .  lo.  If  there  is  only  one 

(3  [4 

thing,  it  may  be  given  away  in  n  ways ;  then  as  a  second  thing 
may  be  given  away  in  n  ways,  there  are  n'  ways  of  giving 
away  two  things;  and  so  on.  16.  n  =  2r  +  1;  r=8. 

\m  \n 

17.  ,-,-~^= —  X ,    ,  ~ —  x\8  +  r.     Or  if  the  m  things  are  exactly 

\r  \m  —  r     [g  [rir  —  g     ' 

ru         A    1      .1.         *!.•          I^-*-**               ,o    n(n-l)(n-2) 
alike,  and  also  the  n  things,  -| — j — .  18.  — ^ r^ • 

20.  4080.  21.  86400.  22.  !^x[3;  if  however 
the  three  letters  are  to  retain  an  invariable  order,  the  answer  is' [5. 
23.  10.9.8.7-9.8.7  with  4  flags;  10.9.8-9.8  witli  3 
£aga}  10 .  9  -  9  with  2  flags ;  10  with  1  flag.     5275  signals  in  all. 
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152 
2i.  90.     25.  36.     26.  3x14x14.     27.  nT,      28.  nWi*.    29.  120. 

n(n-l)    ^ (/>-!),,       o,  n(n-l)(n^2)   ;>(p-l)(y-2) 
"*"•  "T72  ITT""^^-     ^^-  [3  [3  • 

|24 
32.  Increase  the  preceding  result  by  Tinity.    34.  m-ji^TioTs'     35. 17;  if 

t[£}  iif  1 

however  each  set  may  be  in  order,  either  from  left  to  ri^t,  or  from 
right  to  left,  the  answer  is  8  x  [7.       36.    I.  8.7.6.5  cases  without 

repetition.     II.  -r-^  x  L=  cases  in  which  a  occurs  twice :  also  as 
^  1.2      2 

many  in  which  i  occurs  twice;  and  as  many  in  which  n  occurs  twice. 

14 
m.  r^rj-  cases  in  which  a  and  *  each  occur  twice;  also  as  many  in 

which  i  and  n  each  occur  twice ;  and  as  many  in  which  a  and  n 
each  occur  twice.    Total  2454.         37.  63.        39.  [4  x  11111  x  15. 

XXXY.    l.^:^a^V.    2.^^«a'.     3.  l^ii^Ma^V. 

1.  J  l.i0  14 

2002   2001    — 
4.  ^  '  ^       a'^g^^        5.  625-2000a;+2400a:*-1280a;»+256ic\ 

o    9.8.7.6^,5,,,      ^       10.9.8.7.6^,1.?       n    1^^    «  s 
6.  ^ yxi  4 V'.     7, ^ 2'a^  b\      9.  r^a'x\ 

10.  .^^  (aV  +  aV).         11.  64a«  -  96a*  +  36a*  -  2.         12.  lOc*. 


14.  This  follows  directly;  or  thus,  (1  +«)""' '(l-a)  =  (l+a;)"(l-a;'). 

|2w+l 

16.  From  2nd  to  5th  terms  of  (3+2)*.     18.  == r  (-1)"". 

^        ^  n-r  n  +  r  +  1  ^     ' 


Jn  (- 1)'-*  a:--''**        [^(-l^-^ic^-*-'        (-1)"  [2n 

^^'    \r-l\2n-rTT'       |r--l|2n-r+l  '  \n\n     ' 

20.  {of  +  a*)-  =  {x  +  a  V(- 1)}"  {«  -  a  V(-  1)}" 
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XXXVL     IX  (r-lUr.2)(r.3)^ 

,.    (r  ■!•  1)  (r -t- 2)  (r  +  3)  (r  +  4)  ^ 
14.  jj  X. 

(.»-l)(2n-l)(3n-l) {(r-l)n-l} 

jg       (p-l)(2p-l)(3f»-l) {C-Dp-I}^ 

Ir 

,_    1.3.5 (2r— 1).    ,.,^  iQ    2.5.8 (3r— 1)_^ 

17.  7^. (- 1)  ^.  18.  ^. «*. 

jj,    7.9.11 (2r.5)^  20.  l-5.9----(^r-3)^ 

28.  2iidand  3rd  terms  ^x|  =  |.       29.  3rd  term  =  If^"  ^  =  II • 

30.  5tli  and  6tli  terms  = —^ — '    '     f  =J  =  ^     ,  . 

31.  3rd  term  =  ^-^  T^A;^  .  32.     If  n  =  1  tiie  2nd  and  3i\l 


SAl  /TV 

-  3.6  vi2y* 


terms  are  the  greatest ;  if  n  =  2  the  2nd  term  is  the  greatest ; 
and  for  all  other  values  of  n  the  first  term  is  the  greatest. 

33.  ^^'\^'^^ .  34.  Sixth  term.  37.  — ^-  {211'  +  4n  +  3). 
38.  Coefficient  of  ««'  is  ^  -  ^' ^ -••■  (-^- ^) .  coefficient  of  a;***  is 
obtained  bj  dividing  this  expression  bj  a.  41.  (1  —  «  )  , 
Uxat  is,  V2.       42.    J^.        45.  ^"(^""^> (^^^^-1) 

XXXVII.    1.  6.     2.  -16.     3.  2*.3*+2\3  +  2*.3*  +  3*=1905. 
4.  3.  5.  -2'5  +  2«. 3'. 5-2*3*5. 


'     19/-?!_4.      ^'  2'  2  1  I 

•  ^l;8[4"*'l7!2[3"^|67[2"*"l5T6'^|r8r 


L;8[4     [7I2[3^[6=4[2"[FJ6"^[4^^ 

7.  2*.5.7'-2'.3.5».7  +  2.5*.    ""       8.-64.  9.-20. 

15      35     03         37  1  35 
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a. 7     7.11. 19\  ,,    ^^  ,.    w*  +  6»«-13n*+6n 


.  (^-l^y        14.  50.         15. 


13 

16.  The  expression  is  {(1  +  a:)  (1  —  a;)"*}^     Hence  the  coefficient  is 

7.6.5.4    *r.G,5   14     7J5   14.15     7  14.15.16     14.15.16.17 
[4       ■*""|jr-  1  "*"1.2-    1.2    "*'r       [3        +  [4 

17,  ^^.1.  18.  n(n>l)(«^2)(n-3)y ^n(n-l).   (r^-4)  ^,3. 

.    4  2  3 


[2  [3 

»(n-l).  .(w-5)            n(n-l)...(n-6) ^       «(w-l)...(«-7) „, 
-         1*12       .    ^^  +  [6 ^3+ -^ 2, 

19.  0.  20.  5a*  +  20aja/i*+10a,'a*. 


•-4_  i. 


21.  «(»-lHn-2)^^..,^^^^.^n(»-l).^....(«-8)^„^.^^ 
^n(n-l).^...(n-4)^^..^^,^       22.-23.       23.-|+^\ 

Ai                 /       ix          m(w»-l)(m-2)     .  «-    «^ 

24.  »w«,+  w(w-l)a,a,+— ^ r^^ ^a/.  25.  20.     . 


\1 
26.  -210.  27.  1260.    ,  28.  12600. 

29.  a-+na--(5+c)+^^V-'(6+c/+^i^^^^ 

n(^-l)(n-2)  JIO^  Jl^ 

o«    1      iL       /I      Sft'N    .     /3b     db^    ,     /3      156«     356*\    , 

35.  l  +  6a:-(g--2-)«^-(2-T;^n8--r^-^}^-       . 

36.  a-' -  a""6aj -(»-•<?- a-'6")  ic* 

+  (2a-6c  -  a-V)  a?  +  (a^V  -  3a- Vc  +  a^'b*)  x\ 

^^    ,  w(»-3)   .     w(n-2)(n-7)    . 

37.  l-na?+— ^r — 't? ^ P '-x\ 

2  6    . 

38.  May  be  proved  by  Induction.  39.  For  the  first 
part  put  a;  =  1.    For  the  second  part,  let  S  denote  the  series,  so  that 
S=  a,  +  2a.  +  3a,  +  ...  ■\-nra  , :   and  aa  the  coefficients  of  terms  ^ 
equidistant  from  the  beginning  and  the  end  are  equal,  by  Ex.  38^ 
S  =  a^. J  +  2a^.,  +  . . .  +  nra^     Then,  by  addition, 

2/Sf  =  nr  {a^  +  a,  ..*  +  a^}  -nr(r-\-  \)\' 
T.  A.  ^^ 
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40.  (1  +  «  +  iB*)"  =  a,+  a^x  +  a^  +...  +  a^_^"*+  a^_,«*'~'  +  a^«**; 
change  the  sign  of  x^  and,  since  tiie  coefficients  of  terms  equi- 
distant finom  the  beginning  and  the  end  are  equal,  we  have 

(1 -«  +  aO"  =  a^  -  a^.,a;  +  a^_^  -  a^_3a;' +  ... 
Multiply  together,  and  select  the  coefficient  of  o^. ;  this  will  there- 
fore be  equal  to  the  coefficient  of  o:^  in 

(1  +  a;  +  a^'(l  -  a;  +  aj»)-,  that  is,  in  (1  4- a»  +  a;*)". 
Then  put  a*  for  a^*,  a*  for  «„_,*,  ...  and  divide  both  sides  by  2. 

XXXVnL     1.  4.  2.  2.  3.  1.  4.  5. 

5.  3; -2.  6.  -698970-2;  -732393.  7.  -778151-3. 

10.  i{logl0-31og2}.  15.  20.  20.  About  125  years. 

XXXIX.     1..  This  is  an  example  of  equation  (1),  Art.  545, 
in  which  m  =  (a;  +  1)  (a;  —  1)  and  «  =  a*. 

2.  log(a;+2/*)a;-log(a;+A)*  =  log|l-^^^|.        3.  See  Ex.  1. 

5.  log(3+3a;+a:*)a;~3  log(l+a;)  =log|l  ,1 .     6.  We  have 

4iP                2a;  —  1 
to  find  a  series  for   log  {x  +  1)  ~  ^ -log  x  +  ^ \  log  (a  —  1), 

^X  ~f*  X  ^X  ~H  X 

that    is,    for    log(l+-j+^ -logM^-j,      that     is,     for 


X 


XL.     1.  Series  =  —  < 1 —  &c.  > ;  convergent  by 

fit  \X     X  -\-  a     a?  -f"  ^ci  J 

Art.  558.     2.  Divergent  if  a;>  1,  convergent  if  a;<  1.     If  a;  =  1  the 

general  term  is  — ^ — -,  which  is  >  - ,  and  the  series  is  divergent. 

3.  Convergent  if  a>l ;  divergent  if  a<l.  If  a=  1  the  series  is 
obviously  divergent.  4.  Divergent  if  a;  >  1 ,  convergent  if  a;  <  1. 
If  a;  =  1  the  series  is  obviously  divergent.    5.  Same  result  as  Ex.  4. 

G.  Series  >  1  +  .^ — -  +  - — -  +  — -  &c     and  therefore  divergent. 

1+21+31+4       '  ^ 
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7,  Divergent  if  a; >1,  convergent  if  a:<l  ;  if  3;=!,  obviously  di- 
vergent. 8.  Eesulta  the  same  as  in  Art.  562.  9.  Divergent 
if  a;>l,  convergent  if  x<l ;  if  a;  =  1  it  is  a  Beries  discussed  in 
Art,  5G2,  10.  Convei'gent  if  fl;<l,  dix-ergent  if  a;>l;  ifa;  =  l 

the  resulte  are  the  same  as  in  Art.  562. 


XLI.     2.  £900. 
6.  Between  48  and  49. 
XLII. 

4.-^=-^  = 


n- 


J.  6.  40  :  41. 

.   Nearly  32. 
1.   7  years,  2.    120  days. 

^-l^^h=  M^TPT^-  ^-  Equate  the  coefficients 
of  af  in  (1  +«)'=(l+a;)'(l  +»)'-'.  9.  Equate  the  coefficients  of  xT 
in  (1  +  x)'  =  (1  +  x)'^-"  (x  +  1)"-'.  10.  It  will  be  found  that  tiie 

whole  coefficient  of  o  vanishes,  and  also  the  whole  coefficient  of  /3. 

XLin.      1.  £24.  lOs.  2.   Cent,  per  cent.  3.   4  per  cent. 

4.  ,£6400.  5.  SJ.  e.  £7207'08,  7,  £.225f^y. 

8.  '.2i^82    ,  littlen,orethan9.        9.  A.      ^  _  ,  wheve  A 
log  5  ~ log  4  ti'      K-m 

ia  the  first  payment ;  m  mnst  be  less  than  R.  10,  e"  . 

13.  A  X  2-017238. 


-■-m- 


12.  P{\-r): 


L  1-  -L  -L  i-  J- 

"  1  +  2  +  1+1+1+ 55' 
T+  1T1+2+3+  1+3' 
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5     2e     2G5     1351  6     7     37     54 

"•  i*  T'  "sT*    260  '  r   1'    4'     5  • 

7     22     29     51  10   1?     ?^     *^     80801 

9-  j»  -ji    4  »    7  •  1  *    20  '    401  *     8040' 

1        1     J^         a     2a' +  1      4a'4-3a      8a*.f8a'-hl 
^^'  '*'*"2T+  2^  2a+  ''''  V       2a    '     4a*+l  '        8a»  +  4a    ' 

1  1  1         1  g-l    a   2a'-a^l      2a*^l 

1-.  rt-l+j^2(a-l)+X+2(a-l)+-     1    T     2a-l    '    "1^ 

1111a     8a+l     4a'  +  3»     8a'  +  8a+l 
^^'  '•^^^S^  27  2(|-1*       ^     '    4a  +  l  '        6a-^4.      * 

14.  «-l'»';r- 


2+2(a-l)+2+2(a-l)  +  '" 

g^l     2a- 1     4a'-5a-fl     8a*r,-8a+l 
T"'       2     •       4a-3      '        8a -^4 
[13  and  14  are  connected,  because  a*-  a  =  (a  - 1)*  +  a-  1.] 
,^    25G      ,^1520     ,o     1         ,1         ^^1  .1 

15.    -J^,       16--07Q--      IS- 7Trr«  8^*^  oTTqT.'      ^O.^^j-r^rrjand 


71'  273*         (44)'       2(49/'       '(240)'       2(2111)«* 

21    -i-and— 1-       26    ^    ^   ^   ^     27    ^^^      28    ^^^ 
"^^^  (273)-       2(2885/\  2'  7'  30'  97'    ^     396'       ^-  "80  * 

29    1^     5^  30   yi  31    i^  32     /2 

33.  Positive  root  of  «?•+  2a:-  2  =  0.  34.  That  of  7iB*- 8a;- 3=^0. 

35.  Thatof  7aJ"  +  8«-3=0.        36.  That  olf  59a;*- 319aj  + 431  =  0. 

XLVt,     1.  «=2>  y=l.  2.  a;  =  4,  y  =  5. 

a  a?  =  l  ou6,  y  =  20or  I.  4.  3^=1  +  7^)  aj=41-10«. 

5.  05  =  25-?^  y  =  25  +  3^.  &  aj  =  90-19<,  y=13«. 

7.  a;  =  8,  y  =  3.  6..  a;  =  7,  y  =  5.  9.  a;  =  11,  S(r=18. 

10.  a;-37,  y  =  13.  II.  4  or  5.  12.  19  or  20. 

13.  4,  or  5.  14.  2.  15.  16.  16.  5. 

17.  3  guineas,  21  half-cirowns.  '  18.  3  sovereigns,  20  francs. 

19.  185,  15;  119,  81;  53,  147.  2Q.  28,  20. 

21,  When  n  is  even,  the  common  diflference  ia  3 ;  when  n  is  odd, 
the  common  difference  may  be  1  or  2.  22.  245. 

2a  104  +  3.5.7.ft  24.  97.  25.  Ascribe  to  y  succe^ 

jsdve^jr  the  values  1,  2,^... 8;  and  in  each  case  find  the  correspond- 


p 

r 

ANSWERS.      SLVI.   iLVlI.   XLVIII.                      597 

ag  values  of  a  and  a.           26.  «=  1  +  3i,  y  =  31  -  TJ,  4  =  63  +  13(. 
27.  Allowing  a  Eero,  there  are  15  solutiona ;  excluding  it,  there 
ire  14.      The  Bolutiona  are  fbund  fi'om   100 -(  half-crowns,    6( 
hillinga,  and  100-  T<  fliipeaces. '                       28.  Allowing  zeros, 
-.  solutioaa ;   excluding  them,  3.     The  solutions  are  found  from 
1  -  (  guineas,  5(  crowna,  and  12  -  it  shillings.             29,  6  crowns, 
1  half-crowns,  2  florins.        30.100.        31,205,502.         33.974. 
33.  6567.                 34.  80  ducks,  19  oxen,  1  sheep;  or  100  sheep. 

35.  1 ,    1 ,    ^  .                36.  49,  43,  38.               37.  The  lO?"^  and 

104"  diyisiouB  reckoned  from  either  of  the  common  euda. 

38.  Wc  must  solve  6a:  +  4y  +  3?  =  2Q  :  Uie  accompanying  table 

0 
3 
4 

0 
5 
0 

1 
0 

1 

3 

1 

3 

1 

i 

0 
0 

exhibits  the  solutions  of  this  equa-         I 
tion.    Then  we  can  use  {1),  (4),  {5};         1 
or  (2),  (3),  (5);  or  (3),  (4),  (4).                1 

■ 

■ 

(1)  (2)   (3)  {4)   (5)    (6)          39.  £2.  lis.  Gd.       40.  £2.  I5t. 

XLVII.    1.  a;  =  2,  s  =  4;  ?!-3,  t/  =  I. 
2.  x  =  i,  y=21;  x^5,  y  =  7.                    3.  j;  =  18,  y  =  5. 

4,  a!=10,  y=l.      5.360.      6.  1G84  square  yards.      7.  10  and  7. 
rf.  a:  =  0,j/=3;  a;  =  2,  j  =  l.           10.  j:  =  l,  y=3;  K-53,y=16. 

IXLYIII.     l.l(^):                               9.{3(^ir-,-S.}^. 

5.  (n  +  l)ie".                 6.  (7«  +  5)  {33;)-.                  7.  (iH-iyaT.                 , 
8.  l  +  x-af-x'......              9.  l  +  23;-(-a;'-4a:'-llio* 

n    ^4.'"^^^^.^"'"'                          11     •       *..*'     *' 

°-2''2-'T-'2-'"8- ^^■a'-a--'a'-3> 

IS.  l+px+p(p^l)^+{p''~2p'+\)»^  +  p{p'-Sp'+p-t-2);c* 

1       '    i'  1       '        '     ,     '    "i 

(l-a)'Vl+«      l  +  ax      l  +  a"3:     1  +  o"  V 
15.  a.l,  i-U,  »  =  U,  i»l,  «-0.                                                     _ 
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^^^-    ^•l4LTb5(3')"-^3(2«,)-. 

4.  a;  less  than  :}.  5.  2"-' (5w  +  6).  6.  3"-«-l. 

^    64     64      .^  o    2  +  5a;+5a!*     ,    ,.,   .,  ,     «       ^, 

^-   r"  3-'  -(-l+a;)»     ^'  (-l)"a'(n'-2n  +  2). 

^    '^^  I+/»'^'  •  8(4     2(n+l)(7*  +  2)J'   32' 

^1/11      l^JL 1  1    V     11 

•^•3\l'^2'*'3     n+l      n  +  2     n  +  Sj'   IS' 

n 1 3 .  n 

•  96     2(w  +  2)(n  +  3)     4(w  +  1)  {n  +  2)  (n+3)  (n  +  4)  ^    96* 


5  3n  +  5  5 


n(n+l)(n+3) 


^'  6      (n  +  2)(n  +  3)'  6'  ^'  6 

(a;  -  1) 

13.  Expand  and  we  get  ^^_^.  |l  +  ^-^_^.  +  ^^^^  + j. 

14.  y/l+««+^^<t«^,......+^,("^^)-<V">-^>a--|, 

(  1.2  |m- 1  J 

15.  ^i  -  1^  "=  2-  (x  -  I)  ".  18.    165.  19.  460. 

22.  Proceed  thus  ;  suppose  (1  +  ocv)  {X  +  a^v)  (1  +  a^v) (1  +  ixfv) 

=  1  +  A^v-\-  Ay  -{■ ^A^y  where  ^j,  -4,, -4,  do  not  con- 
tain v»     I^ow  chomge  v  into  xv  ;  thus  we  can  infer  that 
{l-hA,v  +  Ay+ +Ay){l+af'''v) 

==(l  -{-  AjOSV  4-  A^x'v'  + +A^lf){l  +351?). 

Now  equate  the  coefficients  of  the  same  powers  oft?  on  the  two  sides. 

1  +aj              1 
25.  n^3  =  ^_^^^.;  therefore  (1+ a:) {1- a' +  a:«-aj'+ } 

1     /          x'  y  _     I              a;'       .       a?*              x' 
'~l-x\       I'-x)     ~l-x     (l-<'^(l-a;)'     (l-a;)*'^ 

Expand  each  term  of  the  last  line  by  the  Binomial  Theoi*em  and 
then  equate  the  coefficients  of  x"  on  the  two  sides. 
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LT.    8.    2*"  b  >  or  <  aj+1  according  as  »  is  >  or  <1. 
1 6.  This  depends  on  Uie  sign  of  (a  -  i)  (6  -  c)  (e  -  a). 
22  and  24  depend  on  Art  681.  23.    Ah  many  of  the  fol- 

lowing inequalities  ae  may  be  required  will  be  found  to  hold : 

2(n-l)>n,    3(?t-2)>9i, ;   then    by    multiplication   the 

reaolt  is  obtained.  25,    This  may  be  deduced  from  Ex.  23, 

29.  See  Ex.  3  of  Chapter  xxv.  31.  Multiply  up  ;  then  use 

Art.  681.  33.    Put  1 -(1  =  6,  and  expand  (1 -J)' fay  the 

Binomial  Theorem ;    ^e  Beries   will    be    convergent.     We  slialt 
(x-l)b  ,  (x-l)(x-2)b' 
12. 
and  this  is  obvious,  since  x  is  <  I, 


Uienhave  to  shew  that  1^^:^:^+''°"'^'!'"^'°  - >I; 


LII.    2.  60.  3.  3.5'.41'.  i.  2'.3'.5'. 

5,  2'.(823)'.  12.  Suppose™  to  lie  between  m' and  (»i  +  l}'j 

then  n-£t6  =  (m'  +  m- ji)'.  19.  n'~n+l  is  gl-eater  than 

(b— 1)' and  leas  than  ji'.  20.  Supiwse,  if  possible,  ti' +  1  =  ni'; 

then  M'  =  {m-l)  (ni  + 1).  Now  no  factor,  except  2,  can  divide 
both  m  —  1  and  m  +  1,  and  2  cannot  hei-e  divide  tliem,  for  n  is 
odd.  Hence  n»  —  I  and  m  +  1  must  both  be  jwrfect  cubes  ;  but 
this  is  iuijwsaible ;  for  the  difference  of  two  cubes  cannot  be  so 
small  as  2.  35,  36,  37,  38.     These  all  depend  on  E^inat's 

Theorem.  40.  48.  41.  96.  42.  400.  43.  33680: 

44.  2"'6— .  45.  12.  46.  12.  47.  160;  1481040. 

48.  6.  49.  126.  50.  24;  15.  51.  (ji+l)'.  53  and  54 
must  be  solved  by  trial;  the  answer  to  53  is  2*.  3'.  5,  and  the 
an3werto54is2'.  3'.5.7.  67.  a:=  2.  5*.  7'.  (';  y  =  2.5.7.t 

LIII.    1.  27  to  8  against       2.^.       4.^.      5.  \.      6.  £,. 


7.  TT  ■       8.  7to2.       10.  -4'b  chance  of  losing  is  |,  and  of  neither 


U 
■  36' 

winning  nor  losing  ia  J ;  D's  chance  of  winning  is  |,  and  of 
neither  winning  nor  losing  is  ^  ;  B  and  C  have  each  the  chance  J 
of  winning,  J  of  losing,  J  of  neither.  Or  more  simply,  A's  chance  of 
winning  is  ^,  S'a  and  Cs  j,  and  jD's  J,  if  we  suppose  that  one  of 


600  .      ANSWEBS.      UII. 

5  2  3  1 

the  boats  mu«f '^Mrin.        11.  7:.       12.  ^-77:  •      14.  7-7.        1^*  »• 

«  18586  31031  12393  /5y 

22.1-/^K     23.  aa.    24.  J^J«     .    25.         f^'* 


7*    '  51x60x49*  52.51.50.49 


32.  The  chanoo  of  the  sovereign  being  in  the  first  puise  is  to  the 
chance  of  its  being  in  the  second  as  10  is  to  9.  33.  ^. 

34    ^^  35    ^  36   i  39       ^     ^     ^^^\ 

40.  l-f-^rT-  *!•  "OSS.  42.  i. 

\n+l/  60 

.,    1      6    1    1     1     6    2/lV  .,    \m]n  . 

**•  7  +  7-2-3-3*7'3W  •  45.  ^^^^  m  both  cases. 


46.  = — ^ .     47.  -..    48.  lltQ5.    49.  6j  g,.   61.  p. 

53.  Let  .i's  chance  of  winning  a  single  game  be  x,  and  ^s  chance 

as'  f  2  —  «)  9 

1  —  a? :  then  A'a  chance  of  -winning  tiie  set  is  ■;— i { .      64.  t-s,  . 

1  —x  +  x  16 

55.  p,+p,+p^'-pj>,-'Pj>^-Pa>^+PiPj>z;  ;>iP«+p,p,+P8^i-2p,p^,. 

64       56     .  49  30       ,  31 

^^-  169'  169'   169-  ^^'  ^^^>-  ^^-  6l  ^^.61; 

59.  21  shillings.       60.  42  shillings.       61.  ^400.       62.  35«.  8i 

63.  £10.  64.  A  florin.  65/  3  florins,  1  sovereign. 

66.  2  to  1;  i  of  what  each  stakes.      67.  ^^.       68.  f  ^^^  "^  ]}  . 

69.   33333  shillings.        70.  ^  n  shillings.         71.  ^ .         72.  I . 

1265,      5087  910 

'^-   1286'  *5144'        '      *l6"' 

(a  +  c)(6  +  c) 


7.^ 

2 

. 

74. 

3 

•  o. 

n 

(n  + 

1) 

5* 

,77. 

2 
3 

• 

80. 

11 
60' 

Answers,    liv.  lv.  lvi,  601 

LTV.    I.  J(l-x')-=-l^J3.     2.  Substitute  for  jc"  ffom  the  first 

equation  in  the  second  ;  thus  we  obtain  either  y*  =  6n  or  x  —  -^ 

y-b 
A,  Square;  and  put  the  equation  in  the  form  (a;*— ia;)'=:24{a;—l)', 
6,  0  =  220.  6.  Multiply  up  ia  the  given  relation. 


\nj       \     in'  in'     }    ' 

9.  Equate  the  coefficient  t 


iN' 


AN' 


the  expansion  of  -^ ^ , 

anil    in   the   expansion   of  the  partial  fractions   into   which   thia 
expression  may  be  decompoBei 


LV.      \.{J{^,'..n')J{a'  +  b')-^Y. 


\/  2'^\/  2' 


3.8.  5.5.  G.  ic-2G(;  2/ =495-21;.  7.1 
where  p  ^  2".  8,  (1  -  x')'  +  x'{l~  xf  is  ne 
12.  —  logn^log  g.  ^.  J .      Hence  we   may  regard  the 

general  term  of  the  series  as  -  +  log  (1  —  ) ;  and  by  expanding 
«  \       n/ 

log  (1 I  the  general  term  ia  found  to  be  numerically  less  than 

1.     Then  see  Art  562,  14,  If  he  draws  agtun  from 

the  game  bag,  his  chance  of  getting  a  sovereign  ia  ?,  and  hia 
chance  of  getting  a  shilling  ia  {  j  thus  his  expectation  is  "  shil- 
lings, K  he  draws  fi-om  the  other  bag,  his  chance  ef  getting  a 
sovereign  JB  f,  and  hia  chance  of  getting  a  shilling  ia  ^^ ;  thus 

his  expectation  ia  ^^-  shillings.  IC. —r-n — rri 1 

■where  R  is  the  amount  of  one  pound  in  one  year. 

"  LVI.  6.  Convergent  if  a:  ia  less  than  unity,  divergent  if  a:  is 
greater  than  unity ;  if  !c  ia  equal  to  unity,  convergent  if  a  ia 
negative,  divergent  if  a  ia  poaitive.  8.   Divergent  if  a;  ia 

greater  than  unity,  convergent  if  x  is  not  greater  than  unity. 
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9.  Divergent.  10.  Convergent  if  ^'-j^-l  is  positive,  diver- 
gent if  ^— p  —  1  is  negative  or  zero.  13.  Convergent  ifxis 
less  than  e'^  divergent  if  a;  is  not  less  than  0"^  16.  I.  Sup 
pose  a  — A  positive :  the  series  is  convergent  if  )8  + 1  is  greater 
than  a,  divergent  if  )8  +  1  is  less  than  a ;  if  )8  +  1  =  a  ihe  series  is 
convergent  if  a —  A  is  greater  than  unity,  divergent  if  a  — ^  is 
not  greater  than  unity.  IL  Suppose  a  —  -4  negative :  the  series 
is  divergent.  IIL  Suppose  a-A  =  0;  then  apply  Art.  767,  and 
discriminate  as  in  Case  I. 

LVII.     4.  p.  =  bar-'  +  (n  -  2)  ftV  +  (^^-^H^-^)  j.^-. 

If 
(n -  4)  (n  -  5)  (n  -  6)  .,  ... 

li 

then  q^  can  be  obtained  by  Example  3. 

1 0.  Every  component  has  unity  for  denominator ;  the  numerator 
of  the  first  component  is  1,  of  the  second  is  ^x,  and  generally  of 

the(2rf  is,,   ''\^  ,andofthe(2r  +  l)^is^   ^f^   ,,. 
^    '        (2r-l)2r  ^  '        2r(2r  +  l) 

LVIII.     2.  ah'ifhc-k-ca-'t  2abc  =  1. 
3.  (a'  +  b'  +  cy  =-S(ab  +bc+  ca)'.  4.  a'  +  ft' +  c'-a^  =  4. 

5.  a'b'c'  (a»  +  6»  +  c»  +  2ahc)  =  a'ft  V.  6.  (x*  +  y^ )'  =  **. 

7.  5  (a»  -  6')  (2a'  +  6»)  =  9a  (a*  -  c'). 

10.  (a-6)'(a»  +  6')  =  a'6'.  11.  (a  +  j8)^  +  (a  -  jS)*  =  2. 

13.  a;(y'-«')  +  2y(«*-a:»)  +  4«(a;*-y»)=0. 

14.  (a +  6)* -(a -6)^  =  (8c)*.  16.  399. 

17.  This  problem  can  be  solved  by  the  aid  of  the  principles 
I.  and  II.  of  Art.  814.  Let  p^  be  the  probability  of  a  single 
event  with  three  cards  of  a  selected  suit ;  let  p^  be  the  probability 
of  a  selected  pair  of  events ;  let  jE?^be  the  probability  of  a  selected 

tnad  of  events ;  and  so  on.     Then  F^  =  mp^ ;    P^  =  — ^-5 p^ ; 

^     wi(m-l)(wi-2)                TTT   1-               X    i:    1 
P,=— ^ -^ -P^'y We  have  now  to  find  p„  p„  p„ 
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Imagiue  three  cards  fastened  together,  so  as  to  form  one  card ; 
we  should  then  have  mn  —  2  cards  instead  of  mn.  The  number  of 
favourable,  cases   would  be  \mn  -  2,    and  the  whole   number  of 


\mn  -  2 

cases  \mn ;  this  would  give  a  chance  denoted  by      ,  :  and  to 

' \mn 

obtain  p^  we  must  multiply  this  result  by  [3,  for  the  cards  imagined 

to  be   fastened   together  could  be   permuted   among    themselves 

6  6*|m7i  — 4 

in  13  ways.      Thus  p.  = y ^.      Similarly  «  = 

and  so  on.     Hence,  finally,  the  required  chance  is 


mn 


mn{mn—\)      mn...(wn  — 3)        mn (m»— 5) 


\m-\-n         ,^    ^  .  X  «■  aj* 

18.    j — -■  ,        19.  The  expression  •= 5  - ^  + 


lw»  jH  1— icl— 051—  as 

becomes  by  .expansion 

+  ic*  +  aj**  +  ic"  +  a;"  +  a:**  +  . . . 


10 


•  •  • 


Then,  by  adding  the  vertical  columns,  we  obtain 


05  33*  aj* 


+  -. S   +  :: TA  + 


1+a:*      l+a;"      1+a;'" 
20.     Let 

o  =  (l-aj)(l-x')(l-aj*).,.,    i8  =  (l+a;)(l+aj')(l +«*)..., 

y  =  (l-a;^(l-aj*)(l -«•)...,    8  =  (1 +a^(l +a:*)(l +««) ... ; 

thena/J  =  (l-aO(l-a7(l-aj'')...,  y8  =  (l -a:^){l -a'Xl -a'')...; 

thus    €LpyS  =  y}  therefore  a/J8  =  l,    and   therefore   -  =  /J8. 

Up 
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L  7a:-2y-6«.  2.  aa;*+6«*  +  c. 

^    5a;+2  .  26«'+38aa:  3a»  +  6aa: 

O.     ;: J,  4. 


7a-4*  (5«+3a)(7»+9a)'    (2a  +  a:)  (a»  -  iB*)  * 

5  7 

5.  1.  6.  «=H>   y=o*  '^^  -^  travels  6^  hoiit?  before 

1  1 

Le  overtakes  J.  8.  80,  128.  9.  o'  +  a-^-  l^-  2,  «. 

11.  10.  12.  a;*-(4a«  +  96')a;'  +  36aV;   7«j'  +  &c'y-8x/-3y'. 

13.  (a;  +  2)(«  +  3)(aj+4).  U.  ;« j-^ti =-^.  15.  5. 

^        '  ^         '^        '  (3a;  +  4a)  (4a;  +  ha)  2 

16.  a;  =  11,  y=6.  17.  49  A:  minutes  past  9.  18.  Each  in 

50  days.  19.  2a;-3y  +  »,  20,  2,  4.  21.  17. 

22.  a*+(a+6)«'-(6a*-a5+66')«*-6a6(a+5)«+36aV;  a;*+4a;+15. 

3  1 

23.  a;+2.  24.  1.  35,  3.  26.  x^^,    ^"^Y 

27.  9^  miles  from  Ely.  28.  90  benches ;  10  persons  on  each. 

29.  a;»-2a;'  +  a;-2.  30.  ^,  -^.  31.  7,  1,  3. 

^-  IOO~iO"'lo    *'^^^-     ^^*  24iV5^+r-       ^*-      !_«•     • 
35.15.     36.  a;=ll,y=7.    37.  48  of  each  kind.    38.  A  man  receiyes 

£4.  4«.,  a  woman  X3,  a  child  XI.  16*,  39.  -  -  -  -  J^ . 

y     2      2a; 

40.  6,—^.      41.   4,2,4.      43.  The  second  expression  will  divide 

the  fii*st;  so  the  second  is  the  G.  c.  M.,  and  the  first  is  the  L.  c.  M. 
44.  (^±l)(ljl2),       45.  2         ^g   jg^3  y=5^^7,        47^  30. 

48.10.       49.  ^(a-6)+V(6-c).       50.1,3.       h\.  ^{<M^hy^cz\ 

3  9 

53.  a^'  +  y".  54.  2.  55.  \,  56.  aj  =  ^,  y  =  -H- 

57.    -4  in  36  days,  jB  in  60  days,  C  in  15  days.  58.  4f  miles. 

59.  2a;*  -  «« -  3.      60.  0,  *  ^(ah),     61.  2  («  +  4).      ^%  ^^f^' . 
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a?"  -  03*  +  1 


.8_ 

63.  aj-3y.         64.  V-V-y.  65.2.  66.  «  =  «,  y  =  6. 

67.  XI 000.      68.  84  for  the  resolution,  and  63  against  it      (?9.  K 

70.  ^,   ^.         71.  9.  73.  a:-5.  74.  x'.         75.  2a. 

77'    77 

76.  a:=y=«=a'+6'+c*-a6-6c-ca.  77.    In  10  more  minutes. 

78.  Twopence  on  the  first  day,  |  of  a  penny  on  the  second  day. 

80.  -4,-7.  83.  iB*  -  2a»  +  a'.  84.  .^-^, .  85.  2. 

86.  x  =  i{b  +  c)j  y^iic-^a),  z  =  ^(a  +  b).  87.  X600000  of 

ordinary  stock.  88.    3,  4,  5  miles  an  hour  respectively. 

89.  -05772.  90.  CjC—y.  »1.  20.    93.  a;V(2j«-3)a;-6m.   95.  x^h 

96.  a;-a  =  y-6  =  «-c= -J(a+6  +  c).         97.  60,30,12. 

98.  14  miles  from  ^  to  i9,  16  from  ^  to  C.  100.  Ill,  112.      . 

101.  *1,  '^^^^^.         102.  3,  4,5.         103.  aj  =  3,  6;  y  =  6,  3. 

104.  3,-12.  105.  -  7i.  106.  ^  (l  -  ^) ;  J .  107.  6. 
110.  Between  90  aad  119,  both  inclusive  111.  *(a+5),  db(a-6). 
112.  £B"  +  ?^5?zAaj  +  l  =  0.  113.  aj  =  ±2,  ±4i  y=*4j*2. 

114.  7.  115.  162.  116.  J- (l-.(^2-l)-}. 

118.  7i-w+lifris  not  greater  than  m;  w-r+1  ifr  lies 
between  m+1  and  w+1  both  inclusive;  0  if  r  is  gi'eater  than  »+l. 

119.  Divergent  120.3*06864.  121.1,-4,^^^.  122.  26'=9ac. 
123.  3, 4,-6*2^6;  4, 3, -(i^2^6.     124.  30, 36, 45.     125.  ^~ 

« 

must  be  a  positive  integer,  and  (-r —  0  "*"  T  ^^^  ^  *  perfect 

square  and  a  positive  integer:  these  two  integers  must  be  both 
even  or  both  odd,  and  the  former  integer  greater  than  the  square 
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l-r*  17 

root  of  the  latter.        126.     ^  . ,, — -r.       129.  3.      131.  3,  -^  . 

ar^  '  (1  —  r)  3 

TOQ  k(b-c)  k{c-a)  k(a-b)         , 

133.  «-«  =  — -T — -,   y-o=  — ^^ -,   «-c  =  — ^— 7 — ^,    where 

be  ca  ab 

A;  =  0  or  =  -  2abc  -~i ^5 — tt} ^i — it tti  •     134.  A  31  half- 

a*(6-  c)'+6'*(c-a)*+c*(a-6) 

crowns,  16  shillings,  13  sixpences ;   B  29  half-crowns,  24  shillings^ 

7  sixpences.    137.  6  [6.     139.  Divergent.    141.6,-3.    142.6400. 

3/2  13/2 

143.  «=±7,    *^;  y  =  *o>  =p-Q    •        1^*^-  ^^  ^^®s  an  hour. 
4  J  ^  o 

149.  18.  151.  5,   -i|.     153.  x  =  2i,  (^J;  ^  =  2^(1)*. 

154.   75  per  cent.      167.  [7 -2  [6.      159.  0.      160.  1666  nearly. 

161.  ^  +  -  =  -  4  *  n/6>  whence  a;  may  be  found.      162.  A  10  miles 

3  19 

an  hour,  B  12  miles  an  hour.       163.  a;  =  -2,  -_  ;  y  =  --  ,  0. 

164.  a;  =  0,  y  =  0,  «  =  0;  ora:  =  l     y  =  ^,  i2?  =  -^  .       166.  Either 

2  6  -o 

a=ft=c;  or6=-2a,  andc=4a.     169.  -  ^^^.     170.  1-21534 nearly. 

171.  *  8,  ±  g .  172.  aV  -  2a'  (6'-  2ac)  aj  +  6*  {b'-4tac)  =  0. 

,7«     _^      23     25*^19968  69       21     25±^19968 


2n  —  p  —  q 
174.  9  days.  176.  1,  2,  4,  8.  177.  ,      ^    Infn 

181.   1,  1,  -^.  182.  X1045.  183.  a:=81,  16;  y=16,  81. 

184.  l=aV6'.c..2«Jc.        186.  ^{^,  ^  ji-,  -  ^^_^}  . 

189.  Convergent    if   oj    is    less    than    «;     otherwise    divergent. 
191.  aj-  -=  —  a«fc  \/(a'  —  4),    whence    x    may    be    found. 


i     ^ 
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193.  X  and  y  may  be  found  from  iB*+l  =  *—  a:,  y"+l=!fc mny. 
199.  Convergent.         200.   \n±3  {^-^  +  "^^  +  n(n-^^n-^)|  ^ 

201.  l-x-a^-^x'+x'W-x''-a^-x'''+x''W-'x'';  Ux-x'-^x'+x'-x". 

205.  The  solutions  are  found  from    lit  weights   of  9  lbs.    and 
1 60  -  9^  weights  of  1 4  lbs.  206.  (2"* '  -  w  -  3)  a-" . 

209.  y^  of  a  shilling.  210.  Divergent.  213.  19  years. 

215.  The  solutions  are  found  from  taking  204  — 11<  for  the  nu- 
merator, and  I  +5t  for  the  denominator ;  so  that  t  may  have  any 

3 

integral  value  between  13  and  18  both  inclusive.  219.  -r . 

4 

222.  a;'  -  a'  =  tr  -  6  =  «■  -  c"= i-ia-i — ^ • 

4a  6  c 

223.  rp'\'^==2.  22i.  The  quotients  are  a,  6,  2a,  5,  2a, ... 

225.  (a;-lly+l)(2a;+y-8).      233.  £693.       234.  The  quotients  are 
a^l,l,2(7i-l),l,2(a-l),...  235.52.  240.  Divergent.  243.  18 nearly. 

244.  The  first  quotient  is  a;   then  we  have  1,  2,  a,  2,  1,  2a, 
which  recur.       245.  Either  10  sheep^  and  2  bullocks;  or  5  bullocks. 

448aT~*  —  2406'r"* 
249.  £8 J.         250.  »•+  4a;+7-  32a:-' -208a--        ,  '^^^     . 

251.  a:=l,  |;  y=l,  |.  252.  a,  -  a  =  r  (a.  -  a)  +  ^-^^^  cf  ; 

put  w  +  1  for  r  and  b  for  a^^, ;  thus  a^  becomes  known :  d  must 

lie  between --^—^!  and  ?^^,    253. £-645 nearly.    255.  Either 

n(n+l)         w(n+l) 

5  apples,  3  pears,  and  4  peaches;  or  12  pears.     261.     ^ j-  +  — j^ . 

265.  The  smallest  number  of  coins  consists  of  121  of  the  larger  and 
15  of  the  smaller;  the  smallest  sum  of  money  consists  of  10  of 

the  larger  and  150  of  the  smaller.        269.  }J^ — -  shillings. 
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272.  »=fls  &;  y=h  »•    273.  (7<±2)'.     275.  The  coefficient  of  a;"  is 
10-+w(-3)-\     276.  l-4a:-2«';  l-3aj'-2a;".     279.  11^ shillings. 

281.  Between  1  and -4.      282.  (xy)^=-. ..    ^- ;  from  this  and 

^  •'^      4a -26,^2 

the  first  given  equation  we  can  find  x^  and  ^.  285.  56,  78. 

r  n  +  6r  +  r*) 
2^3-         a^T?       '  ^^^'  ^=®'  ^=^^   «=127,  i^=48. 

295.  27.  297.  £240.  300.  2  log  2  -  1. 


/^^  ^a^.^ 


/ 
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